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PROBLEMS PROPOSED IN THIS ISSUE

H-858 Proposed by Muneer Jebreel Karama, Hebron, Palestine
Show that

[t

5 (2FaFoid)® + (Faci Fog2)® 4 Foy)

is a perfect square for all n > 0.

H-859 Proposed by Robert Frontczak, Stuttgart, Germany

Prove that
Fy, 1

> (len+ et =5

n>1
where ((k) = 3"+ 1/n* for k > 2 is the Riemann zeta function.

H-860 Proposed by Robert Frontczak, Stuttgart, Germany
Let (Byn)n>0 be the Bernoulli numbers defined by

z 2"
n>0

621

Show that for all n > 0, we have

n

n+2 _
P n—k+ (n+1)(n+2)

k=n (mod 2)

H-861 Proposed by David Terr, Oceanside, CA
For arbitrary constants a, b, ¢, define the sequence (Gp)n>0 by Go = a, G1 = b, G2 = ¢,
and the recurrence G,, = G,,_1 + Gp_2 + G,,_3 for n > 3. Find a closed form expression for

n
Z GQjG2j+1 valid for all n > 0.
7=0
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H-862 Proposed by Angel Plaza, Gran Canaria, Spain
Let (Fin)nez and (L, )nez denote the k-Fibonacci and k-Lucas

numbers given by Fj, 1 =

kEy .y + Frn—1, Lint1 = kLgp + Lgp—1 for n > 1 with F,0 =0, Fp1 =1, Lo = 2, L = k.

Prove that for integers m > 1 and j > 0 we have

- F 1 0 if m=
. . - Fromyr — 0, =
(1) nz::le,n:thkz,n:F] - L {(_1)3Fk,:t2j7 if m=
m
.. Framv2/k —1—mLy4;
(i) ; Fintj Flon—iLintiLin—s = =15 B
SOLUTIONS

A circular inequality

0 (mod 2);
1 (mod 2).

H-825 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,

Buzau, Romania (Vol. 56, No. 3, August 2018)
If a,b,c > 0 and n is a positive integer, prove that

3 3 3
a b c
2 - 4| —) + | =—
((bFn+Fn+1c> (Fnc+Fn+1a> <Fna+Fn+1b) )

43 abc

9

> .
(Fna+ Foi1b)(Fub + Fopi0)(Foe+ Fuyia) — Fg’+2

Solution by Wei-Kai Lai, University of South Carolina Salkehatchie, Walterboro,

SC

Let
a b

X

According to Surdnyi’s inequality ([1], Theorem 4.4):

2(x3+y3+z3)+3xy22(:U+y+z)(x2+y2

C

=1 T - - ) 2= s
bFy 1 Fpie 7 cFp + aFu aFy + 0Fpi1

+ 2%).

Because the quadratic mean is greater than or equal to the arithmetic mean, it is easy to check

that
(z+y+2)°

W

2?4yt 422>

So, we only need to prove that

1 . 9
“(r+y+z)P°> ,
3 X

or equivalently

rtyt+z2=>

Fn+2
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According to Radon’s inequality,
a® b2 c?
Fpab+ Fyiqac + Fobe+ Frqab + Fhac+ Fyi1be
(a+b+c)?
F,ab+ F,11ac) + (F,be + Fyy1ab) + (Fhac + Fri1be)
(a+b+c)? < 3(ab+ac+bc) 3

(Fy + Fpi1)(ab+ac+bc) = Fuio(ab+ac+be)  Fhio’

hence proving the claimed inequality. The equality holds when a = b = c.

rT+y+z=

o

[1] Z. Cvetkovski, Inequalities, Theorems, Techniques and Selected Problems, Springer, New
York, 2012, p. 35.

Also solved by Brian Bradie, Dmitry Fleischman, Angel Plaza, Nicusor Zlota,
and the proposers.

