SOME FIBONACCI-LUCAS-TRIBONACCI-LUCAS IDENTITIES

ROBERT FRONTCZAK

ABSTRACT. We derive new convolution relations between Fibonacci, Lucas, Tribonacci and
Tribonacci-Lucas numbers.

1. INTRODUCTION

Let F,,, L,, T,,, and K, denote the Fibonacci, Lucas, Tribonacci, and Tribonacci-Lucas
numbers, respectively. The four sequences are defined by the recurrence equations

F, Fo_1+ Fh_o, Fy=0, F1 =1, (1.1)
L, = L, 1+ L, o, Lo=2, L =1, (1.2)
T, = T, 1+T, o+ T, 3, To=0 Th =T, =1, (13)
K, = K, 1+K, s+ K,_3, Ko=3, K1 =1,Ky=3. (1.4)

The ordinary generating functions for these numbers are given by

f(g;)—l_x_x2 ZFa: (1.5)
2—=x
g(x) = 1 —$—$2 ZLnl' (16)
u(e) = +— _”3332 —5 = > T (1.7)
n=0

and

v(x) = . i; 20— ZKnx (1.8)

See for instance [5], [6], [7], [8], and [1]. The mathematlcal hterature contains many convolution
identities for a series of important numbers such as Bernoulli, Euler, Cauchy, Fibonacci, Lucas,
and Tribonacci numbers (see the references herein and those given in [6]). For Fibonacci
numbers, one classic example is the following identity:

ZFan k=

This identity can be found in [4]. We will use this identity later in the proof of Theorem
3.1. More identities of this kind can by found in [4], [5], and [8]. Convolution identities for

((n+ 1)Ly, —2F541), n > 1. (1.9)

oﬂ»—t

Disclaimer: Statements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.
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Tribonacci numbers have been derived recently in [6] and [7]. One example from [7] is

n—3

Z Tk(Tn—k +Th o 1+ 2Tn—3—k) = (n - Q)Tn_l —Th_oa, n > 3. (110)

k=0
In this paper, we continue the search for convolution identities. We present new relations
between Fibonacci, Lucas, Tribonacci, and Tribonacci-Lucas numbers, respectively. More
precisely, we derive new convolution identities for the pairs (F),,T},), (Fpn, Ky), (Ln,Ty), and
(L, K,). To prove our results, we use some functional relations between the generating
functions for these numbers. At the end of the article, we also propose an open problem.

2. FIRST RESULTS

Throughout the paper, we use the convention that »_;,_,ay = 0 for n < k. The first theorem
is an identity that relates Fibonacci numbers to Tribonacci numbers.
Theorem 2.1. Let n > 1 be an integer. Then,

n—2

T, =Fy+ Z Fy'ln o k- (21)
k=0

Proof. Let f(x) and u(x) denote the generating functions for F,, and T, respectively. We
have

L1 g?
f(z) '
Thus,
[ S 33_$3f($)’
f(x)
and
f(z)
u(ac) - 1— mgf(x)v
or equivalently
u() - f(z) = 22 f()u(a). (2.2)
From the last equation, we obtain
[e.e] o0 o0
ST = Fa" = (3 Fua”) (L Ta")
n=0 n=0 n=0
o n
_ Z ( Fanik)anrQ
n=0 k=0
00 n—2
=y ( Fan_g_k>:E".
n=2 k=0
Comparing the coefficients of both sides of the equation gives the identity. O

Theorem 2.2. Let n > 3 be an integer. Then,

n—3
K1 = Lo+ ) FiKn sk (2.3)
k=0
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Proof. Let f(x) and v(z) denote the generating functions for F,, and K, respectively. Then
— 9 — g2
sy B2 =)/ (@)

z—adf(z)
or equivalently
zv(x) — (3 — 2z — 22 f(x) = 22 f(2)v(x). (2.4)
The left side of the last equation is
Y Kpqa" =3 Fpa"+2) Fyoqa"+ Y F,oo2", (2.5)
n=1 n=0 n=1 n=2
whereas the right side equals
[e%S) n—3
2 f(x)v(x) = Z (ZFkKn—3—k>$n- (2.6)
n=3 k=0

Comparing the coefficients of both power series and using that
—3F, +2F, 1+ Fy 2= _(Fn—l + 2Fn—2) = _Ln—l
completes the proof of the identity. O

Theorem 2.3. Let n > 3 be an integer. Then,
n—3

2Tn =1Ip-1+ Ln—l + Z LanfZka- (27)
k=0
Proof. The formula is a consequence of
2u(z) — z(u(x) + g(x)) = g (x)u(). (2.8)
Writing this equation in terms of power series and comparing the coefficients gives the desired
identity. O

We conclude this section with the following theorem.

