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PROBLEMS PROPOSED IN THIS ISSUE
H-747 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Let (Z) 7 denote the Fibonomial coefficient. For positive integer n, find closed form expres-
sions for the sums:

() Shzo(DRF2 (LigaLpga - Ln)? (3F) s
(i) SrZo(—1)*Faksr (Lip1Lya- - Ln)'* (2:)1:

H-748 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.

Let xp, = Lg, yp = Fr, k=1,...,m, Tyy1 = T1, Yms1 = y1. Prove that:
Z 3 S LinLmy1
Foye = Fopag + Fotprr — Fpgo
m
Z > FmFm+1

— Lmyr + Lm-‘rlyk—i-l T Lo

for every positive integer n.

H-749 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
Let a,b,c and d be odd positive integers. If a + b = ¢+ d, prove that

a d c
Fy F. Fy
E E = E + E )
P 1Fka+a = BBy o= FriFie = Filhta

H-750 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
Generalized Tribonacci sequences {R,,} and {S,} are defined by
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Ryi3=pRpi2 +qRy1 + 1R, (for n > 0);
Sn+3 = PSnt2 + ¢Sn+1 + 15, (for n > 0)

with arbitrary p, g, r, Ry, R1, Ro, S, S1,.S2. For positive integers a, b, ¢, d such that a+b = c+d,
prove that

Ru13Sp13+qRat2Sps2+pr Ras1Sp11—12RaSp = Rer3Sar3+qRes2Sar2+pr Rev1Sai1—1°ReSa.

SOLUTIONS

Pell-Mell of Identities From Fibonacci-Lucas Polynomials

H-720 Proposed by N. Gauthier, The Royal Military College of Canada,
Kingston, ON.
(Vol. 50, No. 3, August 2012)

Let |...] be the largest integer function and, for a positive integer n, define ¢, = 1 for n
even and €, = 0 for n odd. Then, with F,, the nth Pell number, prove the following identities:

(&) 2 k>0 (25:) = 5n/26 [En(L2n+2 +3Lpt1) + (1 — en)VB(Fapta + 3Fn+1)];

() Thoo i) = [Py + 1)

(0 iy A L) e (L + L — 21+ (—1)72)) 4 (1 = VB (P + F)]:

(d)2k>1wlik) 5&%4%M0%n—2mFﬁf—wnL%)
+(1—s@v€«wz—4ﬂén—1&ua@]

Solution by Paul Bruckman.

Let
/Al o o0
_ - 2k _ n
Sp(z) = Z ( ok >3: and G(y,z) = ZSn(az)y .
k=0 n=0
Then,

k=0mn=0 k=0n=0

D=3 % (") =S (T
4

-1
D R (e

1
1— 1 1 1
Y = -+
<1—y—mﬂ 1—y+x¢>

() e
() 0 (3) - (R 0 (3)
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where 4 = /1 + 4z, v = /1 — 4x. Then,

(1+u)n+1 (1—u)"+1 (1+U)"+1 (1—1))"+1
Sn(x) = ont2, | gnt2y, ont2, | ont2, (1)

Part (a). We seek S,,(1/5). Setting x = 1/5 in (1), we obtain

3 1 202 —232 200 —2p
UvV=—, v=—7, l+tu=—, l1l-u=—, 1l+v=—7 1—-v=—F+.
V5 V5 V5 V5 V5 V5

Then, after simplification,
Oz2"+2 + (_1)n52n+2 an-i—l + (—1)"ﬁ"+1
6 - 5n/2 2. 5n/2
If n is even, then S,(1/5) = (Lont2 + 3Lny1)/(6 - 57/2), while if n is odd, we then have

S,(1/5) = (Fanyo + 3F,11)/(6 - 5*=1/2), We may remove the dichotomy with the following
formula valid for all n:

Lonto +3Lnt1 Fonyo +3F, 11
Sn(1/5) = <W en+ V5 "6.5—7”2“ (1—e,).

Sn(1/5) =

Part (b). We seck S,,_1(1/4). Setting z = 1/4 in (1) and substituting n — 1 for n, we
obtain

u=v2, v=0, l+u=14+v2, 1-u=1-v2 14v=1-0v=1.

Note that the terms involving v in (1) for v = 0 reduce to the following:

. 1 . . 2 . n
11)12% <2"—+1v (1 4+ nv — 1 4+ nv + terms involving v* and higher powers of v)) =on
Then
1+V2)"—(1—-v2" n P,+n
S, y(1j4) = LTV ==V o Pyin
2n+1\/§ n on

Part (c). Let

(n>1).

