ON SUMS OF PRODUCTS OF FIBONACCI-TYPE RECURRENCES

M. A. KHAN AND HARRIS KWONG

ABSTRACT. We derive two formulas for the summation Z?:o Cr4iDs44, where both Cy and
Dy satisfy the same generalized second-order recurrence. They lead to many summation and
product formulas for Fibonacci-type, Pell-type, and Jacobsthal-type numbers.

1. INTRODUCTION

Closed forms for the summations Y i ; FZ?, Y% (L?, and Y. F;L; are well-known, see,
for example, [11, 13]. They prompted us to study the summation

n
g UryiVisyi,
=0

where both sequences {Uy} and {V}} satisfy the same recurrence with the Fibonacci numbers:
Utz = Upq1 + Uy,
Viro = Vi1 + Vi

Normally, the recurrence would require k > 0. Nevertheless, such a restriction can be omitted,
because we could push the recurrence backward so as to extend the subscripts to the negative
integers. In effect, the entire sequences {U;}72 _  and {V;}22 ___ satisfy the same recurrence.
All we need is to define any two consecutive values. Naturally, we assume that the values of
Uy, Uy, Vo, and V; are known. In fact, U_, may be related to U, in a rather simple manner.
For instance, it is well-known, and can be easily proven by induction or via Binet’s formulas,
that F_,, = (=1)""'F,, and L_,, = (—1)"L,.

Fibonacci-type recurrences have been studied extensively. They enjoy many fascinating
properties; see, for example, [11, 13]. We found two simple formulas for the summation
> oieoUrtiVeyi. They led to many known and some new results. Encouraged by what we
found, we attempted to extend them to Pell numbers [1, 12] and the accompanying Pell-Lucas
numbers defined by

Py=0, P =1, Pyyo =2Pg 1 + Py,

Qo=2, Q1=2, Qit2=2CQk+1+ Q-
Similar results were obtained. Next, we investigated the Jacobsthal numbers [7, 8, 9] and the
associated Jacobsthal-Lucas numbers defined by

Jo=0, Ji=1, Jir2 = Jpr1 + 2J,

Ko=2, K;=1, Kyyo = Kiy1 + 2K
Interestingly, a simple shift of the coefficients made the problem harder. Nevertheless, we
were able to obtain results that only required some slight modification. Ultimately, we found

almost identical results for the generalized second-order recurrences, which will be discussed
in Section 2. The special cases are studied in Section 3.
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2. THE MAIN RESULTS

The generalized second-order recurrences have been studied extensively. See, for example,
[4, 5, 10]. We focus our attention to the sum of products of any pair of generalized second-order
recurrences:

Crt2 = pCiy1 + qCk, (2.1)
Dy = pDgy1 + qDk,
where p? 4+ 4q # 0. We find a surprisingly simple closed form.

Theorem 2.1. For any integers v and s, and any nonnegative integer n,

{Cr+nDr+n+1 —¢"C.Ds_1 if n is even,

n
pz q r4il/s4i Cr-i-n-i-lDS-‘rn _ qn+1CTDS_1 z’f n 1s odd.

1=0

Proof. By alternately using the two recurrences (2.2) and (2.1), we can write the summation
as

n
p Z qn_ZCr—i-iDs-l—i
=0

= anT’ : pDS + qn_l ' pCT’-i-l : Ds+1 + e +pCr+nDs+n
= anr (Ds+1 - qu—l) + qn_l (Cr+2 - qu)Ds—i-l
+ qn_2Cr+2 (Ds+3 - qu—i—l) + qn—3 (Cr+4 - qu+2)Ds+3

4 Cr-i—n (Ds+n+1 - qu+n—l) if n is even
qCT’-i-n—l(Ds—i-n - qu+n—2) + (Cr—i-n—i-l - qu—i-n—l)Ds-‘rn if n is odd.
The desired result follows directly from this telescoping summation. O

Using a slightly different approach, we obtain another simple closed form.

Theorem 2.2. For any integers v and s, and any nonnegative integer n,

pzn:q"_iC Do Crini1Dsyn — q"T1C_1D, if n is even,
i=0 e CrinDstn+1 — qn+1Cr—1Ds if m is odd.

Proof. The proof is similar to that of Theorem 2.1, except that it alternates between the two
recurrences (2.1) and (2.2). O

Example 2.3. For p = ¢ = 1, we obtain the pair of numbers Uy and V;. Let r = s = 0.
When Uy, = V), = F}, then, since F'_1 = 1, Theorems 2.1 and 2.2 yield the well-known formula
(see, for example, [11, 13])

n
> PP =F,Fop.
=0

In a similar manner, setting U, = V, = Lj, we obtain, along with L_; = —1,

n
> L7 =LpLnjy +2
=0
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If we set Uy, = F}, and V}, = Lj, while Theorem 2.1 gives
EH:F-L- _ FoL,+1 if nis even,
= v Foi1L, if nisodd.
Theorem 2.2 produces a slightly different formula
En:F-L- _ Foi1L, —2 if nis even,
" | Fulnga — 2 if nis odd,
Comparing these two results, we conclude that

—2 if n is even,

Fo Lyt —Fyiq1L, =
nnel T Bl En {2 if n is odd.