Theorem 2.4. Let n > 3 be an integer. Then,
n—3

2Ky =K1+ Ln1+2Ln o+ Y LiKn_ s (2.9)
k=0
Proof. The identity follows essentially from
(2 —2)v(z) — (3 — 2z — 2°)g(x) = 23g(z)v(x). (2.10)
We omit the details. O

3. HIGHER-ORDER IDENTITIES WITH THREE FACTORS

The functional relations between the generating functions for F,,, L,, T;,, and K, make it
possible to derive identities for sums of products of three factors.

Theorem 3.1. Let n > 5 and ki, ko, k3 > 1 be integers. Then,

1
E TlekQFk3 =Thy2— Foyo — g ((n + 1)Ln - 2Fn+1) . (31)
k1+ko+ks=n—2
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Proof. From (2.2), we have

u(@) f(z) — f(z) = 2®u(z) f*(x). (32)
In terms of power series, the relation becomes
oo n [e.e]
Z (Z(Tan—k _Fan—k>fL'n = x2z ( Z TlekQFkS)xn
n=0 k=0 n=0 ky+kot+ks=n

_ Z( S Tleksz3>x".

n=2 kij+kot+kz=n—2

Since Fy = Ty = 0, we can restrict all indices to be strictly positive. Comparing the coefficients
of both sides gives

n

Z Tie, Froy Fy = Z(Tk — F)Fys, n> 2. (3.3)
k1+ko+ks=n—2 k=0

From (1.9), it is known that

n
1
> FpFn = (0 + 1)Ly = 2F11). (3.4)
k=0
Finally, from (2.1), we also know that
n
> TiFu i =Torz — Fuia. (3.5)
k=0
O

Corollary 3.2. Let N > 5 be an integer. Then,

N
1
Y. 2. TP =5(Tvea+ Tz —1) = Fygs

n=>5ki+ko+ks=n—2
k1,k2,k3>1

1
—3(4(]\[ — I)FN + (3N — 4)FN_1 —11Fn_9 — GFN_g). (36)

Proof. First, we note that from L,, = Fy, 41+ F,,_1, we easily deduce that (n+1)L,, —2F,4; =
(n —1)F, + 2nF,_;. Hence, we have

N N
o> TwFuFy = >, > TyFyF

n=>5ki+ko+ks=n—2 n=1ki1+ko+kz=n—2
k1,k2,k3>1 k1,k2,k3>1
N 1 Nl N
= Z(Tn+2 — Fopo) — 5( Z nFpi1+2 Znanl)
n=1 n=0 n=1
N 1, Nl N-1
= S (Tur2 — Furo) - g( nFy+3Y nF,i+ 2NFN_1>.
To finish the proof, use the identities
N
> Fau=Fyi—1, (3.7)

n=1
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N
> nF, = NFyy;—3Fy —2Fy_1 +2, (3.8)
n=1
N
> nF, 1 =NFy41—3Fy_1—2Fy_2+1, (3.9)
n=1

N

1
» T, = 5 (T2 + Ty = 1), (3.10)
n=1

The three Fibonacci sums are discussed in [8] (see also [9]). The last sum for Tribonacci
numbers appears in [2] and [3]. O

Theorem 3.3. Letn >4, k1 > 1, and ks, ks > 0 be integers. Then,

> T, Liey Ly = 5T 1 + 4Ty — Ly 1 — 2F, — 5Fp41. (3.11)
k1+ko+ks=n—3

Proof. Using (2.8), we start with

2u(x)g(x) — zu(z)g(x) — 2g*(x) = 2’ u(x)g*(z). (3.12)
In terms of power series, the left side equals
0o n n—1 n—1
Z (2 ZTkLnfk — Z TkLnflfk - Z LkLn717k> .Z‘n, (313)
n=1 k=0 k=0 k=0

whereas the right side is given by

z3u(z)g?(z) = Z ( Z TlekszB)x”, (3.14)

n=3 ki+ko+ks=n—3

with k1 > 1 and ks, k3 > 0. To simplify the left side further, use

and

n n—1
2> TiLng =2 TiLp_g+ 4T,

k=0 k=1
n—1 n—1
> Liln-i-r=2Ln-1+ ) LiLn-1-.
k=0 k=1

Next, note that

2Lk —Ln1k=Ln o k+ Ly =5F, 1 k.

