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Please submit all new problem proposals and their solutions to the Problems FEditor, DR.
RUSS EULER, Department of Mathematics and Statistics, Northwest Missouri State Univer-
sity, 800 University Drive, Maryville, MO 64468, or by email at reuler@nwmissouri.edu. All
solutions to others’ proposals must be submitted to the Solutions Editor, DR. JAWAD SADEK,
Department of Mathematics and Statistics, Northwest Missouri State University, 800 Univer-
sity Drive, Maryville, MO 64468.

If you wish to have receipt of your submission acknowledged, please include a self-addressed,
stamped envelope.

FEach problem and solution should be typed on separate sheets. Solutions to problems in this
issue must be received by November 15, 2013. If a problem is not original, the proposer should
inform the Problem Editor of the history of the problem. A problem should not be submitted
elsewhere while it is under consideration for publication in this Journal. Solvers are asked to
include references rather than quoting “well-known results”.

The content of the problem sections of The Fibonacci Quarterly are all available on the web
free of charge at www.fq.math.ca/.

BASIC FORMULAS

The Fibonacci numbers F}, and the Lucas numbers L,, satisfy
Fn+2 :Fn+1+Fn7 FO :O, Fl = 1;
Lyyo=Lpy1+ Ly, Lo=2, L1 = 1.

Also, o= (1+v5)/2, = (1—5)/2, Fy = (a” — ")/V/5, and L, = a" + .

PROBLEMS PROPOSED IN THIS ISSUE

B-1126 Proposed by José Gibergans-Baguena and José Luis Diaz-Barrero,
Barcelona Tech, Barcelona, Spain

Let n be a positive integer. Prove that
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B-1127 Proposed by George A. Hisert, Berkeley, California

Prove that, for any integer n > 2,
—17TF}_ + 5TF | +402F; + 113F} | — 25F ., = 2F2_4,L2 4 (1)

and

—17Lp_o + 5705 1 +402Lp + 113L% . — 2500 o = 50L2_3F2, . (2)

B-1128 Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain

Let n be a positive integer. Prove that

i 1 - F,* - F <§
1+ 72, 72 1

n

B-1129 Proposed by D. M. Batinetu—Giurgiu, Matei Basarab National College,
Bucharest, Romania and Neculai Stanciu, George Emil Palade Secondary
School, Buzau, Romania

Prove that
2(Lpyo —3)2 < (5Fms1 —4)n (1)
and
2(Fpyo —1)? < nFppyq (2)

for any positive integer n.

B-1130 Proposed by D. M. Batinetu—Giurgiu, Neculai Stanciu, and Gabriel Tica,

Romania
Prove that
N 2m42 +1 pm+1
ka 4gmE F,Z’}rl
— k3m — n2m(n+1)2m

for all positive real numbers m.
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SOLUTIONS

It Adds Up To Naught

B-1106 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 50.2, May 2012)

Prove that

3n
ZFng =0 (mod b).
k=1

Solution by Chanequa Roy, University of South Carolina

By induction on n.
Base case: Let n = 1. Then
3

Z For, = Fop, + For, + Fop,

k=1
=N+ F+Fy
=14+14+3=0 (mod?5).
Assume that for n = m,
3Im
ZFng =0 (mod b).
k=1
We want to show that
3(m+1

)
Z For, =0 (mod 5).
k=1

By the induction assumption,

Z Fop, = Z Fop, + [F2F37n+1 + Fopy,,0 + F2F37n+3]
k=1 k=1

= [F2F37n+1 + FoFs,0 + F2F3m+3] (mod 5).
Using Freitag’s Identity [1], Fb, = n(—1)""! (mod 5), we obtain

[F2F3m+l + F2F3m+2 + F2F3m+3]
= [Bynpr (1) 0% 4 By o (1) P2t By (= 1)m43 0] (mod 5).

The period of the Fibonacci sequence modulus 2 is three, i.e. (1,1,0,1,1,0,...). We know
that 3m 4 3 is divisible by three, so F3,,+3 is even and that F3,,+1 and F3,,49 area odd. Thus,

[Fam1(—1) 4 g By o (= 1)t o g (—1)Fomest)

= [F3m+1 + Fama2 — F3mys]  (mod 5).
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Using the fact that F,, = F,_1 + F,_o, we know that (F3m+1) + (F3m+2) — (F3m+3) = 0.
Therefore,
3(m+1)

Z Fyr, =0 (mod 5).
REFERENCES
[1] H. T. Freitag, Problem B-379, The Fibonacci Quarterly, 17.2 (1979), 186.
Also solved by Paul S. Bruckman, Dmitry Fleishman, Russell J. Hendel, Robin-

son Higuita, Harris Kwong, ONU-Solve Problem Group, David Stong and John
Hawkins (jointly), and the proposer.

