THE ORDER OF APPEARANCE OF PRODUCT OF CONSECUTIVE
FIBONACCI NUMBERS

DIEGO MARQUES

ABSTRACT. Let F, be the nth Fibonacci number. The order of appearance z(n) of a natural
number n is defined as the smallest natural number k such that n divides Fy. For instance,
z(Fy) = n, for all n > 3. In this paper, among other things, we prove that

2(FoFoi1Fny2) = w7

for all even positive integers n.

1. INTRODUCTION

Let (F},)n>0 be the Fibonacci sequence given by F, 2 = F, 11+ F,,, for n > 0, where Fy =0
and F; = 1. These numbers are well-known for possessing amazing properties (consult [4]
together with its very extensive annotated bibliography for additional references and history).
In 1963, the Fibonacci Association was created to provide enthusiasts an opportunity to share
ideas about these intriguing numbers and their applications. We cannot go very far in the
lore of Fibonacci numbers without encountering its companion Lucas sequence (Ly,),>0 which
follows the same recursive pattern as the Fibonacci numbers, but with initial values Ly = 2
and L; = 1.

The study of the divisibility properties of Fibonacci numbers has always been a popular
area of research. Let n be a positive integer number, the order (or rank) of appearance of n
in the Fibonacci sequence, denoted by z(n), is defined as the smallest positive integer k, such
that n|F} (some authors also call it order of apparition, or Fibonacci entry point). There are
several results about z(n) in the literature. For instance, z(n) < oo for all n > 1. The proof of
this fact is an immediate consequence of the Théoréme Fondamental of Section XXVT in [10,
p. 300]. Indeed, z(m) < m? — 1, for all m > 2 (see [15, Theorem, p. 52]) and in the case of a
prime number p, one has the better upper bound z(p) < p + 1, which is a consequence of the
known congruence Fp_(% y=0 (mod p), for p # 2,5, where (%) denotes the Legendre symbol
of a with respect to a prime g > 2.

In recent papers, the author [6, 7, 8] found explicit formulas for the order of appearance of
integers related to Fibonacci numbers, such as F, + 1, F,,x /F), and F,'f . In particular, it was
proved that z(Fy, £1) = 8m2 —2,if m > 1, and z(Ff*!) = nF¥, for all non-negative integers
k and n > 3 with n # 3 (mod 6).

In this paper, we continue this program and study the order of appearance of product of
consecutive Fibonacci numbers. Our main results are the following.

Theorem 1.1. We have
(i) Forn > 3,
2(FpFpy1) =n(n+1).

Research supported in part by FAP-DF, FEMAT-Brazil and CNPqg-Brazil.

132 VOLUME 50, NUMBER 2



ORDER OF APPEARANCE OF PRODUCTS OF FIBONACCI NUMBERS

(ii) Forn > 2,

nn+1)(n+2), if n=1 (mod 2),

2( +1Fn12) { W= if n=0 (mod 2).

(iii) Forn > 1,

n(n+1)(n2+2)(n+3)7 if n#0 (mod 3),

Z(FnFn+1Fn+2Fn+3) = n(n+1)(n?)—i-2)(n+3)’ Z'f n= 07 9 (mOd 12)7
"("H)("gm("”), if n=3,6 (mod 12).

We recall that the Fibonacci factorial of n (also called Fibonorial), denoted by np!, is defined
as the product of the first n nonzero Fibonacci numbers (sequence A003266 in OEIS [13]). In
the search for z(npg!), we found that ng!|F, (and thus z(ng!)|n!) for n = 1,...,10 (see Table
1).

It is therefore reasonable to conjecture that z(ng!)|n! and so Fy --- F,|F,,, for all positive
integers n. However, this is not true, because z(110g!) 1 110! In fact, v (Fy -+ Fi10) = 12 >
11 = v11(F1101). Hence, motivated by this fact, we prove that

n |1|2|3|4|5|6|7 8|9|10
i) UG (5 1 5 [l2lis|im| os

TABLE 1. The order of appearance of ng!, for 1 < n < 10.

Theorem 1.2. For all p € {2,3,5,7} and n > 1, we have

Up(F1 -+ Fy) < vp(F).
Here v,(n) denotes the p-adic order of n which, as usual, is the exponent of the highest power
of p dividing n.

We organize the paper as follows. In Section 2, we will recall some useful properties of
Fibonacci numbers such as d’Ocagne’s identity and a result concerning the p-adic order of Fi,.
The last two sections will be devoted to the proof of theorems.

2. AUXILIARY RESULTS

Before proceeding further, we recall some facts on Fibonacci numbers for the convenience
of the reader.

Lemma 2.1. We have
(a) Fp|Fy, if and only if njm.
( ) ng(FnaF ) Fgcd(n m)*
(¢c) 2F,|Fsy, for alln =0 (mod 3).
(d) (d Ocagne s identity) (—1)"Fo—p = FpFs1 — FnFpta.
(e) F, =0 (mod p), for all primes p.