Comparing the coefficients of both sides shows that

n—1
Z Th, Ly Ly = 4T}, — 2Ly + Z(5Fn,1,ka — LpLp_1_1). (3.15)
k1+ko+kz=n—3 k—1
By (2.1), the first convolution equals
n—1 n—1
ZFn,l,ka = ZFan,l,k =Tpi1 — Fryi. (3.16)
k=1 k=0
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Finally, the convolution (see [4])

n
Z LiLy_ = (n+ 1)Ly + 2F, 41, n>1, (3.17)
k=0
shows that
n—1
Z LyLy_1_j =nL,_1 +2F, — 2L, _1. (3.18)
k=1
O

Corollary 3.4. Let N > 4 be an integer. Then,

N
9
Y TyLply, = o (Iv+2 +Tn = 1) + 5141 +4 = (N +T)Fna

n=4k; +ko+ks=n—3
k1,>21,k2,k3>0

—5FN+1 — (N = 3)Fn +4FN_1 + Fn_o. (3.19)
Proof. We have

N N
Z Z Ty L, Ly, = Z Z Ty Ly L,

n=4 ki+ko+kz3=n—3 n=1ki+ko+ks=n—3
k1>1,k2,k3>0 k1>1,k2,k3>0
N N
= > (5Tny1 +4Ty) ZnLn 1= (2F, + 5F41).
n=1 n=1
The evaluation of the sums is straightforward but lengthy and is left as an exercise. O

Theorem 3.5. Let n > 5, k1 > 0, and ko, ks > 1 be integers. Then

> KpnFoFr=Knp1 — Lng — (n+1)F,y. (3.20)
k1+ko+ks=n—3

Proof. Using (2.4), our starting point is the relation
zv(z) f(x) = 3f%(x) + 22 (x) + 22 f(z) = 23v(x) f2(z). (3.21)

The power series on the left side equals

00 n—1 n—1 n—2
S (Y Kk k—3ZFan b2 BBkt > FFaa g )at, (322)
n=2 k=0 k=0 k=0

whereas the right side is given by

(o ¢]
o) f2e) =Y ( 3 KlekQFk3>a:", (3.23)
n=3 ki+ko+kz=n—3
with k1 > 0 and k9, k3 > 1. In the next step, we use
—3Fy g+ 20 1+ Pk =—(Fuo1-k +2F 2 k) = —Ln_1-%

This produces

n—2
> Ky FryFry =Y (KiFu1—k — FyLp_1-¢). (3.24)
ki+ka+ks=n—3 k=1
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From (2.3), we see that

n—2 n—1
Z Kby 1= Z Kypby 1 —3F, 1= Kn+1 - Ln+1 —3F, 1. (325)
k=1 k=0

Finally, the convolution (see [4])

n
> LyFi = (n+ 1)F,, (3.26)
k=0
shows that
n—2
Z FiyLy 1= (n—2)F,_;. (3.27)
k=1
O
Corollary 3.6. Let N > 5 be an integer. Then,
1
Z Z Ky Fio, Fry = §(KN+3 + Kny1) — Lvgs
n=>5k1+ko+k3=n—3
k1,20,k2,k3>1
—(N + 1)FN+1 +3FN_1+ 2FN_o. (328)

Proof. The statement follows from

N N N N
Z Z Klengkg = ZKn+1 — Z Ln+1 — Z(n =+ 1)Fn_1, (329)
n=1 n=1 n=1

n=>5 k1 +ko+ks=n—3
k120,k2,k3>1

combined with (see [8])

i Ln=Lyso—3, (3.30)
and (see [2]) "
N
Z KN+2 + Ky —6). (3.31)
" (]

Theorem 3.7. Let n > 3 and ki, ko, k3 > 0 be integers. Then,

Z K, Ly Ly = 5K 1 + 4K, — 11L, — 4L,_1 — 5nF, ;. (3.32)
k1+ko+ks=n—3

Proof. Using (2.10), we start with
20(2)g(z) — zv(2)g(z) — 3¢°(x) + 22¢°(2) + a?¢*(z) = 2 v(2)g* (2). (3.33)

The power series on the left side equals
Z ( ZKkLn k _ZKkLn 1k _3ZLkL k+2ZLkLn 1- k+ZLkLn 2— k) ;
n=2 =
(3.34)
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whereas the right side is given by