Powers of 2 and powers of 3

H-826 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 56, No. 3, August 2018)
For an integer n > 0, prove that

Z 1 . Fant1_gnt1

a—‘,—b:n L2a3bF2a3b+1 F3n+1 F2n+1 )
a,b>0

Solution by the proposer

We use the identities
(1) Foot = (~1)!(Fei By — FiFarr) (see [1] (9));
(2) Fyy = F,L, (see [1] (13)).
We have
F2a+13b+1 . F2a3b+1+1 o F2a+13b+1F2a3b+1 — F2a+13bF2a3b+1+1

F2a+13b F2a3b+l F2a+13bF2a3b+l

Foa 1
by (1)) = 2F -

F2a3b+1,2a+13b (
F2a+13bF2a3b+1 L2a3bF2a3b+1

(by (2))-

F2a+13bF2a3b+1

Therefore, we have

Z 1 _ Z F2a+l3b+1 . F2a3b+1+1
L2a3b

atb=n F2a3b+1 atb=n F2a+13b F2a3b+1
a,b>0 a,b>0

n
Z <F2a+13na+1 F2a3nu+l+1) F27L+1+1 F3n+1+1

F2a+13n7a F2a3n7a+1 F2n+1 F3n+1

a=0
F2n+1+1F3n+1 - F2n+1F3n+1+1 F3n+1_2n+1

(by (1)).

F2n+1F3n+1 - F2n+1F3n+l

[1] S. Vajda, Fibonacci and Lucas numbers and the Golden Section, Dover, 2008.
Also solved by Brian Bradie and Dmitry Fleischman.
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A double limit

H-827 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buziau, Romania (Vol. 56, No. 3, August 2018)

Let (an)n>0 be a sequence of positive real numbers such that lim,_,o ant1/(nay) = a > 0.
Compute

lim lim (( 7L+MFm/Fm+l _ (W)Fm/Fm—Q—l) nFm—l/Fm+l>> )

m—o0 <n—>oo

Solution by the proposers

Denoting wy, = Fi/Fit1, we have limy, o0 Uy = 1/a. We also have

\ n n+1
. v an . n/ Gn . Qp 1M . Gnp4-1 n a
hm = hm —_— = hm —_— = = —.
n—oo N n—oo \/ n” n—00 an(n + 1)n+1 n—oo a,n \n-+1 e
Denoting

B n+1/an+1 Um
o= )

Up — 1
we have lim,,_,oc Up = 1, so that lim — =1 and
n—oo Inw,

Um, Um
. n . An+1 1 . ant1 n+1 n
lim v, = lim R pp— = lim .
n—oo n—oo \ an "H/ani1 n—oo \ apn "wap11 n+1

e Um
= <a~7-1) = e¥m,
a

B,(m) =

Let

% tm Un —
= n-lnwv,
n Inwv,
Van """ v, — 1.
= Inv,,.
n Inwv,

Hence, the limit to compute is

lim lim B,(m)= lim ((g)um -1 lne“’”) = (E) e l

m—00 N—00 m—o0 e

Also solved by Dmitry Fleischman.

Closed formula for the weighted sum of squares of Tribonacci numbers

H-828 Proposed by Kenneth Davenport, Dallas, PA
(Vol. 56, No. 3, August 2018)
Find a closed form expression for

En: kT2,
k=0

where (T%)r>0 is the sequence of Tribonacci numbers satisfying Tp = 0, 77 = Tp = 1, and
Tivs =Tkyo + Tp1 + T for all £ > 0.

284 VOLUME 58, NUMBER 3



ADVANCED PROBLEMS AND SOLUTIONS

Solution by Raphael Schumacher, ETH, Zurich, Switzerland
We will prove that

1 7
Z kTE = ( n+ 1) TnTnyo + (n+2) Tny1Tnio — <4n + 1) T? - <n + 4) T2,

1 3 1 1

We have that (see [1])

(1)

ol ol oy

n >0,

n:4041—0z%—1 40(2—04%—1 4043—04%—1

where a1, oo, and a3 are the three roots of the polynomial p(z) := 2% — 2 — 2 — 1. Using the

explicit formula for the Tribonacci numbers from above and the two infinite series identities
o
1
Zykzli and Zky ) for all y € C with |y| < 1,
-y
=0

we get the following generating functlon identities

[e.e]

x(:v?’—i-:EQ—l-x—l)
D= T2z = —
=) nz% n® (@3 —22 —z—1)(x® +22+3z—1)’

4?4+ r—1
fal): Z w1t (@ —22—z—1) (2322 +3x—1)

