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ABSTRACT. This work generalizes results on exact divisibility of powers of the Fibonacci
number F¥ into another Fibonacci number Gr(n) defined iteratively by Gi(n) = F, and
Gr(n) = Fuq,_,(n) for k > 2. In particular, we prove analogous results on nondegenerate
Lucas sequences by providing explicit formulas for p-adic valuation of iterative terms in these
sequences. The proof makes use of recent results by Sanna regarding the p-adic valuation of
Lucas sequences.

1. INTRODUCTION

Let P and @ be fixed relatively prime integers. The Lucas sequence, denoted U, (P, Q), is
defined by Uy(P, Q) =0, U1(P,Q) = 1, and

Un(P,Q) = P-Up_1(P,Q) = Q - Up_2(P,Q) forn > 2.

For example, the Fibonacci numbers F,, and the Mersenne numbers 2 — 1 correspond to
Un(1,—1) and U,(3,2), respectively. We associate the characteristic polynomial 22 — Pz + Q
with the sequence U, (P, Q). Let D = P? — 4Q be the discriminant of this polynomial. If
D # 0, then the characteristic polynomial 22> — Pz + @ has two distinct zeros a and 8 and
Un(P, Q) can be expressed explicitly as

n n n mn

U.(pQ) = -

a—p VD
If not stated otherwise, the sequence U, in this work is referred to as U, (P, Q) for some fixed
relatively prime integers P and () and assumed to be nondegenerate, that is, ¢ # 0 and
the ratio of the two roots of the characteristic polynomial 22 — Pz 4 @ is not a root of unity.
Consequently, the two roots of such characteristic polynomial are distinct and the discriminant
D = P? —4Q # 0. Let n > 0. Define the Lucas iteration sequence G (n) by G1(n) = U, and
Gi(n) = Ung,_,(n) for k > 2. For example, the first three terms of the sequence G(n) are

Gi(n) = Un, Ga(n) =Unp,, and G3(n) = Unv,y,-

The sequence G (n) corresponding to the Fibonacci sequence U, (1, —1) was studied by Tang-
boonduangjit and Wiboonton [5] where they proved that FF¥ divides Gy(n). A year later,
Panraksa, Tangboonduangjit, and Wiboonton [2] proved that the divisibility is exact for n > 3
and gave explicit formulas for the quotient Gy (n)/F¥ modulo F,, for the cases k = 2 and k = 3.
Another year later, however, Onphaeng and Pongsriiam [1| generalized the sequence Gy (n)
and were able to give explicit formulas for the quotient G (n)/ F,’f modulo F,, for all £ > 2.
For each prime number p, we recall that the p-adic valuation v,(m) of non-zero integer m is
defined to be the exponent of p in the prime factorization of m, whereas v, (0) is defined to
be infinity. In this paper, we generalize some results in [2] to the Lucas sequence U, (P, Q).
In particular, we give explicit formulas for p-adic valuation of the sequence Gi(n). The main
result is presented in section 3.
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2. PRELIMINARY

Sanna [4] gives a complete account of the p-adic valuation of nondegenerate Lucas sequences.
The results needed in this work are stated as Theorem 1.5 and Corollary 1.6 in [4]. We recall
them here as a single theorem. If p is prime such that p t @, then the rank of apparition of p
in the sequence U,,, denoted 7(p), is defined to be the least positive integer such that p | Ur(p)-
These basic facts about 7(p) are well-known: 7(p) exists for each p, and p | U, if and only if

7(p) | n.
Theorem 2.1. Let p be prime such that pt Q. Then, for each positive integer n,

vp(n) +vp(Up) — 1 ifp| D and p|n,
0 ifp| D and pfn,
VP(UN) = V;D(n) + Vp(UpT(p)) -1 prJva T(p) | n, and p | n,
VP(UT(p)) prJva T(p) | n, andpfn,
0 if pt D and 7(p) t n.