Po@)t@) =3 (> Kinleli)a", (3.35)

n=3 ki+kot+ks=n—3
with k1, ko, k3 > 0. The coeflicient of ™ on the left side can be written as

n—1 n—2

Z Kk(QLn—k - Ln—l—k) +4Ky + Lyp—1 — 6L, + Z Lk(_BLn—k +2Ln 1+ Ln—?—k)~
k=0 k=0

Simplifying further and making use of the formula
2Lp k= Lp1-k=Lp1-k+2Ly ok =5F, 1 -

allows us to write

n—2
> KpLgyLpy =4Kn+ Lot — 6Ly +5 Y Fooy_5(Kp — Ly). (3.36)
k1+ko+ks=n—3 k=0
We complete the proof by noting that
n—2
> FuiokLy =nkF, 1, (3.37)
k=0
and
n—2
> KiFooig = Kni1 — Ly (3.38)
k=0
O
Corollary 3.8. Let N > 3 be an integer. Then,
al 5
Z Z Ky Ly, Ly, = i(KN+3 + Kny1)+2(Kng2+ Kn) —11LN40 —4LN 41
n=3 k1+ko+ks=n—3
k1,k2,k3>0
—b5NFyny1+ 15FN_1 + 10FN_3. (3.39)

Proof. The identity follows from similar arguments as in the previous corollaries. To evaluate
the Tribonacci-Lucas sums, we again use (3.31). We have

N+1 N

N N N-—1 N
> > KinLiLiy, = 5) Kn+4) Kn—11> Ly—=4) Ly—5» nFu
n=2 n=1 n=1 n=0 n=1

n=3 k1 +ko+ks=n—3

k1,k2,k3>0
= 5(%(KN+3 + K1 —6) = 1) + 4(%(KN+2 + Ky —6))
—11(Ln42 —3) —4(Ly41 — 1)
—5(NFyy1 —3FN_1 —2Fn_2 +1).
Gathering like terms establishes the result. O
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4. THE GENERAL CASE

In this section, we give some remarks on the general nature of the relations derived in this
paper.

Theorem 4.1. Let m > 0 and n > m + 4 be integers. Then,

> Ty Fry -+ Fhpn = > T Fiy - Fropoy — H(nym),  (4.1)
ki1t+ko+-+kmt2=n—2 ki4ko+Fkmi1=n
k17k27~~~7k7n+221 kl,kQ,..A,km+121

with H(n,0) = F,, and for m > 1,

H(n,m) = > F, Fry - Fro s

ki+kat+tkmi1=n
k1,k2,....km+12>1

Crn-1 — (n+j+m—2N(n—j+m—2) (n—j—m)r
= — : - JjF)cos (—),
(2m — 2)122m—2 ot (n+j—m)!l(n—j—m)l 2
(4.2)
where Cy, is the nth Catalan number, and n!! = n(n — 2)(n —4)---1 if n is odd and n!! =
n(n—2)(n—4)---2 if n is even.
Proof. From (2.2) (or (3.2)), it is clear that if m > 0 is an arbitrary fixed integer, then
u(@) [ (z) — [ (@) = 2Pu(e) 7 (@) (4.3)
From this identity, it follows that
Z Tk1Fk2'”ka+2 = Z Tk1Fk2'”ka+1
ki+ko+Fkmpa=n—2 ki+ko+4kmi1=n
k17k27~~~7k7n+221 kl,k)g,...,km+121
_ Z Fy Fry - Fl
ki+ko+-+kmt1=n
k1,k2,.. kmy12>1
(4.4)

The second sum in (4.4) allows the stated closed-form expression as was shown by Komatsu,
et al. (2014) ([5], Theorem 4.2). O

According to Theorem 4.1, the convolution of Ty, Fy, - - - Fy,, ., can be specified in an iterative
manner, using the expression for the convolution for Fy, Fj, - -- Fy,..,. When m = 0, Theorem
4.1 reduces to Theorem 2.1. When m = 1, Theorem 4.1 reduces to Theorem 3.1, since (see
[5], Proposition 6.1)

n—1 .
) (n—j7—1m (n—1)F, +2nkF,_;
E JF; cos( 5 > = z . (4.5)
=1

When m = 2, we have the following identity.
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Theorem 4.2. Let n > 6 be an integer. Then,

n+1)Fyi0+2(n+ 2)F,
Z TlekQFngk4 == Tn+4—Fn+4— ( ) n+2 ( ) n+1

k1+ko+ks+ks=n—2 o
k1,k2,k3,ka>1
-2 . N )
B "Z (n+5)(n—5)iFs ((n —j- 2)%)
- 8 2 '
J=1

(4.6)
An equivalent expression for the above four-factor sum was discovered by the author during

the study. The expression is stated in the following theorem.
Theorem 4.3. Let n > 6 be an integer. Then,

