GIBONOMIAL COEFFICIENTS WITH INTERESTING BYPRODUCTS

THOMAS KOSHY

ABSTRACT. We investigate a new class of polynomial functions, called gibonomial coefficients,
and extract some of their properties. We then deduce the corresponding properties for Fi-
bonacci, Lucas, Pell, and Pell-Lucas polynomials and numbers.

1. INTRODUCTION

Gibonacci (generalized Fibonacci) polynomials g, () satisfy the recurrence g, (x) = zgn—1(x)
+gn—2(x), where a = a(z) = ¢1(x) and b = b(xr) = go2(x) are arbitrary polynomials, and
n > 3. Obviously, the definition can be extended to negative subscripts. When ¢;(z) = 1
and go(x) = x, gn(x) = fu(z), the nth Fibonacci polynomial; and when gi(x) = x and
g2(x) = 22 4+ 2, gu(z) = l,(x), the nth Lucas polynomial. In particular, g,(1) = Gy, the nth
gibonacci number; f,(1) = F,, the nth Fibonacci number; and [,,(1) = L, the nth Lucas
number.

The Binet-like formula

(z) = ca™ — df"

gn() = =5

can be employed to extract a number of properties of gibonacci polynomials, where o« = a(z) =
A —A

Tt ,ﬁzﬁ(m):x ,and A = A(z) = Va2 +4,¢c = ¢(z) = a+ (a —b)B, and d =

d(z) = a+ (a — b)a. For instance, we can establish the gibonacci addition formula gp4r =
9m+1Jk + gm [fr—1, where m, k € N.

Pell polynomials py(x) and Pell-Lucas polynomials g, (x) are defined by p,(z) = f,(2z) and
qn(x) = 1,,(22), respectively. The Pell numbers P, and Pell-Lucas numbers @, are given by
P, = pn(1) and 2Q,, = g, (1), respectively.

Vieta polynomials V,,(x) and Vieta-Lucas polynomials v, (x) are also related to f,(x) and
I.(x), respectively: V;(iz) = i"" ! f,(z) and v,(z) = i"l,(z), where i = v/—1. Likewise, the
Jacobsthal polynomial J,(z) is related to f,(z) and the Chebyshev polynomial of the second
kind Uy, (x) to Vii1(22): Jpy1(x) = 22 f1(1/+/x) and Uy, (z) = Vi1 (22) [9, 14].

In the interest of brevity and convenience, we will omit the argument in the functional
notation; so g, = gn(x).

2. FIBONOMIAL COEFFICIENTS

Generalized binomial coefficients were originally studied by G. Fontené in 1915, and then
independently by M. Ward in 1936 [5, 13], where the upper and lower numbers are arbitrary. In
1949, D. Jarden investigated the special case when the upper and lower numbers are Fibonacci
numbers [13].

Fibonomial coefficients (the equivalent of binomial coefficients for Fibonacci numbers) are

defined by
n|  Fy
) T REL
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where Fy = FiFy_q...FoF,Ff =1, and 0 < r < n [6, 10, 12, 15]. The bracketed bi-level
notation for Fibonomial coefficients was introduced by Torretto and Fuchs in 1964 [15]. In
1970, D. Lind established that every Fibonomial coefficient is an integer [12]. Since

O e (e A F !

2.1. Brennan’s Equation. In 1964, T. A. Brennan established that

n+1
Z(_l)r(r+1)/2 [n + 1:| 2V —

r=0 "
is the characteristic equation of the product of n Fibonacci recurrences y,+2 = yn+1 + yn [2].
When n = 2, it yields 2® — 222 — 224+ 1 = 0. Correspondingly, G2, 5 = 2G2_, +2G? | — G2.
Likewise, z* — 323 — 622 + 3z + 1 = 0. This implies G3_, = 3G3 5 +6G>., —3G3 | — G3.
In particular, F>,, = 3F> 5+ 6F5, , — 3F2, | — Fa; D. Zeitlin discovered this identity in 1963
16].
| 1]\/Iore generally,

gi+4 = (x3 + 2x)gi+3 + (x4 + 322 + 2)gi+2 — (x3 + 2x)gi+1 — gf’r (2.1)

Its proof involves some messy algebra; so we omit it. But we will revisit it shortly.
It follows from recurrence (2.1) that
nia = (@0 +22) foya + (@ + 327 + 2) fl o — (@ + 22)fo 0y — £
3 _ /.3 3 4 2 3 3 3 3
Loy = (2 4+ 2x)l5 g + (7 + 32" + 2)15, o — (2° + 22)15 4 — [,
pf’z+4 = 4(223 + a:)pf’zH +2(82* + 622 + 1)pi+2 —4(22° + x)piﬂ —p
q,?;+4 =4(22% + a:)qS’LJrg + 2(8z% 4 622 + 1)qS’L+2 — 4(223 + yc)q;q’LJrl —q
Ppy=12P) 3 +30P,,, —12P;,, — P,

