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PROBLEMS PROPOSED IN THIS ISSUE

H-697 Proposed by N. Gauthier, Kingston, ON

Define Ky = 1 and, for a positive integer n, let K,, represent the sum of the cubes of the

first n positive integers. Then define

|:Tl:| o KnKn—l e Kn—k—l—l
k|l KpKpy - KK

for 0<k<n.

n n
a) Show that {n— k‘L{ = [k}[(

n
b) Show that = m?, where m = m(n, k) is a positive integer.

¢) Find a closed form expression for S, =3~ m(n, k).
H-698 Proposed by Hideyuki Ohtsuka, Saitama, Japan

i) Prove that
-1
=1 (-1)" 1
<ZF—5> = Foafn = +O<F—g>'

k=n
ii) Is it true that for all nonnegative integers m we have the estimate

1

e ) 1 -1 n—1 1
= FF —F — — n O e
(/;FkF’”m) Z k k+m+3 m—2(—1)n + <F3>’

k=1
where the constant implied by the above O might depend on m?
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H-699 Proposed by Ovidiu Furdui, Cluj, Romania and Huizeng Qin, Shandong,
China
Let k > 0 be a natural number and let (z,,),en be the sequence defined by

Tn Z”\/F <—2k+ %) r <—2k+%> T (—2k:+%>
_ "\/(—1)"—1r <—(2/<;+ 1)+ %) r <—(2k—|— 1)+ %) .7 <_(2k+ 1) + %)

where I denotes the classical Gamma function. Find lim,, o z,, /7.

SOLUTIONS

Some Telescoping Series

H-680 Proposed by N. Gauthier, Kingston, ON
(Vol. 46, No. 4, November 2008)
For x # 0 an indeterminate and for an integer n > 0, consider the generalized Fibonacci
and Lucas polynomials {f,}, and {l,,},, respectively, given by the following recurrences

fn+2:wfn+1+fn TLZO, where f():O, flzl;
lnyo = xlpr1 + 1y n >0, where [p=2, 1 =u=x.

Find closed-form expressions for the following sums:

(a) Z(—l)kn# m, n > 1;

=1 f(k—l—l)nfkn’
“ 1
b -1 ]‘mi, m, n > 0;
= n J@k+1)n
(@) DD w2
k=1 (k+1)n’ kn
= n J@k+1)n
(@ (-1 om0 2 0
k=0 (k+1)n"kn
Uk f(2k+1)n[f22k Dn + fvzz]
(e) Z(—l)k" 7 ( +l4) , m, n2>0.
k=0 (k+1)n"kn

Solution by the proposer

The characteristic equations for the given recurrences are identical and have roots o =
(x+ Va2 +4), B = i(x — Va?+4), with af = —1 and a + 8 = z. The Binet form for
the terms of the generalized Fibonacci sequence is f, = (o — ")/(a — ) and for the Lucas
sequence is I, = o™ 4+ B". We first prove two results that will simplify the proofs.

1. For integers r and s, we have f,,, = %(frlS + fsly).
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For the proof, note that
1

fros = a—_ﬂ(oﬁs — grts)
(@ ) 4 @ o )
= ﬁ ((a" = B")(@® + B%) + (@ — B*) (" + B"))
= %(frls + fily),

which is what we wanted to prove.
2. For integers r and s, we have that f,_, = %(frlS — fsly).

For the proof,
1

fros = (@ =8
= (@B — () )
U e ) - e - )
= % ((@" = B")(@" + 8°) = (a" = B")(a" + 87))
= (_21 (s = ).

which is what we wanted to prove.

Now, with (n, k) integers, put r := n(k+1) and s := nk in the above formulas and rearrange
the results in either one of the following forms, by dividing by fy(k41)fnk OF By lyks1)lnk, as
the case may be, to get that:

farey 1 <ln_k N Ln(ks1)
fn(k—l—l)fnk 2 Jrk fn(k-l—l)

(1p) Jnen 1 (—f"(k“’ + @> ,n>0, k> 0;
bngerylne 2 \lngyr) ok

(2a) D" :1<l"_’“_ l"(’““)) n>1, k> 1
FaesnyFuk 2 \fuk fagery) T T T

_1\nk
(op) T 1 (L(’““’ - M) ,n>0, k>0
besvlne 2 \lnksn) ok

(1a)

>,n21,k21;

To find the sought closed forms, we first invoke (2a) and sum the resulting telescoping series.
This gives the desired closed form for sum (a) upon division of (2a) by fy:

Closed form for (a):

m

1 I o= (b lagrery) > 1 <ln ln(m+1) >
)k - <__ =—|———%], m>1,n>1.
]gzz:l( ) fn(k+1)fnk 2fn kZ::l Ik fn(k—l—l) 2fn \ fn fn(m+1)