> Ty Froy Froy Froy = Thpa — Frnga —

k1+ko+ks+ks=n—2
k1,k2,k3,ka>1

(n—l)(n—Q)F (n—2)2n+1)

(n+1)Fui2+2(n+2)F
5

2(n —1)(n +1)

— — F, - F,_o. 4.7
50 " 25 et 25 e (47)
Proof. It remains to show that
n—1)(n—-2 n—2)2n+1 2n—1)(n+1
SR T TR Ut [ P U [ e SR et RS P
50 25 25
k1+ka+ks=n
k1,k2,k3>1
(4.8)
The equation holds for n > 3. The proof of the last identity can be done as follows:
n ks
> FuFnFu = YY) FuFr i Fok,
ki1i+ko+tks=n k3=0 ko=0
k1,k2,k3>1
1 n
= g Z Fn,]%((k)g - 1)Fk3 + 2k3Fk3,1).
k3=0
Since,
n n
Z k3Fk3Fn—k‘3 = Z (n - k3)Fk‘3Fn—k37
k3:0 k3=0
it follows that .
n/(n—1F,+2nF,_
S kaFiy By, = (LD 200y
2 5
k3=0
Next,
n n—1 n—1
Z k3F/€3—1Fn—k3 = Z k3Fk3Fn—1—k‘3 + Z Fk3Fn—1—k3'
k3=0 k3=0 k3=0
Gathering like terms, we obtain the following equation.
n(n—1 n? n—1)F, +2nF,_ 2(n —1)(n—2
Z Fy Froo Fry = 7( )Fn + —=Fp_1— ( ) nl oy ( )( )Fn_l
50 25 25 50
ki+ko+kz=n
2(n —1)2 2((n —2)Fy—1 +2(n — 1)F,—
+ (n )Fn—2+ ((n )n1+ (n )n2)

25 25
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Simplifying the equation completes the proof. O

For the pair (K, F},), we also obtain an iterative relation in the next theorem.

Theorem 4.4. Let m > 0 and n > m + 4 be integers. Then,

Z Klek2"'ka+2 = Z K, Fi, B — 3H(n,m)
ki+ko+ - +kmi2=n—3 ki+ko+-+kmp1=n—1
k1>0,ko, ... ko g2>1 k1>0,k2, .o kg1 >1
+2H(n —1,m)+ H(n —2,m), (4.9)

where H(n,m) is defined in (4.2).
Proof. The statement is a consequence of the general relation

zv() [ (x) = (3 = 20 — 2?) f" T (x) = 2v(2) 7T (2), (4.10)
which follows from (2.4). O

When m = 0, Theorem 4.4 reduces to Theorem 2.2. Also, when m = 1, it is easily verified
that —-3H(n,1) +2H(n—1,1)+ H(n —2,1) = —(n+ 1) F,,—;. This shows that, when m =1,
Theorem 4.4 reduces to Theorem 3.5. When m = 2, we have the following identity.

Theorem 4.5. Let n > 6 be an integer. Then,

> K, FryFry Fry = Knys — Lnys — (n+ 3)Fopa

k1+ko+ks+ki=n—3
k120,k2,k3,kq>1

n—2 . N - .
(n+7)(n—j)iF; (n—j—2)
—3; 3 J cos( > )

n—3 . N .
s (n—=1+j)(n—1-4)jF; COS((H—J —3)77)

, 8 2
7j=1
n—4 . N - .
(n—2+j)(n—2—j)jF; (n—j—4)rm
+ Z 3 Ccos ( 5 ) (4.11)
7=1
This result can be stated equivalently as
> K, FryFry Fry = Knys — Lnys — (n+ 3)Fopa
k1+ka+ks+ks=n—3
k12>0,k2,k3,ka>1
3(n—1)(n—2) 2(n —2)(n+9) % + 29n — 36
- F, — F,_1— F,_s. 4.12
50 " 50 nl 50 n2 (4.12)
5. FINAL REMARK
From
2u(z)g™ (x) — zu(x)g™(x) — zg™ " (x) = 2Pu(x)g™ T (x) (5.1)
and
20(x)g" (x) — zv(x)g™(x) — (3 — 22 — xz)gm+1(m) = x3v(x)gm+1(x), (5.2)

it is clear that a general solution for the pairs (L,,,T},) and (L, K,,) will preserve its iterative
accessibility. However, a closed form requires an expression for the sum

E Lkl Lk2 e Lk7n+1 °
k1+ka4Fkmi1=n
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Su

ch an expression is currently unknown. The expressions for two- and three-factor sums that

have been derived here are special cases of a more general identity that is to be found. The
author proposes this task as an open problem.
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