[(n—1)/4] n—1-—29 xn—4k
n — 4k -

2k
Then

T =
k=0
Using the expression (1), we obtain after simplification:
11y @V — @ VPR (o V)~ (o= VaT )
" 2 1 4 2t a? — 4 '
Note that 7'(0) = 0. Then we find the following:
(+vVa2+4)"+ (@ —va2+4)"  (@+Va2 -4+ (@ - Va2 —4)"  2ecnp

2”+1n + oan+ly n
(2)
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We seek 5/2T,,(5'/2). Then
B+VE)"+(=D"B=V5)"+ (1 +V5)"+ (=1)"(1 = VB)"  2enpp
n2n+lgn/2 n5n/2
a2n 4 (_1)n/82n 4 am 4 (—1)”,@” B 25n5n/2
2n5m/2 n5m/2
If n is odd, then 5~"/2T,,(5'/2) = \/5(Fy, + Fy,)/(2n5"/?), while if n is even, then we have
572T,(5'2) = (Lop + Ly — 4€n/2)/(2n5”/2). Therefore,

5_n/2Tn(51/2) _

1
5—n/2Tn(51/2) - EnT2 (En(Lgn + L, — 4€n/2) +(1- En)\/g(an + Fn)> .

This differs from the answer given in the statement of the problem by a factor of 2 in the
denominator.

Part (d). Let

We seek U, (1/5). We note that

L(n—1)/2]
TUL(L) n—1-Fk\ p
/0 " dt = E < I >3: =d,(x),

k=1
where
() p"—q™ 14++v1+4x 1—-+v1+4+4x
T) = =
m p _ q b 2 bl 2
We then see that
Un(x) _ 9 (2) = nA,—1(x) — 2<I>n(3:)7
x 1+ 4x

where A, (z) = p™ + ¢™. In particular,

Un(1/5) = 3 % 2 (nns(1/5) — 208,(1/5)).
Note that
a2 _ 2
p1/5) =0 = ajm =Yt O
Then
a2m _1\ymAa2m a2m_ _1\ymAa2m

Am(1/5) = +5(m/12) P and @y (1/5) = YO 3.5(m/? )
Then _ 1 a2n—2 o (_1)n/82n—2 \/7 a2n _ (_1)n52n

SR (Y e e N TS ) T
If n is even,

Un(1/5) = (3’1’LF2n_2 - 2F2n)

27 - 5n/2
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Since Fy,_o = (3F3, — Loy)/2, then (if n is even),

5 5
1
= W ((45n - QO)an - 15’1’LL2n) .

If n is odd, then from (3),

Un(1/5) = (3nL2n_2 - 2L2n) .

_ V5
27 - 57/2
Since Loy—2 = (3Loy, — 5F5y,)/2, then (if n is odd),

V5

Ual/5) = 5 5ar2

(3n(3L2n - 5F2n) — 4L2n) == ((9n - 4)L2n - 15’1’LF2n) .

54 - 5n/2

Therefore, for all n,

Un(1/5) = 450 — 20)Fyy, — 15nLay) + (1 — £2)V/5((9n — 4) Loy, — 15nF2n) .

1 ( (
5452 \°"
Also solved by Kenny B. Davenport and the proposer.

A Problem for Fibonacci and Harmonic Numbers

H-721 Proposed by Khristo N. Boyadzhiev, Ohio Northern University,
Ada, Ohio.
(Vol. 50, No. 3, August 2012)

Let Hy=0and H, =1+1/24---41/n for n > 1 be the harmonic numbers. Show that

B . n—1 n+1
;::OF”an" = C(2) nZ::OFnz", where Ciz)=1+ ;::1 ( - + T 1> 2"

Solution by Robinson Higuita, Universidad de Antioquia, Medellin, Colombia.

