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ABSTRACT. Certain second-order recurrence sequences (G,) and (H,) give the coeflicients
for sequences P and @ of polynomials in R[z]. The t-sion of P and @, denoted by P o; Q, is
then defined so as to generalize both the fusion and fission of P and Q. Specifically, P o; Q
is the fusion of P and @ if ¢ = 1 and the fission if ¢ = —1. Choosing @ in a certain manner
derived from P gives a sequence P for which P o, P is the self t-sion of P. Explicit formulas
are obtained for the polynomials in P o; p.

1. INTRODUCTION

Let A denote a positive real number, and consider the second-order recurrence sequence
given by Gp =0, G; =1, and
Gp =AGp_1 + Gp_o, n > 2.
The companion sequence (Hy)22, of (Gy,)s, has the initial values Hy = 2, H; = A, and
H,=AH,_ 1+ H,_o, n > 2.
Let D = A% + 4. Tt is known that the zeros o and 3 of the common characteristic polynomial

c(x) = 2% — Az —1 of the sequences (G,,)%, and (H,,)2, are distinct real numbers, say a > 3,
and that
o — Bn

=g

Also, a+ B3 =A, af = —1, and (a — B)? = D.

In this paper, we investigate certain polynomials whose coefficients come from the two
sequences above, thus generalizing results in Kimberling [1] in two ways. First, the present
work involves the two sequences (Gp)22, and (H,)32,, whereas in [1], only the Fibonacci
sequence is studied. Second, the operations of fusion and fission in [1] are shown to be special
cases of a single operation.

Let t denote an arbitrary integer, let

H, =a" + " (1.1)

w(z) = wya® + W12 L - 4wz + wo,
be a polynomial in Rz], and let Q = (gn(x))22, be a sequence in Rz]. For w4+t > 0 the
(Q,t)-step of w(x) is the polynomial in R[z| defined by

hi(w(x)) = wyuqust () + Wue1qu—1+4¢(z) + -+ + Wrgre(x),

0, if t>0;
7_{ lt|, if t <0, (1.2)

otherwise let hi(w(z)) be the zero polynomial. Now taking another sequence P = (p,())5,
in Rlz], we define the t-sion of P by @, denoted by P o ), as the sequence R = (r,(z))5, of
polynomials

where

rn(2) = hi(pn(2))-
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For t =1 and t = —1, the sequences P o; () are the fusion and fission of P and (), respectively,
as defined in [1].
The subsequence (r,,(z))%_, can be represented as follows. Let

Dy, = max {deg(pn(w))} -,
where 7 has been defined in (1.2). Clearly, it suffices to assume that Dy > 0. The nth row
(1 <n <k+1) of the matrix Py, € RFFDX(Pe+1) includes the coefficients of

1

Pn—1(2) = Ppn—1,u2" + Pn—1,u—12""" + - + Pp—1,1% + Pn—1,0,

and their positions from right to left, starting with the coefficient of the term of least degree,
are given by

[0 .. 0 Pn—1u Pn—1u—1 --- DPn-17+1 pn—l,T]-

(Every entry is zero if u +t < 0.) We also define the matrix Qy,; € RIPs+DX(Dit1) where

D; = _max {deg(grii+j(2))},
J=0...Dy,

corresponding to Py ¢, but with two differences. First, the rows, by starting at the bottom of
the matrix, consist of the coefficients of the polynomials g, 1+(z), ¢ryt41(2), ..., ¢ryt+D, (),
respectively. Second, the last column consists entirely of constants. Obviously,

Pk,tQk,t — Rk,t e R(k-l—l)x(D;c-i-l).

If one assumes that deg(p,(z)) = deg(gn(z)) = n, then, except for trivial cases, for k > 7
we find

ok if ¢ > 0; ,_
Dk_{k—T:k—i-t, if t<0, and Dy =k +t.

Now let (a,)S2, be a fixed sequence of nonzero real numbers. The rest of this paper is
restricted to these pairs of polynomials:

pn(x) - anmn + an—lxn_l + -+ ap,

gn(z) = apz" + a1z + -+ ap.

We shall rewrite Q as P in order to match (gn(x)) with (p,(z)). We call Po; P the self t-sion
of P.
It is easy to see that

Postig) =4 © if i4+j<k+1, 1<i<k+1;
RO = gy, if i+ > k1, 1<j<Dp+1,

. o0, i, 1<i<Dy+1;
Qk,t(%])—{aj_i’ if i<, 1<j<D,+1.
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2. FIrsT TYPE: a, = Gp11

In this section, we develop representations for 7, (z) in the case that a,, = G,,+1, noting that
Go = 0. Assume first that ¢ > 0. Expanding the product of the matrices

Pri =
0
G,
L Grr1 Gi
and
[ G1 G
G
0 0 Gy
Qkt =

shows, for 1 <n < k + 1, that

Tn—l(x) =Gy ((G1$n+t_1 + ng"+t_2 4t ant)—i-(Gn_th_l NI

Go

Go

Go
Go

Grt1 1 Gis2

G,

Gn

G1
G

(2.1)
Gryir1 ]
Gyt
Gn+t
: (2.2)
Giy2
Gi1 |

+ Gn-i—t))