In particular, if p is an odd prime such that pt Q, then, for each positive integer n,

vp(n) +vp,(Up) —1 ifp| D and p|n,

v (Un) = 0 if p| D and ptn,
PRl vp(n) +vp(Urgy)  if pt D and 7(p) | n,
0 if pt D and T(p) t n.

The following theorem by Riasat [3] generalizes “lifting the exponent” lemma to the ring of
algebraic integers.

Theorem 2.2. Let K be an algebraic number field and O its ring of integers. Let o, 8 € Ok
such that the ideals () and (B) are relatively prime to (p) for some prime p. Define the
sequence a, by
o — /Bn

a—p3 "

If a,, is an integer for all n > 0, then, for all k >0 and n > 0,

Ay =

Vp(agpr) = 1+ vp(ak).
The following lemma is inspired by the above theorem.
Lemma 2.3. Let n,k > 1 and p a prime factor of Uy such that pt Q. Then,
(1) if (i) pis odd, or (i) p=2 and k is even, or (iii) p =2 and n is odd, we have
Vp(Ugn) = vp(n) + vp(Uk);
(2) if k and D are odd and n is even, we have

vo(Upn) = v2(n) + v2(U) + (v2(Uzr(2)) = v2(Urey) = 1) = va(m) + v2(Up):

Proof. We distinguish two main cases.

Case 1. p | D. This implies p | k£ (and therefore p | kn), since otherwise we have, by the
second case of Theorem 2.1, v,(Uy) = 0, which contradicts the assumption that p is a prime
factor of Uj. Consequently, the first case of Theorem 2.1 yields

Up(Ugn) = vp(kn) +vp(Up) — 1 = vp(n) + (Vp(k‘) + vp(Up) — 1) .
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According to Theorem 2.1, the value of v,(Uy) is vp(k) + v,(Up) — 1 or 0; however, since, by
assumption, v,(Uy) > 0, it could not be the latter. Thus,

Vp(Ukn) = vp(n) + vp(Uy).

Case 2. pt D. Since p | Uy, it follows that 7(p) | k£ (and therefore 7(p) | kn). We consider
two sub-cases.
Case 2.1. p | k. Then p | kn, so that by the third case of Theorem 2.1, we have

Vp(Ukn) = vp(kn) + Vp(Upriy) = 1= p(n) + (k) + vp(Upr() = 1) = () + (V).

Case 2.2. ptk. We consider two sub-cases.
Case 2.2.1. p is odd. Then by the third case of Theorem 2.1 for the case when p is an odd
prime, we have

Vp(Ukn) = vp(kn) + Vp(Ur(p)) = vp(n) + <Vp(k) + Vp(Ur(p))> = vp(n) + vp(Uk).

Case 2.2.2. p = 2. We consider two sub-cases.
Case 2.2.2.1. n is even. This implies p | kn. Then by the third case of Theorem 2.1, we
have

Vp(Ukn) = vp(kn) + vp(Upr(p)) — 1 = vp(n) + vp(k) + vp(Upr(p)) — 1
= vp(n) + vp(Ur(p)) + (Vp(UpT(p)) — p(Urp)) — 1) :
Since p 1k, the fourth case of Theorem 2.1 yields,
Vp(Uk) = vp(k) + vp(Ur(p)) = 0+ vp(Ur(p)) = vp(Ur())-

Thus, vp(Usn) = %) + 1p(Uk) + (vp(Uprp)) = 19 (Ury) = 1) = vp(n) + 1p(Uy), where the
last inequality follows from Lemma 3.2 in [4].
Case 2.2.2.2. n is odd. Then p t kn, and so, by the fourth case of Theorem 2.1, we have

Vp(Ukn) = vp(Ur(p)) = vp(Uk) = 0 + 1p(Uk) = vp(n) + vp(Uy)-

3. THE MAIN THEOREM
Theorem 3.1. Let n > 1 and p a prime factor of U,. Then, for k > 1,
(1) if (i) p is odd, or (i) p=2 and 2| D, or (iii) p =2 and v2(U,) > 2, we have
vp(G(n)) =k - vp(Un);
(2) if 24 D and v2(U,) = 1, we have
va(Gi(n)) = (v — Dk +2 -1,
where v = v2(Usr(2)) = v2(Us).