S =12Q0 5 +30Q) , — 12Q0 , — Q5.
3. GIBONOMIAL COEFFICIENTS

The nth gibonomial coefficient H:” is defined by

- 7 o

where [ = frfi—1... fof1,f§ = 1, and 0 < r < n. Clearly, HZH = , =

o oma [[3] = [ 2] v wten =[] < 7]

3.1. Gibonomial Recurrences. Gibonomial coefficients satisfy two Pascal-like recurrences:

=1 s (] 2 0
[ e 2] e 53

These recurrences can be established using the addition formula and definition (3.1).
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For example,

|:|:n;1:|:|fr+1+ |:|:7,::i:|:|fn—r—l fr . 1f7’+1+ lf;: Tfn r—1

(fr—i—lfn T’+fn r— 1f7’)

N f;i r
_ n—lfn
frfar

It follows from recurrence (3.3) that H?” — f, = H n ”

n—1
Recurrence (3.2) or (3.3), coupled with the initial conditions Hg” =1= H(l)”, implies

that every gibonomial coefficient is an integer-valued polynomial.
The recurrences can be used to construct the gibonomial triangle in Figure 1.

1
1 1
1 T 1
1 2 +1 2+ 1 1
1 3+ 2z 2t + 322 +2 3+ 2z 1

Figure 1. Gibonomial Triangle

Since fr11 + fr—1 = Ik, it follows by recurrences (3.2) and (3.3) that

3 1 s

Consequently, 2f, = fo_rly + frln—r and hence, 2V,, = Vv, + Vv .
It also follows from equation (3.4) that

e 2 e

Brennan discovered this formula in 1963 [1].

3.2. Central Gibonomial Coefficients. The central gibonomial coefficients [[2:” satisfy
the following property:

[ | | e |
- ::2n— 1 (fn+1 + fa-1)

n

[[2n — 1] 1
_ . . (3.5)

It follows from identity (3.5) that fo, = fnls, and hence, Vo, = V,up,.
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3.3. Star of David Property. Gibonomial coefficients satisfy the Star of David property

|7 e | S 1

see Figure 2.

n - n | n
r—1 ~ r ‘ [7’4—1}
n+1 n+1
r r+1
Figure 2.

This property also can be established algebraically:

* E3 *
LHS: n—1 . fn . fn—l—l
:—1fr>:—r f:—i—lf;—r—l f:f:;—r’-‘rl
. Baf

F 0 P M) S (Pl

=[S

= RHS.

Hoggatt and Hansel discovered the binomial version of the Star of David property in 1971
8, 10].

3.4. Applications of Gibonomial Coefficients. Following the spirit of Brennan’s equation,
the characteristic equation of the product of n polynomial recurrences y,+2 = TYn+1 + Yn is
given by

n+1
Z(_l)r(r+1)/2 |:|:’I’L + 1:|:| Ln=rtl )

r=0 "
When n = 2,3, and 4, this yields
2B @+ 1) (2 + 1)z +1=0
2 — (2% +22)2% — (' + 322 +2)22 + (2P +22)2 +1=0
25— (2 4+ 322 + 1) 2t — (2% 4 52t + 72 +2)23 4+
(2% + 52t + 72 +2)22 + (2 + 32 + 1)z — 1 =0,
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respectively. These equations imply that
93+3 = (332 + 1)934—2 + (5172 + 1)934—1 - ggz (3.6)
Gora = (2°+22)g) 5+ (¢* 432 + 2)g) 1o — (2° + 22)g) , — g}

gnis = (@ +32% + gty + (2® + 52" + 72 + 2)gt 5~
(@ + 52 + 72® + 2)gp 40 — (2" 4 32% + Dgniy + gp- (3.8)

It follows from equation (3.8) that

3+5 (z* +32% + 1) n+4+(x + 5zt 4+ 722 + 2) f2 3
(28 + 5ot + 72?4+ 2)f2, — (2t + 322 + 1) f2, + £

It o5 = (a*+ 322 + 1)}y + (2% + 52t + 72 + 2)1} 5
(28 + 52t + 72? + 2)18 L — (2t + 327 + DIk, + 1

Ppys = (162* + 1227 + 1)pp 4 + (642° + 802 + 2827 + 2)pp 53—
(6425 4 802* + 2827 + 2)pt o — (162 + 1222 + V)p ., + pi

Gprs = (162 + 1227 + 1)qh 4 + (642° + 802" + 2822 + 2)q) 53—
(642° + 80x* + 282% + 2)qi o — (162 + 1227 + 1)gp, 1 + g

Consequently,

Fl o =5Ft , +15F! s —15F} , —5F  + F}
Ly s =500+ 1508 o — 1515, —5L% 4 + Ly
Pn+5 =29P} , + 174P,, 4 — 1TAPL , — 29P5. | + Py

s =29Q0 4+ 174Qn vg— 174Q0 5 — 29Q0 1 + Q.

Similar results follow from equations (3.6) and (3.7).