+ Gnot ((G1a™ 72 4o+ Gz + (G 4 o+ Gir)) +

+ Gy (Grz™ 1 o 4 G 2" ) H(Grgr— 2" 4 4+ Gajpe)) +

+ Gy ((Glxt)—l-(ngt_l + -+ Gt+1)) .
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Hence,

P1(2) = (GnG1) 21 4 (GGl + Gt G) 221

+ (GpGrg1 + GG+ -+ G1Go) 271+

+ (GnGnyt + Gn1Grgp1 + - + G1Gry1) -

Applying Corollary 4.2 (of Lemma 4.1, in Section 4), we have

Hpio— Hp o 1, Huys—Hp o Hpia—Hp g _
n-+ n x"+t 1_|_ n+ n $n+t 2+ n+ n xn-i—t 3

rn-1() = AD AD AD o
Hopp1 — (=)™
t—ap °
Honyo — Hiyp(—1yn yy  Honys — Hoyp(—1pn 4o Hontt11 — Hyp(—q1yn
+ D T + D T + -+ D .

Finally, by Lemma 4.4, we conclude that

Arp_1(z) = (GnG2xn+t_l + Gn+1G2$n+t_2) + (GnG4xn+t_3 + Gn+1G4x"+t_4) + -

n (GnanHl + Gn+1ant) , ifn=0(mod 2),
Gni1Gnat, if n =1 (mod 2),

n GpioGnat™ 4+ Gpi3Gnax!™2 + - 4+ Gpi141Gn, if n =0 (mod 2),
Gn+1Gn+13§‘t_1 + Gn+2Gn+1$t_2 + -+ Gn+th+1, ifn=1 (mod 2)

Hence, we have proved the following theorem.
Theorem 2.1. Ifn > 2 is even, then

Arp_1(z) = (Grx + Gpy1) (Gg$”+t—2 + Gy 4 Gt
+ G (G2 + Grysr'™ 2+ + Ggas1)

if n>1 is odd, then

Arp_1(2) = (Gn + Gnt1) (Gox" 72 + Gua™ T4 4 o 4 Gpga!™)
+ Gn+1 (Gn.il't + Gn+1$t_l + -+ Gn-i—t) .

If A=1andt =1, then Theorem 2.1 gives Theorem 4.1 in [1]. Choosing A =1and t = —1
gives Theorem 4.2 of [1].
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Assume now that ¢ < 0. Then expanding the product of

0 .. 0
e _____ 0_.
GT+1
GT+2 GT+1
Prt = (2.3)
0 ... 0 Gn ... Guoj ... Grpy Grp
G Gry2 Grpa
| Gr1 Gk Gri2 Gry1 |
and ) :
G1 Go . Gi—r  Grii-r
Gl s Gk—l—r Gk—'r
0 ... 0 Gy ... Gj ... Gpnay Gu,
Okt = E : (2.4)
Gy Go
i Gi

in the manner already shown for ¢ > 0 (we omit the details), gives the following theorem.
Theorem 2.2. If n — 7 > 1 is even, then
Arp_1(2) = (Gnt 4 Gnt1) (Gor™ T2+ Gua™ 4 -+ Gy )
ifn—7>11is odd, then
Arp_1(z) = 2 (G + Gry1) (Goa" 72 + Gaz™ T+ + Grort) + GuGrorgr.

3. SEconD TYPE: a, = H,

Here we represent the polynomials 7, (z) in the case that a, = H,. Replacing G;+1 by H;
in the matrices (2.1) and (2.2) if ¢ > 0, and in the matrices (2.3) and (2.4) if ¢ < 0, gives
matrices for the polynomials having coefficients in the sequence (H,)52,. The method and
calculations are nearly identical to those in the proof of Theorem 2.1.

The following two theorems are our final results. We prove only the first result, as the proof
of the second is quite similar.

Theorem 3.1. Lett > 0. If n > 2 is even, then

Arp_1(x) = A ((2Hn_1:p"+t_l + H,y_ox" T2 4. 4 2H 2 + Hoz') + (lept_l 4t Ht))
+ (Hp2® + DGpa + Hy) (Goa" 74 + Gua™ 70 4 - 4 Gpgat) + H, G
+ Hpoy (Hns13"™ 4 4 Hog) -
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If n > 1 is odd, then

Arp_i(z) = A((2Hp— 12" + Hyoz™ 72 4o 4 Hia™™ + 2Hoa) + (2H 2"t + -+ + 2Hy))
+ (an2 + DGz + Hn) (Gg$”+t*4 + Gyt angxt“)
+ H,Gp 127 + DG,Gp_ 12t
+ DGp1 (Gpp1a"™ "+ + Gt -

Theorem 3.2. Lett < 0. If n—7 > 1 is even, then

Arp_1(z)=A (2Hn_1:17"_7_1 + Hyox" T2 4 2H, a2 T34 HT)
+ (an2 + DGz + Hn) (G2x”_7_4 + Gz T Gn—T—z)
+ Gp_r H,.