Proof. Let n > 1 be given and let p be a prime factor of U,,. We first prove assertion (1)
with assumption (i). Suppose that p is odd. For n = 1, the formula holds trivially, since
Gr(1) =1 =U, for all k. Let n > 1 and suppose that v,(U,) = s. We want to show that
vp(Gr(n)) = s-k. We prove this by induction on k. For k = 1, we have v,(G1(n)) = v,(U,) =
s = s-1. Hence, the formula holds for £ = 1. Assume the formula holds for some k£ > 1, which
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is v,(Gr(n)) = s - k. We want to show that v,(Gk41(n)) = s(k + 1). By the definition and
Lemma 2.3(1), we have

Vp(Gry1(n)) = vp(Uncy () = Vp(Un) +vp(Gr(n)) = s + sk = s(k + 1).
This proves assertion (1) with assumption (i). Now we prove assertion (1) with assumption
(ii). Assume that p = 2 and 2 | D. Then P is even and @ is odd, since ged(P,Q) = 1.
Together with the assumption that 15(U,) > 0, Theorem 2.1 implies 2 | n, that is n is even
and 1»(U,) = va(n) + v2(Uz) — 1. By induction (similar to the proof of assertion (1) with
assumption (i) above), we have v5(Gk(n)) = kvo(Uy,). Theorem 2.1 allows us to express
v2(Gy(n)) in simpler terms as follows.

I/Q(Gk(n)) = k‘l/Q(Un) = k‘(l/g(n) + I/Q(UQ) — 1)

To prove assertion (1) with assumption (iii), we assume that p = 2 and v,(U,) > 2. If 2 | D,
then it is proved in the previous case. So we may assume that 21 D. Then from D = P? —4Q,
we have P is odd. Assume that @) is even. From the recurrence U,, = PU,,_1 — QU,,_2, since
P is odd and U; = 1, it follows by induction that U, is odd for all n > 1. This contradicts the
assumption that v, (U,) > 2. Hence, @ is odd.

If n is even, then Lemma 2.3(1) implies that

v2(Grr1(n)) = v2(Ung, ) = v2(Gr(n)) + v2(Un).

Then again by induction, we have vo(Gg(n)) = kva(U,).

If n is odd, then since Us = PUs — QU; = P2 — @, and P and Q are odd, it follows that Us
is even. Since U; = 1 and Uy = P are not divisible by 2, but Us is, we have 7(2) = 3, so that
27(2) = 6. By direct computation from the recurrence of U,,, we find that

Us=P>-3Q and Us= P°—4P3Q + 3PQ* = P(P? - 3Q)(P? - Q).
Since 2 1 n and v»(U,,) # 0 by assumption, it follows by the fourth case of Theorem 2.1 that
v2(Un) = 12(Ur(2)) = v2(Us) and therefore, 2¢ || U3 for some ¢ > 2. Consequently, 2 || P? —3Q,
since P? —3Q = (P? — Q) —2Q and 2 || 2Q. Thus, v2(Uz,(2)) = 12(U,(2)) + 1. By Lemma
2.3(2), we have
v2(Gr1(n)) = v2(Ung, () = v2(Gr(n)) + v2(Un) + v2(Uzr2)) — v2(Ur(a)) — 1
= v2(Gr(n)) +v2(Un) + 0 = 12(Gi(n)) + v2(Un).

Then by induction as before, v2(Gg(n)) = kva(Uy,).

We make the following observation before proving assertion (2). If 24 D and 1»(U,) = 1,
then n is odd. Assume otherwise; then since D = P2 —4(Q), it follows that 2 f P and by Lemma

3.2 in [4] that vo(Usy(2)) > v2(Ur(2)) +1. Now since 2 | n, the third case of Theorem 2.1 applies
and gives

1 =wv3(Upn) = v2(n) + v2(Usr(z)) =1 > 1+ <7/2(UT(2)) + 1) —1=1(Ug)+12>2,

which is a contradiction.

