BINOMIAL IDENTITIES AND CONGRUENCES FOR EULER NUMBERS

MICHAEL D. HIRSCHHORN

ABSTRACT. We obtain two identities for binomial coefficients and apply them to prove con-
gruences for Euler numbers.

1. INTRODUCTION

The Euler numbers F,, are defined by

x™ 1
EB,L = :
Z n!  cosh(z)

n>0

Note that E, = 0 if n is odd.
N. Nielsen [1, pp. 258-261], proved that for n > 1,

E4, =5 (mod 60) and Eypy0 = —1  (mod 60).

We also will give proofs of these congruences. To do so, we will first show that if the {a,}
and {b,} are given by

n n

n = Z(_l)k <iZ> and b, = Z(_l)k (4"42;‘ 2>

k=0 k=0
then
1 + 6822 1 — 142 — 2622 + 823
d ba™ = .
D> ana" T 1413622 + 1628 D bua 1+ 13622 + 1624
n>0 n>0

2. THE BINOMIAL IDENTITIES

We start with

P O Y

14
Let z = R and we obtain

\/5
RISl (i)

) () () () )
_1 <f+1+z> ( V3o )%M)
_4 :
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—(2—1)i\"
V2

- i . 4% (((ﬁJr 1)+z‘)4n+ (—(\@—1)“)
+(1- (V2 1)i) 4n>

= i : 4% (( V24 2)2M 1+ 2 4 (2V2 = 2)27(1 4 0)2 + (2V2 + 2)27(1 — i)
F(2V2 - 2)(1 — i)2">

- i : 4% ((12 +8V2)(20)" + (12 — 8v/2)"(20)" + (12 + 8v/2)" (—20)"

+(12 - 8V2)"(~2i)")

= 1 (6+4v3)y + (6 - V3)") (" + (=)

+

4n

+ (1 (VI 1)1)4"

So

[

((6+4v2)" + (6~ 4v2)") (" + (=)™

EN

and

3 n_1< 1 N 1 N 1 N 1 >
AN\ T - 6+ 4v2)iz | 1+ (6+4v2)ix  1— (6 4vR)iz 1+ (6_4v2)ix

1 1 1

- (e o)

1 1 1
== +

2 <1 + (68 +48v/2)x2 14 (68 — 48\/5)3:2)
B 1 + 6822
1+ 13622 + 1624

The proof of the result for Z b,x™ is similar, so is omitted.
n>0
We have the following Corollary.

Corollary 2.1. Modulo 3,

an =1 ifn is even, 0 ifn is odd,

b, =1
Proof. Modulo 3, we have
Zaw"— 1 + 6822 _ 1— 22 _(1—x2)2:1—|—3:2—|—3:4_ 1
=" 1413622 + 1621 1+a? 42t 12— 1-af 1— a2’
Zb o 1 —14r — 2822 +823 14w —22 23 (1+2)(1—2?)
€T sl = =

= 1+ 13622 + 1624 14224 24 1+ a2+ 2*

(1421 -22)? _ (Il+z)(1+2*+2h) 142 1

N 1— a6 - 1— a6 S 1—22 1-a
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O
The results follow.

3. THE EULER NUMBERS

The Euler numbers are given by

ZEx

n>0

cosh ()

- % <cos111(a:) " cosl($)> - % <Cosl(x) ) COSIl](x))
)

_ 1 (cosh(z) + cos(z)) 1 (cosh(z) — cos(x))

cosh( yeos(z)  cosh(z)cos(z)
4n+2

Z: /Z 4n B 4n+2/z 4n

4dn
Egn=—> (-4 <4k> Egp_ai + 1

n

dn + 2
Einyo = — Z(—4)k< Ak >E4n+2—4k -1
k=1

Modulo 4, these equations yield

It follows that

and

Ey =1 and FEypio = —1.
Modulo 5, we have

n—1 An,
E4n =— Z <4k> E4n—4k

k=1
since —(—4)"Ep+1=—(1)"x1+1=0 and

n
4n + 2
Einia = — Z ( m >E4n+2—4k - L
k=1

It follows by induction that
FEy =0 for n>1 and Eypi0 = —1.
All that is required for the second of these is that
n
Z 4n + 2 _ 1 % 24n+2 — 42n = (_1)2n = 1.
4k 4

k=0

Modulo 3, we have

n—1
4n
E4n = - Z(_l)k <4]€> E4n—4k - (_1)n +1
k=1
and .
4n + 2
Egpya = — kz—l(_l)k< I >E4n+2_4k — 1.
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It follows by induction that
Eyy=—1 for n>1 and Fypio = —1.

For these we need the Corollary in Section 2.
It follows that for n > 1,

E;, =5 (mod 60) and FEypi0 =—1 (mod 60).
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