If n — 7 is odd, then

Arp_1(z)=A (2Hn_1:17"_7_1 + Hyox" T2 4 2H, a2 T34 2HT)
+ (Hp2? + DGz + Hy,) (Goa™ ™4 4+ Gaa" " 0 + -+ + Gy r_32)
+ Gperq (Hnl‘ + DGn) .

Proof. (Theorem 3.1.)

rn—1(z) = Hp—1 ((Hoa;"+t_1 + Hyz" T2 4y Hn_la:t)—l—(Hna:t_l 4o Hn+t_1))
+ Hyoo (Hox" ™72 4 o+ Hyooa )+ (Hopo1a™™ 4 -+ Hyogy)) +

+ Hyoj (Hoz" 7 4+ oo+ Hypja )+ (Hpga—ja" ™ 4+ 4 Hygj)) +

+ Hy ((Hoz")+(Hyz"™ " + -+ Hy)) .
Thus,

Tn—l(x) = (Hn—lHl) xn-l—t—l + (Hn—lHl + Hn—QHO) xn+t—2
+ (Hp—1Hs + H,,—2Hy + H,,—3Hy) prt=3
+ (Hn—lH?, + H,_o9Hy + H,_3Hq + Hn—4Ho) xn+t—4+

+ (Hn—lHn +H, oH, 1+ + HOHl) l‘t_l—l—

+ (Hp-1Hpyt—1+ Hy—2Hpyt—2+ -+ HoHy) .
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Applying Lemma 4.3 gives
A’I”nfl(af) = 2AHn,1In+t_l + (HnJrl — Hn,1 + AHn,2)$n+t_2 + (HnJrQ - Hn,Q + 2AHn,3)In+t_3
+ (Hpgs — Hyz + AHpg)a" T4 4

34 (=1)"* 34 (=)!

+ <H2n2 — Hy + AHI) ottt 4 <H2n1 — Hy + fAHO> z'

34 (=)t 3+ (-1t

AH1> e <H2n+t1 —Hypq + AH0> .
Let
ho(x) = (2H,—12™ 71 4 Hyy 02" 72 4 oo 4 2H 2" + Hoz) + (Hia'™' + -+ Hy),
hi(z) = (2H,_ 12" 4 Hy_ox™ 2 4o 4 Hiz'™™ 4 2Ho2!) + (2H 271 + -+ 2H)).
If n is even, we apply Lemmata 4.4 and 4.5 to find
Arp_1(x) = Aho(x)
+ H,, (Go + Go2) 2" + DG, Goz™ 7% + H, (Ga + G4) 2" + DG, Goz" ' 7°
+ -+ DGnGn—2xt+1 + Hn(Gn + Gn—2)xt
+ Hy 1 (G + Gz 4 Hyy (G + Grg)zt ™1

Separating the appropriate parts completes the proof for even n.
Suppose now that n is odd, and apply again Lemmata 4.4 and 4.5 to obtain

Arp_1(x) = hy(x)
+ H, (Go + G2) "2 + DG, Gox™ 73 + H, (Gy 4+ G4) 2" + DG, Goz" 77
+ oo+ Hy(Gpo1 + Gr3)z™ + DG,G, 2t

+ DGpy1Gp2™ + -+ DG, G2t
which leads immediately to a proof for odd n. O
4. LEMMATA
We introduce
1, ifk =1(mod2).
Lemma 4.1. Let s > 0 be an integer. Then

{ 0, ifk=0(mod 2);
Er =

k
Hopis11— Hep1  erHg

E GiGi+s = + .

P AD D

Proof. Similar to the proof of the next lemma. O

Corollary 4.2. The sum above is

Hopyst1— Hspn or Hopysi1— Hs—1
AD AD
if k is even or odd, respectively. Indeed, in (4.1), we have H, = 0 if k is even and H,, = Hy/D
if k is odd.
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Lemma 4.3. Let s > 0 be an integer. Then

k
Hopys11— Hspn
Y HiHis = — eHy
i=1

A

and

k _ 1)k
ZHiHi+s _ Hopysy1 — Hen . 34+ (—1) H..
, A 2
=0
Proof. We will apply the identitites o3 = —1, a®> — 1 = Aq, and 52 — 1 = Ap.
k k k
ZHiH’i-‘rS — Z(az + Bi)(ai—i-s + /Bi+s) — Za%—l—s + 521'—1—3 + (a/@)Z(az + /Bz)
i=1 i=1 i=1
k-1 ‘ k-1 ' k— ‘
a2y (@) + 4S8 - B, Y (-1
i=0 i=0

1=

[y

0
(-1)F -1
—2

2k_1

%
+/@s+25 1—H

_ s+2a
=« s

a? —1 -1
B a2k+s+l +ﬁ2k+s+1 B as—i—l +55+1 H (_1)k -1
A A s 9 )

and the proof is complete. O

Lemma 4.4. Let x > y be non-negative integers. Then

. g DG,G,, ify=0(mod?2);
oty Y\ HzHy, ify=1(mod?2).

Proof. This is an easy consequence of (1.1). O

Lemma 4.5. If x is a positive integer, then Hy = Gp—1 + Ggy1.

Proof. Use the explicit formulae (1.1). O
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