Evaluating a Double Sum with Inverse Fibonacci Numbers

B-1107 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 50.2, May 2012)

Determine

1
>

i>1,k>3 1k
Solution by Robinson Higuita (student), Universidad de Antioquia, Columbia

Since |FL]€| < 1for k > 2, we have that » 7 (%;)] = ﬂl— This implies that
k-1
1

S e n (m) =S () 0

J>1,k>3 1k k>3 k>3
From [2] we know the Gelin-Cesaro Identity
Fy—1=F, oF, 1Fpi1Fppo.
This and (1) imply that

> e () @)
Fhi-2 FypoFy 1Fri1Frya)

j>1k>3 1k k>3
It is easy to see that Fk2 =Fy_9Fy10 — Fy_oFyi1 + Fr—1Fyro — Fr—1Fi+1. Thus,

F? _ Broliio — Fholhy1 + Fi1Fhyo — Fr1Fiin
Fy oFy 1Fpy1Fiyo Fy oFy 1 Fpi1Fiyo

_ BoBar B
B Fe aFonBerr B P Bt Froo
Bt Bt
Fk 2/Fk+1M Fk—2MMFk+2
1

1
Fk—le+1 Fk—le+2 Fk—2Fk+1 Fi_oFyio
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This and (2) imply that

§i>1,k>3 k>3 k>3 k>3

From [1, p. 442, exercises 35 and 36] we know that

Y=Y 73
Fy 1Fp FpFrio 22

k>3 k>1
35 v riad Dz b
= FreaFive i Filla 18

Note that

§:< 1 1 >_ 11
s Fr obpi1  Frp1Fpqo khF, 3

because it is a telescopy series.
These and (3) imply that

_r_4
18 9

W =

I
45—-2 — o
§>1,k>3 1 2

REFERENCES

[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley, New York, 2001.

[2] E. W. Weisstein, Gelin-Cesaro, MathWorld a Wolfram Web Resource,
http://mathworld.wolfram.com/Gelin-CesaroIdentity.html.

1 1 1 1
2 F =2 Fy_1Fp1 t2 <Fk—2Fk+l - Fk—le+2> o> EF

—oFkyo

1

Also solved by Paul S. Bruckman, Dmitry Fleischman, and the proposer.

A Fibonacci and Triangular Numbers Inequality

B-1108 Proposed by D. M. Batinetu—Giurgiu, Matei Basarab National College,
Bucharest and Neculai Stanciu, George Emil Palade Secondary School,

Buzau, Romania
(Vol. 50.2, May 2012)

Let T}, = @ for all £ > 1. Prove that

zn: Fk2m+2 - 3m(FnFn+1)m+l

m - m
pet T n™T

for any positive integer n > 1 and for any positive real number m.

Solution by Paul S. Bruckman, Nanaimo, BC, Canada

Let S =8, =Y 71_F, and U = U, = > }_; Tk It is well-known that S = F,, Fj, 41, and it

is easily derived that

nn+1)(n+2) nlh

U, = —
6 3
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We see that we may write the desired inequality as follows:

gl < UmZFk <1;—:> . (1)

k=1

Now Hélder’s Inequality for sums states that for any two nonnegative sequences {aj}i>1
and {by}r>1, we have for all n > 1, and for all p > 0 and ¢ > 0 such that % + % =1

n n 1/p n 1/q
k=1 k=1 k=1

T where m is any positive number. Also, take ap = Tk1 /p ,

_ 1
m+1’ q — m+1’
b = F?/ Tk1 /P Then Hélder’s Inequality takes the form:

n F2m+2> 1/(m+1)

n n m/(m+1)
e~ %
k=1 k=1 k

k=1

F2 1/(m+1)

Raising both sides to the power ¢ = m + 1 ylelds the desired inequality in (1).

In particular, take % = %

or

Also solved by Dmitry Fleischman, Russell J. Hendel, Robinson Higuita, (student)
and the proposer.