3.5. Generating Function for Gibonomial Coefficients. Using the Gaussian binomial
coefficients

{m} _ (=g —g"h.. . A-g"
1-q)(1=¢)...(L=q)

we have

m—1 00
1 m+r—1
:E " 1
7“1;[0 1—q7“2 T’:O{ T }Z ’ (3 0)
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where ¢ is a dummy variable [3, 4, 10]. Letting ¢ = /a,

{m} 0| i OO (et ) WA
r (a0~ B)(a® ~ 7). (@ — )

_ fmfm—l cee fm—r—i—l -AT —r(m—r)
= .a
fifa.o fr- AT

f;;v, —r(m—r)
= o
fr fer

_ HTH — (3.11)
oo e e

r(r=1)/
(_1)r <é> e — (_1)T(_a—2)r(r—1)/2

— (_1)T(r+1)/2a—r(r—1) 7

Likewise,

Since

replacing z with o1z and letting ¢ = 3/q, identities (3.9) and (3.11) then yield

m—1 m
H (1 o Bram—r—lz) _ Z(_l)r(r+1)/2a—r(r—1) |:|:m:|:| a—T(m—T) . (am—lz)r

r
r=0

r=0
-y )] -

r
r=0 -t
0o - ;
m+r—1 r
:g z
m—1
r=0 -*-

- i = f: _ mqi 1” 2", (3.13)
S (—1)r(r+1)/2 HmH o o LL

r=0

where m > 1. This is the desired generating function.
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When m = 2 and m = 3, equation (3.13) gives

[e.e]

z
2 :anzn
l—xz—2
n

SOE

=22+ (2% +1)2% + (z* + 322 + 2)2*+

22

1— (224 1)z — (224 1)22+ 23

(28 + 52t + 72?2 +2)25 + -

SHE

respectively. In particular, equation (3.13) gives a generating function for Fibonomial coeffi-

cients [4, 6, 7]:
Lm—1 e n .
[m} :Z[m—l]z ’
z’f‘

f’: (—1)rr+1)/2

r=0 r

where m > 1.
3.6. Addition Formula. Torretto and Fuchs developed an addition formula involving the

sum of products of m+1 terms of sequences satisfying the same general second-order recurrence
[15]. The identity

- r(r m m *
Z(_l) (r+3)/2 |:7,:| Fn—i-—i;?%—r = FmF(m+1)(n+m/2)
r=0

is a special case of their formula (5).
This identity has an analogous result for f:

% rr m m *
Z(—l) (r3)/2 H ” e = Fof ity (nmy2)- (3.14)

r
r=0

When m = 1, this yields the familiar Lucas-like identity f,zl 1t f2 = fani1; and when m = 2,

it yields
HSH favo+ [E” Fos1 — Hg” fo= fif2f3(mr1)

oot afag — [ = T f3(n41)-

This generalization of the Lucas identity Fo,, + F — F5_, = Fj, is established in [11].
Letting m = 3 and m = 4, we get

s+ (2 D g = (@ + 1) frpn = fro = 2(2® + 1) fanto (3.15)
piat (@ +23) 0 — (2 + 327+ 2) 1),
— (@ +22)fo ) + fo = 2(a® + 1)(2® + 22) fsn10- (3.16)
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It follows from identities (3.15) and (3.16) that
Frps+2F, 5 — 2F, — F = 2Fung (3.17)

Ppis+ (42 + )ppyo — (42® + 1)ppy 1 — pp = 22(42% + D)pante
Ppuig+5F, 5 — 5P — F,

n

= 10Pyn 16
Fp o, +3F2 3 —6F; o —3F>, + F> =6Fs,410 (3.18)
pi+4 + 4z (222 + Dp) g — 2(8z% 4 62 + 1)pi+2
— 4z(22® + 1)pd oy + pd = 82%(22% + 1)(42% 4+ 1)pspt10
P, +12P2 5 —30P2, , — 12P2, | + P2 = 120 P5,110-

Identities (3.17) and (3.18) appear in [13].
Letting m = 5, identity (3.14) yields

5
Z(—l)r(ﬂr?’)/z [[5” s e = fifafsfafs font1s

r
r=0

51| 46 5| 6 S| 46 5|1 46 50| 46 S| 46
ol o [[]] st (] = [3] e [E]] - [ 2
= fifafsfafsfont1s
that is,
S s+ (@ +32% + 1) f8, — (2% + 52" +72% +2) 5 5 — (28 + 52t + 722+ 2) 5,
+ (2t + 327 + D fS — [ = w(@® + 1)@ + 22) (@ + 307 + 1) fontas.
In particular, we have
FP o +5F8, —15F% o — 15F% , +5F%, | — F? = 30Fs,115
Poss + (162" +122% + 1)pf, 4
— 2(322% + 402* + 1427 + 1)p8 4
— 2(322% + 402" + 1427 + 1)p8
+ (162" + 1222 + 1)pS 1 — p8 = 2(2® + 1)(2® + 22) (2 + 327 + 1)pen+15
PS o +29P5 , — 174P% 5 — 174P%
+29P% ., — P8 = 30D, 415

Finally, we add that the above Fibonacci identities have Vieta, Chebyshev, and Jacob-
sthal counterparts. For example, it follows from the identity f3 it 23— 3, = xfs, that
Vr?—‘,—l — Vi 4+ V2 =aVa,.
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