Now we proceed to prove assertion (2). Assume that 2 { D and 1»(U,) = 1. By the
observation above, we have n is odd. We prove the formula by induction on k. For k =1, we
have 15(G1(n)) = v2(U,) =1=(y—1)-14+2 —~. Assuming that the formula holds for some
positive integer k, we want to show that it holds for £ 4+ 1. We have

v9(Gry1(n)) = V2(UnGk(n)) = 15(nGk(n)) + VQ(U2T(2)) —1=w(n)+1.(Gr(n)) +v—1
=0+ ((y—Dk+2—7)+y-1=(-Dk+1=(y—-1)(k+1)+2—7,
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where the second equality follows from the third case of Theorem 2.1. This establishes the
inductive step. Hence, the formula holds for all positive integers k. O

Corollary 3.2. Let n > 1 and p a prime factor of U,. If 21 D and vo(U,) = 1, then, for
k> 1, we have vo(Gg(n)) > 2k — 1.

Proof. We will prove that v = v2(Us) > 3. Then, Theorem 3.1(2) implies that
v(Gy(n)=nW-Dk+2—y=~vk—-1)+2—-k>3(k—-1)+2—-k=2k—1.
By direct computation from the recurrence of Lucas sequence, we find
Us = P° —4P3Q + 3PQ? = P(P? - 3Q)(P*> - Q).

It will be shown in the proof of Theorem 3.1 that P and ) are odd. Consequently, the factors
P? —3Q and P? — Q@ of Ug are even and therefore, v5(Ug) > 2. However, considering in modulo
4, we find that 4 | P? —3Q or 4 | P?2 — Q. Hence, 8 | Ug or v3(Us) > 3, as desired. O

We make a remark here that the value of v = v5(Ug) > 3 can be any integer. We demonstrate
this by proving that for each ¢ > 3, there exists a Lucas sequence U,, such that v,(Us) = £.
Indeed, letting ¢ > 3, we consider the Lucas sequence U, (P, Q) with P =1 and Q = 1 — 271,
We find that

Us=P(P*-3Q)(P*—Q)=(1-31—-2"")(1—(1-2"") =23 22— 1).

Since 3-272 — 1 is odd for £ > 3, it follows that v5(Us) = £. The following corollary of exact
divisibility is stated as Theorem 3.3 in [2]. We present an alternative proof based on the main
result of this work.

Corollary 3.3. Let F,, be the Fibonacci sequence. Then, for all k > 1,

(1) F¥ || Gr(n) for all n > 3;
(2) B3| Gh(3).

Proof. For the Fibonacci sequence F,, = Up(1,—1), we have P = 1 = —(@Q so that D =
P? —4Q = 5. We note first that F,, divides Gy (n) for all n,k > 1. The statement is obviously
true for k = 1. For k > 1, using F), is a divisibility sequence, we have F}, | Focy_i(n) or
F, | Gk(n). To prove (1), we let n > 3. It suffices to show that F,, has a prime factor
p such that v,(Gx(n)) = k- vp(F,). If F, has an odd prime factor, then we let p be that
prime factor, and the hypothesis of Theorem 3.1(1) part (i) is satisfied. If Fj, has no odd
prime factor, then we let p = 2. Since F3 = 2 and the Fibonacci sequence F,, is strictly
increasing for n > 3, it follows that v5(F,,) > 2. Hence, the hypothesis of Theorem 3.1(1)
part (iii) is satisfied. In all cases, we conclude that there is a prime factor p of F,, such that
vp(Gr(n)) =k - vp(F,), as we wanted to show. To prove (2), we consider that for n = 3, the
number v = vo(Fg) = 12(8) = 3. Since 21 D and vo(F3) = 12(2) = 1, Theorem 3.1(2) implies
that v9(Gx(3)) = (3 — 1)k +2 — 3 =2k — 1. Thus, F2" 1 || Gx(3). 0
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