Most of the previous items can be proved by using induction together with the well-known
Binet’s formula:
am — Bn

a—p"
where o = (1++/5)/2 and 8 = (1 —+/5)/2. We refer the reader to [1, 3, 4, 11] for more details
and additional bibliography.

F, = for n >0,
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The second lemma is a consequence of the previous one.

Lemma 2.2. We have

(a) If Fy,|m, then n|z(m).
(b) If n|F,,, then z(n)|m.

Proof. For (a), since Fy,|m|F., (), by Lemma 2.1 (a), we get n|z(m). In order to prove (b), we

write m = z(n)q + r, where g and r are integers, with 0 < r < z(n). So, by Lemma 2.1 (d),
we obtain

(_1)Z(n)qFT = Fsz(n)q+l - Fz(n)qu+1'

Since n divides both F,;, and F(,),, then it also divides F; implying r =0 (keep in mind the
range of r). Thus, z(n)|m. O

The p-adic order of Fibonacci and Lucas numbers was completely characterized, see [2, 9,
12, 14]. For instance, from the main results of Lengyel [9], we extract the following result.

Lemma 2.3. Forn > 1, we have

0, ifn=1,2 (mod 3);
B 1, ifn=3 (mod 6);
va(Fn) = 3, ifn=6 (mod 12);

va(n)+2, if n=0 (mod 12),
vs(Fy) = vs(n), and if p is prime # 2 or 5, then

v _ Vp(n)+yp(Fz(p))v anEO (HlOd Z(p));
p(Fn) = { 0, ifn#0 (mod z(p)).

A proof of this result can be found in [9].

Lemma 2.4. For any integer k > 1 and p prime, we have

k log k k—1

_— = —-1< N< —= 2.1
p—1 Long _Vp(k)_p—l’ (2.1)

where, as usual, | x| denotes the largest integer less than or equal to x.

Proof. Recall the well-known Legendre’s formula [5]:
k — sp(k)

K= —"2 " 2.2
Vp( ) p— 1 ’ ( )

where sy (k) is the sum of digits of k in base p. Since k has |[logk/logp| + 1 digits in base p,
and each digit is at most p — 1, we get

1< s,(k) < (p—1) Qféﬁ + 1) . (2.3)

Therefore, the inequality in (2.1) follows from (2.2) and (2.3). O
Now, we are ready to deal with the proof of theorems.

134 VOLUME 50, NUMBER 2



ORDER OF APPEARANCE OF PRODUCTS OF FIBONACCI NUMBERS

3. THE PROOF OF THEOREM 1.1

3.1. Proof of (i). For ¢ € {0,1}, one has that F,,.(|F,F,+1 and so Lemma 2.2 (a) yields
n + €|z(F,Fyp+1). But, ged(n,n + 1) = 1 and therefore n(n + 1)|2(F,Fn4+1). On the other
hand, Fpie|Fymy1) (Lemma 2.1 (a)) and hence, Fy,Fyi1]Fy 41y, since ged(Fy, Fy1) = 1.
Now, by using Lemma 2.2 (b), we conclude that z(F,, F,,+1)|n(n + 1). In conclusion, we have
2(FpFpe1) =n(n+1). O

We remark that the same idea can be used to prove that if my,...,m are positive integers,
such that ged(m;,m;) =1 or 2, for all i # j, then
Z(le ‘e ka)‘ml Ce M.
If my,..., my are pairwise relatively prime, then

2(Fmy - By ) = ma -+ - my,.

3.2. Proof of (ii). For ¢ € {0,1,2}, we have Fyi¢[F,(nq1)(nt2)- By Lemma 2.1 (b), the
numbers F,, F, 11, Fj,+2 are pairwise coprime. In fact, if €1,e2 € {0,1,2} are distinct, then
ged(n + €1,n + €2) = 1 or 2. In any case, we get

ng(Fn+e1 ’ Fn—l—ez) = Fgcd(n—l—el,n—l—eg) =1
Thus, FyFyi1Fni2|Fyni1)nt2) and so
2(FpFni1Fnyo)|n(n +1)(n + 2). (3.1)

Now, we use Fyic|FpFpi1Fnt2, to conclude that n + e divides z(F}, F,+1Fp42). So, the proof
splits in two cases:

Case 1: If n is odd, then n,n + 1,n + 2 are pairwise coprime. Therefore, n(n + 1)(n +
2)|z(Fy Fyy1F,42). This fact, together with (3.1), yields the result in this case.