We proceed similarly for sum (b) and get, upon division of (2b) by f,, that:
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Closed form for (b):

m

S 1 :iz<fn(k+1)_ﬂ>_m m>0, 0> 1

k=0 n(k+1)lnk 2fn k=0 ln(k—l—l) lnk 2fn n(m+1

To proceed further, form the product of equation (1a) by equation (2a) and get that:
2
(3) (L1 fafn@kry _ 1 vy B2y ‘
an(m)fﬁk 4 f72z(k+1) fﬁk

Dividing this result by f, then gives the summand in (c¢) and the resulting sum telescopes:
Closed form for (c):

. faery 1 (lagey 2
(D™ = —m ) om0
kzzl fr%(k+1) n2k 4fn fz(m-i-l) f%

Similarly, form the product of (1b) by (2b) and get:

2
@ (_1)nkfnfn(2k+l) 1 Ly R
2 2. 4\? 2. ]
n(k+1) nk n(k+1) nk
This gives the summand of sum (d) upon division by f, and the sum collapses to give:

Closed form for (d):

m

2
ok Tnke))  Famern)
> (1) Y ., m>0, n>1
k=0 n(k+1) nk n(m+1)

Next, take the square of equation (1b) and add the result to the square of equation (2b).
This gives:

5) Soriy +n 1 <fn(k+1) . M>2+ (fn(k+1) - @)2 1 Fates) +fik '
Zonlze A\ Nlagern) bk Intes1) bk 2\ 2 B

Multiplication of this result by (4) then gives:

nkfnfn(2k+1)(f k+1) f) 1<fn(k+1) fik)

(6) (—1) 2
li(k-}l)lfm 8 li(lﬁ—l) Lok
This gives the summand in sum (e) upon division by f, and we get the desired result due

to the collapsing of the series:
Closed form for (e):

m 2 2 4

Z(—l)nk fn(2k+1)(fn(k+l) t fa) = _nlmt]) m>0,n>1
N 8 foll o= =

k=0 n(k+1) nk n(m+1)

Also solved by Paul S. Bruckman.
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Integral Power Binomial Weighted Sums of Generalized Fibonacci Polynomials

H-681 Proposed by N. Gauthier, Kingston, ON
(Vol. 47, No. 1, February 2009/2010)
For a real variable z # 0 consider the sets of generalized Fibonacci and Lucas polynomials,
{fn=fn(z) :n €Z} and {l,, = l,,(z) : n € Z}, given by the recurrences

fnae =2fne1+ fn, and lyio = 2lpe1 +1,, forall neZ,

with fo =0, fi =1, lp =2, Iy = z. Note that f_,, = (—=1)"*!f, and I_,, = (—1)"I,,. Let r be
a nonnegative integer and p, g be positive integers.

(a) Prove that

SR R R = (DT g
k

k>0

b) Find a general formula for —1)kk™ (7 fE froFk] e for any nonnegative integer m.
k>0 k) JpJptqiq

Solution by the proposer

The characteristic equations for the given recurrences are identical and have roots o =
$(z+ V22 +4), B = 3(z—Vz2+14), with af = —1 and o + 8 = z. The Binet form for
the terms of the generalized Fibonacci sequence is f, = (o — ")/(a — B) and for the Lucas
sequence is [, = o™ + 8.

To prove identity (a), we use the following lemmas.

Lemma 1. For x a variable and r a nonnegative integer, we have

Sy ([) st

E>0

Proof. First note that

Sy () )=

k>0

which follows from the binomial expansion of 2" = (—1+ (1+x))" in powers of (1 + x). Then

apply the differential operator (1 + :L')d— to this result and get that
T

Z(—l)“’%(i) A+z)k=ra"Y1+2z); r>0,

k>0
which proves Lemma 1. O
Lemma 2. For positive integers (p,q), the solution of the following simultaneous equations
1+ ua? = wa™9, 14+ upfl =wp™1,
for the unknowns u and w 1is:

v

forq

w = (~1)1
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Proof. One can get at once that a4 + ua?™ = w = B9 + uBPT4. Hence, since p + q # 0, we

get that
_ Bl—at
aPta — Brta fp+q'
Similarly, one can see that —a™? + wa~ P9 =y = —P + wB~P*9). Hence, we get using
the Binet formula for the Fibonacci polynomials that
_ Oé_p — B_p _ f—p — (_1)p+1fp — (_1)q fp
a—(te) — 5—(P+Q) f—(p—l—q) (_1)p+Q+1fp+q fp—i—q7
which proves Lemma 2. O
We now prove summation formula (a). To do so, first note that a8 = —1 implies that
a~ %= (—1)189. We use Lemma 1 and 2 with
r =ual = ——fq P, (1+2)=wa = (-1)wp! = Iy —= 1,
fr+q Jr+q
to get that

r—kj, o q> — (_ fq > < o q> — (—1)2tr—1, fnfq pr—(p+q)_
]%;)( ) < > <fp+q/8 ' fp-l—qa fp+q6 ( ) f;—i-q )