Candido’s Identity Inspired Inequalities

B-1109 Proposed by D. M. Batinetu—Giurgiu, Matei Basarab National College,
Bucharest and Neculai Stanciu, George Emil Palade Secondary School,
Buzau, Romania
(Vol. 50.2, May 2012)

Prove that .
3-

2Fy + Fopy + Fio) > 9(FnFoi1Fny2)3;

2
(F2+ F2,, + F2.5)% > V6(F, Fry1 Fpi2)3; (2)
(F2+F2 4+ F2.,)° < 14 + i + i ) > 18; (3)
F Fn+1 Fn+2
2
AF+ Pl Fhao) (4t ) > 8L )
By B Frp

Solution by Kenneth B. Davenport, Dallas, PA

To solve the inequalities we will rely on Candido’s Identity [1]
(F3 + Floy + Fia)® = 2(F, + Fipq + Foypo).
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To prove (1) we replace the LHS with (F? + FZ2,, + F2,,) and then take the square root of
both sides to get

(F2 4+ F2 | + F2,) > 3(FyFnyp1 Foyo) 3.
This follows immediately from using the AM-GM inequality for three numbers
a1 +az +as
3
with ay = F2; ap = F2,; and a3 = F2,,. This completes the proof of (1).
To prove (2), we can establish the relation by showing a much stronger result, namely that
(F2 4+ F2 | + F2,)? > 6(FyFr1 Fi2)*?.
Using the AM-GM inequality, we have
Fl+FY +Fp
3

Multiplying both sides by 6 and using once again Candido’s Identity, we get the stronger
inequality.
In part (3) we use Candido’s Identity and rewrite the inequality as

> (ajagaz)'/?

> (FyFop1Fopo)'/?.

F4+F4+1+F;§+2<1 N 11 >>3
3 e F3+1F7%+2 .

This result follows immediately from the application of the AM-HM inequality for three num-

bers,
a1+ as + asg 3

3 TT71i 1.1y
(a+a+£>

To prove (4), we restate the inequality, using Candido’s Identity again, as

1 1 1 \?
(F2—|—F+1+Fn+2) (ﬁ—i_}?@ +F2 > > 81.
n

n+1 n+2
Taking the square root of both sides, we obtain

1 1 1
(F2+F2, +F? 2)<—+ + >>9.
" " F,% Fr%—i—l F7%+2

Again as in (3), this follows from the AM-HM inequality.

REFERENCES
[1] R. S. Melham, Ye olde Fibonacci curiosity shoppe revisited, The Fibonacci Quarterly, 42.2 (2004), p. 155.

Also solved by Paul S. Bruckman, Dmitry Fleischman, Amos E. Gera, Russell J.
Hendel, Zbigniew Jakubczyk, and the proposer.

Closed Forms for Sums of Squares

B-1110 Proposed by Sergio Falc6n and Angel Plaza, Universidad de Las Palmas
de Gran Canaria, Spain
(Vol. 50.2, May 2012)
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For any positive integer k, the k-Fibonacci and k-Lucas sequences, {Fj;, » }neny and { Ly n }nen,
both are defined recursively by w41 = kuy, +u,—1 for n > 1, with respective initial conditions
Fro=0; Fi1=1and Lo =2; L1 = k. Prove that

> (%) #i= 62 0 (1)

1>0

Fiy = (K +4)" Fyont1 (2)

)

Solution by Harris Kwong, SUNY Fredonia, Fredonia, NY and Ralph P. Grimaldi,
Rose-Hulman Institute of Technology, Terre Haute, Indiana (separately)

It is a routine exercise to derive the Binet’s formulas
o — /Bn
F, =
k, o
where a = (k+Vk2 +4)/2 and B = (k—Vk? + 4)/2. Since o = —1, we find 1+a? = a(a—p),
and 1+ 32 = —B(a — ). Therefore, for any integer m > 0,

> (7 )@ 209 = 5 (77 )i 2y + 57

i>0 i>0

=(1+a®)™+21+af)™ + (1 +pH™

= (a = B)"[a™ + (=8)"]

B {(a —B)"Lim if m is even,
(= B)" L, if mois odd.

and Ly, =ao" + §",

This leads to

@02 ()= () @ - 5 = (0= 8 L,
i>0 i>0
@2 () e = () - 89 = e - 8P
>0 120
2= X (7) @+ 5 = (0 - 5 L
i>0 i>0
<2ni+ 1> Li,i = Z <2nz+ 1> (o' + ) = (a — B)*" 2 Fy an 1.
0

The results follow immediately from (o — 5%) = k? + 4.
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Also solved by Paul S. Bruckman, Dmitry Fleischman, Amos E. Gera, Russell J.
Hendel, Zbigniew Jakubczyk, and the proposer.

We would like to acknowledge belatedly the solutions to problems B-1101, B-1102, B-1103,
B-1104 by Amos E. Gera.
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