4 ad =52 -2 —1
fala): Z 2" (@3- —z—1) (2322 +3x—1)

x(x2—|-1)
(@3 —a?2—z—1) (a3 + 22+ 32z —1)’

f4(x) L= ZTnTn—Hxn =
n=0

o0
2z
D= T,.T, "=
fs(2) Z nin42d (2 —22 —2z—1) (2 + 22+ 32 —-1)’
2 +1

o0
c= Y ThpiThioz™ =
fo@): =3 T Tupow (23 —22 —2 — 1) (23 + 22 + 32 — 1)’

n=0
i T2m T (2;1:9 + 328 + 427 + 220 + 825 + 1223 + 222 — 22 + 1)
_ nT2" —

) .= = 7
f7() (333—562—$—1)2(1:3+3:2+33;—1)2
folz) : = Z” o (328 + 427 + 625 — 42 — 122% + 142% + 4o + 1)
" (23 — 22 —x —1)* (23 + 22 + 32 — 1)° ’
folz) : = Z T2 x (210 4 22° — 827 — 82 + 222% + 242° + 1122 + 163 + 4)
+ )

(23— 22—z —1)? (@3 + 22+ 3z —1)?
21 (5a® + 3zt — 1223 — 327 — 1)
2z —1)° (@3 42243z —1)%

Jio(z) : = ZnTnTnHﬂcn =—

o (23 —x
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= 2u (207 +42° — 30" + 2% — 82 — 4w — 1)
T .= nT, T, "= —
Ji1(z) nZ:o n+1dn42 (1;3_332_$_1)2(g;3+x2+3x—1)2

fiz(x) - = Zm” = 1
n=0

1—2’
as well as

ikTQ p o (22% 4 32® + 427 + 22° 4+ 825 + 1227 + 227 — 22 + 1)
r = )
P g (23 — a2 —x — 1)? (23 4 22 + 32 — 1)

o0

i < ; k:T,?) " = 11kaT§xk
k=0 k

=0
B x(2x9+3x8+4$7+2x6+8m5+12:1:3—1—21‘2—2x+1)
B (1—2)@3—a2—z—1) (a3 + 22+ 32— 1)

Because of the calculation

>0 n T (2x9+3x8+4x7+2x6+8x5 + 1223 + 222 — 22 + 1)
Z Zkaz " = 2 2
P (1—z)(@3—2?2—z—-1)" (23 +224+3x—1)

n=0

= fr2(z) f7(2)

= S F0l@) + fo() + fu(e) + 2o(@) — () — (@) — fola) — 1 ol) — L o(a)
~ 2 fae) = 3 hal) + 3 frale)

1 o0 o0 [o¢] [o¢]
=3 > T Thgoa™ + Y ToTogor™ + Y nTpiTnpor™ +2)  Tna oo™

n=0 n=0 n=0 n=0

~ 1 Z nT2z"™ — Z T2 — Z nT2 a" — 1 Z TZ, 2" — 1 Z Y i
n=0 n=0 n=0 n=0 n=0

=32 Thaar" = 5 D TaTnpaa” + 5 ) a”
n=0 n=0 n=0

0
1 1 7
— E [ <2n + 1> T Thio+ (n+2)Thi1Thio — <4n + 1) T: - (” + 4> T7%+1
n=0

1 3 1 1
- <4n + 4> Tiyo = 5T Tosr + 2} ",
the formula

n
1 1 7
> kTR = <2n + 1> TnTnto + (n+2) Tnp1Tnga — <4n + 1) T? - <n + 4> T2,
k=0

1 3 1 1
— (4TL —|— 4) T3+2 — iTnTn'Fl + 5
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holds true by equating coefficients and using the uniqueness of power series expansions.
This expression is (1).

Substituting the relation T;, := T5,4-3 — Ty 42 — Tj41 into the equation (1), we get the equivalent
form
o1 50\, 1y
Z Mo =5 (n+3) Tn1Togs + (n 4 3) Tny2Thnys — ) T = (nt ) T
k=0

(2)
1 1 1
- (4” + 1) T2, 5 — iTnJrlTnJrZ t3

[1] http://mathworld.wolfram.com/TribonacciNumber.html
Also solved by Dmitry Fleischman, Jason Smith, David Terr, and the proposer.

Retraction: The popular problem H-856 was initially rejected by this Department and
ended up appearing in print by an editorial mishap. Afterwards part 1) involving the Fibonacci
numbers was submitted and meanwhile appeared as Problem 4517, Crux Mathematicorum 46,
no. 2, February 2020. This Department apologizes for this mishap and wishes to retract the
Fibonacci part of Problem H-856. The part involving Lucas numbers is retained.
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