Repeating the exercise with
fp aq

xr = Ja ——pF and (1+z)=
fota

 forq

Y

gives that
k r—1
Z( 1 kk( > fp ok = (—1)atr=1y folq Pla gpr—(p+a),
k>0 fp+q p+q

Finally, add these last two results together and multiply the resulting equation by (—1)"f7.,
to get identity (a):

Z(—l)’“’f@fpf,mqk—( D fo g gy 72 0.

k>0

To generalize the problem as requested in part (b), we will use the following lemma.

Lemma 3. For x an arbitrary variable and for an integer r # 0, we have
Sy () () = 3,8 o)
k>0 & n=0

where {ST(Lm) :0 <m,0 < n < m} is the augmented set of Stirling numbers of the second

kind, including the n = 0 elements, S(()m) = Om,0. Also, by definition, for n > 1, (r), =

r(r—1)---(r —n+1) and forn =0, (r)o = 1.

Proof. For m > 0, consider the differential operator <(1 + a:)di> and apply it to the formula
-

S (-t (2) (1+2z)k=2"

k>0
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d m
(see Lemma 1). After noting that <(1 + :1:)%> (1+2)f = k™1 + 2)* as well as the fact

m

dx
claim that the following holds for nonnegative r, m:

that <(1 +2)— | " generates an m + 1-term expansion in {z"""(1+ )" : 0 < n < m}, we

> (=1 EEm (2) (14z)F = ;(r)nag%f—m + )",

k>0

The unknown coefficients, {aﬁ{”) :0 <m,0 <n < m}, are to be determined by solving the
following linear recurrence:

agm—i_l) _ naglm) + agﬁ)l; a(()o) =1, a(_nz) = aiﬁl =0.

To prove the above claim, note that it is true for m = 0 if we convene that k° = 1 for all
k > 0. So, assuming that the above formula is true for m, consider

<(1 +x)%>m+l = (1 +a:)% <<(1 —I—x)%)m:ﬂ") .

m+1 m
d
Upon invoking the above expressions for <(1 +:17)%> " and of <(1 +:17)d—> " in
powers of (1 + x)/z, we get that

m—+1 m

d
(m+1),.r—n 1 n_ “ (m),.r—n 1 n
Z (P)pay a1+ 2)" = (1+ :E)da: Z(T)nan 214 x)

I
NE

(r)pal™ ((r=n)2" " 11 +2)" +na" " (1 +2)")

3
Il
=)

(P ppral™ "= (D (1 4 )+t 4 Z n(r)pal™ a1 + )"

n=0

Il
M

3
=

(r)n (agﬁ)l + nag”)) "1+ 2)"

3
Il
=)

To go from the penultimate line to the last one above, we shifted the summation index in the
first sum by one unit. Then we defined a(_”f) =0, aiﬁl = 0 and extended the limits of both
sums from 0 to m+1. This result then gives the recurrence for the unknown coefficients, which
is the recurrence for the augmented Stirling numbers of the second kind, S,(Lm). We therefore

conclude that {a&m) = Sﬁlm) :0<m, 0<n<m} and Lemma 3 is proved. O

Now, to obtain the generalization requested in (b) of the problem statement, we invoke
Lemmas 2 and 3 and proceed as we did to prove identity (a). We then get the following two
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equations:

St (1) St = S (o) ()’

k>0 p+q n=~0 fp+q fp+q
N s 230" pr—pram,
n=0 p+q
k m nfr—m
Z(_l)r—kkm <T‘> -Z_paqk _ Z(_l)(4+1)n+r(,r,)n5«7(Lm)%5pr—(p+q)n'
k>0 k p+q n=0 p+q
Addi}ig toget}i‘er Ehese two equations and multiplying the result by (—1)"f},, then gives the
sought generalization
kim (T k pr—k % n m) £n pr—m
Z(_l) k <k> fp fp+q lqk = Z(_l)(q+l) (T)nsﬁz )fp fq lpr—(p-l—q)n'
E>0 n=0

This result agrees with the identity in (a) when m = 1 since S(()l) =0, SF) =1land (r); =r.
Also solved by Paul S. Bruckman and Kenneth Davenport.

96 VOLUME 49, NUMBER 1