Case 2: For n even, we have that F,|Fumtnm+2) and so z(F, Fp11Fph42) divides n(n +

1)(n + 2)/2. We already know that n + e|z(Fn;7n+1Fn+2) and ged(n,n +2) =2. If n =20
(mod 4), then n,n + 1, (n + 2)/2 are pairwise coprime. In the case of n = 2 (mod 4), the
numbers n/2,n + 1,n + 2 are pairwise coprime. Thus, in any case, we have n(n + 1)(n +
2)/2|z(Fy, Fry1Fn+2) and the desired result is proved. O

3.3. Proof of (iii). By the same arguments as before, we conclude that
n+ €lz(F Fyi1FoioFnys), for e € {0,1,2,3}. (3.2)

Assume first that n # 0 (mod 3). Then there exists only one pair among (n,n + 2) and
(n+1,n+ 3) whose greatest common divisor is 2. Without loss of generality, we suppose that
ged(n,n +2) = 2. Again, as in the previous item, we can see that n/2% n+1, (n+2)/2%,n+3
are pairwise coprime, for distinct a,b € {0,1} suitably chosen depending on the class of n
modulo 4. Thus,

n(n + 1)(n2+ 2)(n+3) _ n(n + 1)(;;:2)(71 +3) | 2(Fy Pt FovsFoss).

Since there are two even numbers among n, n+1, n+2, n+3, we have that F, | Fnm+1)(nt2)(n+3) -
2

However, ged(Fy, Fr13) = Fyed(nnt3) = 1, because 3 { n. Thus, Fy, Fy 1, Fry2, Fry3 are pair-
wise coprime yielding that Fy, Fy 1 FnioF 13| Fameymenmrs - We apply Lemma 2.2 to get
2
n(n+1)(n +2)(n+3)

Z(FnFn+1Fn+2Fn+3)’ B .
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This finishes the proof in this case. Now suppose that n =0 (mod 3). If 9|n, then ged(n, (n+
3)/3) = 1, while ged(n/3,n +3) = 1 when 9 { n. In any case, for a suitable choice of
a,b,c,d,e, f € {0,1}, where a # b and only one among ¢, d, e, f is 1, we obtain that
n n+ln+2 n+3
2c3a’ 2d 7 e 7 9f3b
are pairwise coprime. Here the sets {a,b} and {c,d, e, f} depend on the class of n modulo 4
and 9, respectively. Hence, by (3.2), we get

nn+1)(n+2)(n+3) nn+1)(n+2)(n+3)
6 = 20+d+e+f3a+b ’Z(FnFn+1Fn+2Fn+3)7 (33)

sincea+b=c+d+e+ f=1
Note that there are 2 even numbers among n,n + 1,n + 2,n 4+ 3 and also 3 divides both
n and n + 3. Thus F | Famryminmes , for € € {0,1,2,3}. Since ged(F),, Fry3) = 2 and
6
ged(Frts, Fny1Fni2) = 1, then ged(F, Frov1 Frt2, Frts) = 2. Now, we use that F,, Fj,11, Fri2
are pairwise coprime to ensure that F,Fy 1 F, 2| Famenymimes - Since Fpy3 also divides
6

Frniiy(mi2)nrs) , we get
G

E Fni1FnioF i 312F nins)(nr2)(nt3) | Frna 1) (n42) (n+3) s
6 3

where we used Lemma 2.1 (¢). Thus, Lemma 2.2 (b) yields

z(FnFn+1Fn+2Fn+3)|n(n + 1)(n3—i— 2)(n + 3). (3.4)

Combining (3.3) and (3.4), we get

S(EyFyis FoyvaFors) € {n(n +1)(n+2)(n+3) n(n+1)(n+2)(n+3) } (3.5)

6 ’ 3
holds for all positive integers n = 0 (mod 3). In order to complete the proof, it suffices to
prove that

FnFn+1Fn+2Fn+3 J( F7l(n+1)(n+2)(n+3), for all n = O, 9 (mod 12) (36)
6

and
FnFn+1Fn+2Fn+3 ’ Fn(n+1)(n+2)(n+3), for all n = 3, 6 (mod 12). (37)
6

We claim that (3.6) is true. In fact, if n = 0 (mod 12), then n + 3 = 3 (mod 6). On the
one hand, by setting n = 12¢ and by Lemma 2.3, we have

VQ(FnFn+1Fn+2Fn+3) = Vg(Fn) + VQ(Fn+3) = 1/2(71) + 3= Vg(g) + 5.
On the other, "("+1)("6+2)("+3) = 120(12¢ 4 1)(6¢ + 1)(4¢ + 1) and so
VQ(Fn(n+1)(n+2)(n+3)) = 1/2(12€(12£ + 1)(6£ + 1)(4£ + 1)) +2= I/Q(f) + 4.
6

