ON THE DISCREPANCY OF THE VAN DER CORPUT SEQUENCE
INDEXED BY FIBONACCI NUMBERS

FRIEDRICH PILLICHSHAMMER

ABSTRACT. The van der Corput sequence in base b indexed by the Fibonacci numbers F;, is
known to be uniformly distributed modulo one if and only if b is a power of 5. In this paper
we show that the discrepancy of this sequence is at most of order 1/v N.

1. INTRODUCTION

A sequence (y,) in the unit-interval [0,1) is said to be uniformly distributed modulo one if
for all intervals [a,b) C [0,1) we have

0<
iy #n0<n < Ny € [a, b))
N—oo N

A quantitative version of (1.1) can be stated in terms of discrepancy. For a sequence (y,,) in
[0,1) the discrepancy is defined by

n:0<n<N,y, € |a,b
D (yn) = sup # — o € [0.0))
a<b

where the supremum is extended over all subintervals [a,b) of [0,1). A sequence is uniformly
distributed modulo one if and only if its discrepancy tends to zero as N goes to infinity.
Schmidt [10] showed that for any sequence (y,) in [0,1) we have NDy(y,) > 61(‘;%027 7 for
infinitely many values of N € N. An excellent introduction into this topic can be found in the
book of Kuipers and Niederreiter [7] (see also [2]).

A prototype for many uniformly distributed sequences is the van der Corput sequence in
base b. Throughout the paper let b > 2 be an integer. The van der Corput sequence (x,,) in
base b is defined by x,, = ¢y(n), where for n € Ny with base b expansion n = ag+ab+agb®+- - -
the so-called radical inverse function ¢y : Ng — [0,1) is defined by

=b—a. (11)

_(b_a) )

ag aq as
@b(n):?+b—2+ﬁ+’”.

It is well-known that for any base b > 2 the van der Corput sequence is uniformly distributed
modulo one and that NDy(z,) = O(log N), see, for example, [1].

In recent years the distribution properties of subsequences of the van der Corput sequence
have been studied, see, for example [6, 5]. In [6, Example 4.8] and in [5, Example 5.1] it has
been shown that the subsequence (zf,) of the van der Corput sequence in base b indexed by
the Fibonacci numbers F;, is uniformly distributed modulo one if and only if b is a power of
5. Both proofs are based on the fact that the Fibonacci numbers are uniformly distributed
modulo b if and only if b is a power of 5 (see [8, 9]).
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2. THE RESULT

In this paper we give a quantitative result for the uniform distribution of (zp,) for b = 5¢
for £ € N, in terms of discrepancy.

Theorem 2.1. Let b = 5%, let () be the van der Corput sequence in base b and let (F,) be
the sequence of Fibonacci numbers. Then for any N € N we have
C
l)N(xp%)<<-—JL

ik

where Cy = 2b + 72 St Sin(#n/b) = 0(b).

For the proof of this result we need some preparation. The following definitions go back to
[3, 4, 5]. We refer to these references for more detailed information.

For an integer b > 2 let Zy = {z =) 2 zb" : z, €{0,...,b—1}} be the set of b-adic
numbers. Z; together with the addition forms an abelian group. The set Ny of non-negative
integers is a subset of Z,. The Monna map ¢ : Zy — [0,1) is defined by

o(z) =Y bffH (mod 1).
r=0

Note that the radical inverse function (y, is just ¢ restricted to Ng. We also define the inverse
¢y [0,1) = Zy by

o xr o ;
ot (532) - So
r=0 r=0

where we always use the finite b-adic representation for b-adic rationals in [0,1).
For k € Ny we can define characters xj : Zy — {c € C: |c| = 1} of Zj, by

Xk (2) = exp(2migy(k)z),

where i = v/=1. Finally, let 7y, : [0,1) — {c € C : || = 1} where vx(z) = xi(¢; (2)).
We have the following general discrepancy bound which is based on the functions ~.

Lemma 2.2. Let g € N. For any sequence (yy) in [0,1) we have

| Nl

~ 2 W)
n=0

where pp(0) = 1 and pp(k) = W(m@r/b) for k € N with base b expansion k = ko + K1b +
s Kb Ky £ 0.

bI—1
2
Dn(yn) < b9 + kz po(k)
=1

)

For prime numbers b this result is a special case of [3, Theorem 3.6]. Using results from [5]
it follows easily that it also holds true for general bases b > 2.

Lemma 2.3. Let b = 5¢ and let k € N with base b expansion k = ko + k1b+ - - - + k0" where
ky # 0. Let (z,,) denote the van der Corput sequence in base b. Then for any N € N we have

N-1

> wlwr,)

n=0

< 4yt
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Proof. Let e(x) := exp(2mix). Since k = ko + k1b+ -+ k,-b" it follows that ¢, (k) = b‘:% with
Ap € {1,...,b""1 — 1}. Hence we have,

N-1 N-1 N—1
o wlrr) =Y e(Fadn(k) = D e (Fudy/b).
n=0 n=0 n=0

The Fibonacci sequence (F},), considered modulo "', has period 4b"*! (see [11]) and for
each integer a there are exactly 4 solutions of F}, = a (mod b"!) per period (see [9]).
Write N = 46" M 4 ¢ with M € Ny and g € {0,...,4b""! — 1}. Then we obtain

N-1 M—1 (i+1)4b7+1 -1 Mabr 1491
Z Ye(zp,) = Z e (FnAk/bH_l) + Z e (FnAk/br—i_l)
n=0 =0 np=i4brt1 n=M4br+1
4+ q—1
=M e (FuA/bH) +> e (Fady /)
n=0 n=0
pri—i q—1
=4M e (aAk/bTH) + Z e (FnAk/b”'l)
a=0 n=0
q—1
=0+ e (FnAk/br+l)
n=0
and the result follows. O

Now we give the proof of Theorem 2.1.

Proof. Using Lemma 2.2 and 2.3 we have

= | Nl
Dn(zF,) < 35+ > polk) N E:O (T F,)
=1 n=
—1lprti_q
2 8% 1
2%y
b9 N = = sin(mwk, /b)
-1 b1
2 8% 1
2SS
b9 N = sin(mwr/b)
b—1
2 b9 8 1
< — 4+ — .
b9 + Nb—1 ;42:21 sin(7k/b)
The result follows by choosing g = |log, VN |. O
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