This suggests a more general result can be derived from the summation formulas stated in the
two main theorems. O

Corollary 2.4. For any integers r and s,
Cr—i—nDs—i-n—i-l - Cr—i—n—i—le—i-n - (_Q)n+1 (Cr—le - CrDs—l)'

Proof. We could obtain the result by comparing the two formulas stated in Theorems 2.1 and
2.2. Alternatively, we note that

CiDj41 — Ciy1Dj = Ci(pDj + gDj—1) — (pC; + qCi—1) D;
= —q(C;-1Dj — CiD; 1),
a repeated application of which yields the result stated in the corollary. O
The d’Ocagne’s identity
FoFmg1 = Fop1 By = (1) Fpy

is famous for its connection to a geometric puzzle (see, for example, [3]) that is often credited
to Lewis Carroll, whose real name was Charles Lutwidge Dodgson, the author of Alice’s
Adventures in Wonderland. Our next result, which is obtained by setting r = 0 and s = m—n,
can be regarded as the d’Ocagne’s identity for any two generalized second-order recurrences.

Corollary 2.5. For any integers m and n,
Can—l—l - Cn—l—le = (_Q)n+1 (O—le—n - CODm—n—l)-

The counterparts of Fibonacci and Lucas numbers within the family of generalized second-
order recurrences are
XO = 07 X, = 17 Xk+2 = pXk+1 + qu7
Yo=2, Yi=p, Yi+2 = pYki1 + qYk,

where p? + 4q # 0. The Binet’s formulas for them are precisely what we expect from any
sequences similar to Fibonacci and Lucas numbers:

n __ Aan
X, = @ -7 g , and Y, =a" + 5",
a [e—
where a = PHVP A ”éﬂﬂq, and g = LY Véﬂﬂq. The next result can be found in, among others,
[4, 10].
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Theorem 2.6. For any integer n,

X
X_, = (-1t ==
(—1) o
Y,
Y, =(-1)"=2,
( )q

an—l + Xn+1 = Yny
@Y1+ Y1 = (p° + 49) X

Proof. Since a8 = —q, we see that

o+ ﬁ—n — (_1)71(5: + an)

Hence, X _,, = (-1)""1X,,/q", and Y_,, = (—1)"Y,,/q". We also find
q(an—l i/@n—l) + (an—i-l i/@n-i-l) — _aﬂ(an—l :tﬂn_l) + (an-i-l j:ﬂn—H)
= (a = B)(a" F 8").
Therefore, ¢X,,_1 + Xpi1 = Yo, and ¢V, 1 + Yoyt = (o — B)2°X,, = (p? + 49) X, O

)

Using Corollary 2.5, we obtain a collection of interesting identities. See [6] for other related
results.

Corollary 2.7. The following identities hold for any integers m and n:

XnXmi1 — Xnt1Xm = —(=9)" Xin—n, (2.3)
Yo Yimi1 — Yo 1Y = (0° 4+ 49)(—=9)" Xn—n, (2.4)
XnYmi1 — Xons1Ym = —(—=¢)"Yin—n, (2.5)
YnCr = Crn + (—¢)" Cr—n, (2.6)

(p2 +49) XnCp, = (Om—l—n—l—l + q0m+n—1) - (_Q)n(cm—n—l-l + qu—n—l), (2.7)

Y X = Xotn + (—0)" Xin—n, (2.8)

YYo= Yoin + (—0)" Yi—n, (2.9)

(p2 +49) X0 X = Yinin — (—=0)"Yin—n. (2.10)

Proof. By letting Cy, = Dy = X in Corollary 2.5, together with X_; = %, and Xg = 0, we
obtain the d’Ocagne’s identity (2.3). Similarly, by setting Cx = Dy = Y}, and recall that
Y_ = —%, and Yy = 2, we find

YnYm—l—l - Yn+1 )n—i—l

= (—)"" (Yo1Yim—pn — YoYim—n—1

= (- Q)nH( Ym n—2Ym_n_1)

= (—q)" (PYom— n+2qu n—1)

= (—0)"[(Ym—nt1 = @¥m-n-1) + 2qYim—n—1]
= (- Q)n( m-n+1+ @¥Ym—n—1)