This means that vo(Fy, Fyi1Fn+2Fn+3) > Vo(Frminmim+s ) which is enough to prove (3.6).
6
A similar argument holds for the case n =9 (mod 12).
Now to prove (3.7), we shall show that
Vp(FnFn+1Fn+2Fn+3) < Vp(Fn(n+1)(n6+2)(n+3) )7

for all primes p. In fact,
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Case 1: If p =5, then
V5(FnFn+1Fn+2Fn+3) = V5(Fn+j) = 1/5(71 + ]) = V5(Fn(n+1)(n6+2)(n+3) )

Case 2: If p # 2 or 5, then p divides at most one among F),, F,11, F 12, F+3. Suppose
that this is the case (otherwise vp(FyFy41Fn+2Fn43) = 0 and we are done). Then, let j be
the integer belonging to {0,1,2,3} such that p|F,1;. Thus,

Vp(FnFn+1Fn+2Fn+3) = Vp(Fn+j) = Vp(n +7) + Vp(Fz(p))-
On the other hand,
p(Futosninssinin) = vp(n(n -+ 1)+ 20+ 3) ~ 15(6) + 1p(Fugy)
If p > 3, 1,(6) = 0 and the desired inequality follows. In the case of p = 3, we have
vs(Foosnminimes ) = vs(n) +vs(n +3) — 1+ 1 (Fq)
> 'U3(n + ]) + V3(Fz(p)) = V3(FnFn+1Fn+2Fn+3)'

Case 3: When p = 2, we use that n = 3,6 (mod 12). Let us suppose that n = 3 (mod 12)
(the other case can be handled in the same way). Then n+ 3 =6 (mod 12) and by Lemma
2.3, we obtain

vo(FpFot1FpioFnys) = va(Fn) + va(Fhgs) = 4.
However, if n = 12¢ + 3, then
Vz(Fn(n+1><n6+2>(n+3>) = Vo (Fl2(4041)(30+1)(1264+5) (20+1) )
= 1p(12(40 + 1)(3¢ + 1)(120 + 5)(20 + 1)) + 2 = 4.

The proof is then complete. U

4. THE PROOF OF THEOREM 1.2

For p =5, we have
vs(Fio-Fp) =Y ws(Fy) =Y vs(j) = vs(n!) = vs(Fu).
j=1 j=1

In the case of p = 2, we first use Mathematica to see that the result holds for all 1 < n < 48.
So, we shall assume n > 49. Now, we note that v5(F),) # 0 if and only if 3|n. Thus, the only
terms with non-zero 2-adic order among Fi, ..., F, are F3,..., F3|, /3 and so

vo(Fi -+ Fp) = [v2(F3) + va(Fe) + vo(Fy)] + va(Fi2)
+ [v2(F15) + vo(Fis) + va(For)] + va(Faa)
+ o+ va(Fiapnyi2)) + 4,

where ¢ € {0,1,4,5} and depends on the residue class of n modulo 12. By Lemma 2.3, each
bracketed term in the above sum is 5 and thus,

[n/12]
n n n
F ”‘Fn - L_J F / - L_J L_J! ’
vo(Fy )=5 15 + ]Ezl vo(Fi5) +€=9 0 + v 13 )+ ¢
We now apply Lemma 2.4 (with p = 2) together with the fact that £ <5, to get the bound
oy - Fy) < %”+4. (4.1)
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On other other hand, since 12|n! (because n > 3), Lemma 2.3 yields
vo(Fpy) = va(n!) + 2.

Again, we use Lemma 2.4 to obtain

vo(Fp) > n — {

lognJ 3

log 2
The proof of this case finishes by noting that the right-hand side of (4.2) is greater than
5n/6 + 4, for n > 49.
When p = 3 or 7, we again use Lemma 2.3 to get
In/z(p)]

Vp(Fl T Fn) = Z (Vp(z(p)j) + Vp(Fz(p)))
j=1

= | | o+ (| 5]1)

where we used that v,(z(p)) = 0, since by Lemma 2.1 (e), p|Fp+1 and so by Lemma 2.2 (b),
one has that z(p)|(p £ 1). Now, we apply Lemma 2.4 to obtain

V(Fl"'F)<\‘LJV(F )_,_w (4.3)
" S ) R T N '
On the other hand, v (F1) = vp(n!) + vp(F,,)) and hence, again by Lemma 2.4, we have
n logn
F) > — vy (Fy). 4.4
vp( !)_p_l LOgPJ + Vp(Frp) (4.4)

By combining (4.3) and (4.4), it suffices to prove for p = 3 that
n logn
> — 2
n_3L4J+ \‘log?)J

1
n>7|2]+6 { Og”J +4,
8 og
However, both these inequalities hold for all n > 123. For the remaining cases, we use a simple
Mathematica routine to check that v, (F - -+ Fy,) < vp(Fyy) is also valid for n = 1,...,122. This

completes the proof. O

and for p = 7 that
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