= (p* + 49)(— )" Xm—n-

This proves (2.4). Letting Cy = Xj and Dy = Y} in Corollary 2.5 yields (2.5).
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The product formula for Y; and Cj in (2.6) can be derived as follows. We start with the
following special case of Corollary 2.5:

X3 Crmi1 — Xni1Cm = —(—=@)" Ch—n. (2.11)

By replacing n with —n, this becomes

1\
X—n0m+1 - X—n—l—lC = - <_6> Cm—l—n-

Since X_,, = (—1)"! %, this reduces to

Xn0m+1 + an_lc = Um+4n- (212)

We note that the special case of F,,Up,+1 + F,—1Up = Upy4rn, also appeared in [2]. Subtracting
(2.11) from (2.12), and applying the identity ¢X,,—1 + X,,+1 = Y, yields the desired result.

The product formula for X and Cj in (2.7) is more complicated. From Corollary 2.5, we
also find

VGt = Yni1C0m = (=)" "' (= 2 Crpy — 20 —n1)

= (=q)" (pCrm—n + 2¢Cr—n—1)
= (- Q)n[( m—n+1 — qu—n—1)+2qu—n—1]
= (- Q)n( 'm—n+1 + ¢Crm—n— 1)

Replacing n with —n yields

1\
Y—ncm—l—l - Y—n—l—lc = <_6> (Cm—l—n—l—l + q0m+n—1)-

Since Y_,, = (—1)" %, the last equation becomes
Y Cmt1 + qYn—1Cpn = Cingnt1 + ¢Crin—1-
Subtraction yields
(an—l + Yn—i—l)Cm = (Cm+n+1 + qu+n—1) - (_Q)n(cm—nﬂ + qu—n—l).

The result follows from the identity Y;,_1 + Y1 = (p? + 4¢) X,.

By letting C), be X, and Y,,, respectively, in (2.6), we obtain the product formulas (2.8)
and (2.9). The product formula for X, X,,, looks slightly different in (2.10). It is derived from
(2.7) by letting Cy, = X, O

3. SPECIAL CASES

To be able to use Corollaries 2.5 and 2.7, it is important to remember that the recurrences
must all share the same coefficients p and q. When p = ¢ = 1, we have X, = Fj, and Y = Ly.
Corollary 2.7 becomes the following.
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Corollary 3.1. The following identities hold for any integers m and n:
FoFni1 — Foi1Fp = —(—1)"Fp—n,
LyLyi1 — Lyy1 Ly, = 5(=1)"Fpy,
Fan—i—l - Fn+1Lm = _(_1)an—na
LU = Upyn + (=1)"Upp—p,
I Up = (Um+n+1 + Um—l—n—l) - (_1)n (Um—n+1 + Um—n—1)7
L, Fy, = Fogn + (—1)"Frpn,
LyLy, = Lyyyn + (—1)" Ly,
S5F,Fy = L — (=1)" Lyp—p.
For p = 2, and g = 1, together with the initial values Xo = 0, X1 =1, Yy = Y] = 2, we
obtain the Pell and Pell-Lucas numbers P,, and @, respectively (see Section 1).

Corollary 3.2. The following identities hold for any integers m and n, and for any sequence
Ay that satisfies the recurrence relation Agio = 2Apy1 + Ag:

PoPyi1 — Poy1 P = _(_1)npm—na
QnQm+1 — Qn1Qm = 8(—1)" Py,
PoQmi1 — Poy1Qm = —(—1)"Qm—n,
QnAm = Am+n + (_1)nAm—n7
8P, Am = (Am+n+1 + Am—l—n—l) - (_1)n (Am—n+1 + Am—n—1)7
QnPrm = Prin + (_1)an—m
QnQm = Qm+n + (_1)an—TL7
8P, Py, = Quin — (—1)"Qm—n.

For the Jacobsthal and Jacobsthal-Lucas numbers J; and Kj, we need p = 1, and ¢ = 2,
along with the initial values Xy =0, X1 =1, Yy = 2, and Y] =1 (see Section 1).

Corollary 3.3. The following identities hold for any integers m and n, and for any sequence
By, that satisfies the recurrence relation Biio = Bri1 + 2By

JnJm+1 - Jn—l—lJ = _(_2)n=]m—na
KnKm+1 - Kn+1Km = 9(_2)n<]m—n7
JnKm—l—l - Jn—l—lK = _(_2)nKm—n,

KBy = Bin + (=2)" By,

9JnBm = (Bmin+1 + 2Bmsn—1) — (—2)" (Bm-n+1 + 2Bm—n-1),
KpnJdm = Jmin + (=2)" J—n,

KoKy = Kpyn + (=2)" Ky,

9 dm = Kpmin — (=2)"Kp_p.
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