Note that
Foyo | Fago Fri
Hn+2Fn+2_Hn+1Fn+l _HnFn :HnFn+2+ Tlrjl-l + nyj’_2 _Hn n+l — n?—l _HnFn
Fn+2_Fn+1 Fn+2
= (F, — F — F,)H
(n+2 n+1 n) n+ n+1 n+2
Fn Fn+2
= . 4
n+1+n+2 )
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Let g(z Z HFy,2* be the generating function of the {H,F,} sequence, then
k=0
o o o
g(z2)(1 —z — 22) = ZHkazk — Z:H,yfﬂle‘“rl — ZHkaZkH

k=0 k=0 k=0
o o o

= ZHkazk — ZHkazk+1 — ZHkazk+2 +z+ H2Z2 — H1Z2
k=3 k=2 k=1

= Z HyoFypn 242 — Z Hyp1 By 2842 — Z HypFp2"2 4 2 + 5
k=1 k=1 k=1
o

2

2
= Z (Hii2Fir2 — Hpp1 Fyg1 — HeFy) 2572 4+ 2 4 CR
k=1

This and (4) imply that

- Fk+2 k42 2
g(z)(1 =z — 2% Z + i 12)” +z—|—5

k=

<1+§:< ol :’j:)z’f):zo(z).

k

—_

8

ZFnz 1—z—z2

(see [1], page 220), then

ZFkaz =g(z) = ?Z_zz (z):C(z)ZFnz".
k=0 k=1

REFERENCES

[1] T. Koshy, Fibonacci and Lucas numbers with Applications, John Wiley, New York, 2001.

Also solved by Paul S. Bruckman, Kenneth B. Davenport, Dmitry Fleischman,
Anastasios Kotronis, and the proposer.

A Trigonometric Series

H-722 Proposed by Ovidiu Furdui, Campia Turzii, Romania.
(Vol. 50, No. 3, August 2012)

Let x € (0,27), k > 1 be a natural number and

B cos(nx)
_Zn(n+1)(n+2)---(n+k)'

n=1
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Prove that Si(x) equals

(2sin($))" (m—2)k In(2(1 —cosz)) wm—x . (m—2x)k k. cos E=2li=k)
e ( R R b gm

Solution by Robinson Higuita, Universidad de Antioquia, Medellin, Colombia

Let z = cosy + i¢siny then 2" = cosny + isinny. Note that

- (S )

1 CATGHDTm) 1
”(n+1)---(n+k‘)_k‘!F(n+k+1)_k!/o(l z)fa da
(see [1], Page 41), we have that

Sk( :—Re<z / 1—3: z:n"ld:E):ERe(z/ 1—l’kZZ:L'n1d:L'>
n=1
1 ! PR 1 LA —a)rzz
_ERG</O (1-2) 1_zxdw> ke </ —795‘@
1(1_:17)]6
k'R </0 Fpys dx).

Using the following identity

Z—XT

and mathematical induction, we can prove that

1 k k — z)k=i
/0 L=y o B2 (1 ok (in(z — 1)~ n2).
7j=1

Therefore,

1 _:Ek k Nk—j
Sk(y )_k;R (/0 (12_33) > (Z (-3 (ln(zl)lnz)). (5)

J=1

As y € (0,27), then

. . . In2(1 — —
Inz—1)—Inz=In|e ™ —1| +iarge”"¥ — 1) —iarg(e” ") = n2( 5 cosy) _ [ 5 y)z (6)
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On the other hand,

Re((1 — e_yi)m) =

I
— I
[\
aQ
NS
o |
-~
aQ
\_/

3 |
/ .
aQ

M‘T .

IS

3
w —l_

aQ

3

<

3
\_/

for all m € Z.
Similarly, we can prove that

Re(i(1 — e ¥)™) = — (2 sin %)msin <7TT_ym> for all m € Z. (8)

Replacing (6), (7) and (8) in (5), we have that Sk(y) equals

b e((1 — z)kJ n — Cos T —
% Z:: R ((1 : ) 7) _1 2(1 _ y)Re((l —Z)k) + (72y)Re(i(1 —Z)k)

08 (m— y)2(k J)

k - In2(1 —
(281ny) cos7T2 yk. n cos y)

k
1 281n c
TR Z

= 281n 2)] 2 2
1 — k _
i (m 5 y) <ZSin %) sin = 5 yk)
_ (2sin %)k eos (m —y)k In2(1 — cosy) ST Y (m—y)k N F cos 7(7r_y)2(j_k)
k! 2 2 2 2 = j(2sin(y/2))!
REFERENCES

[1] W. J. Kaczor, Problems in Mathematical Analysis III, American Mathematical Society, 2000.

Also solved by Paul S. Bruckman, Kenneth B. Davenport, and the proposer.

The Limit of a Multiple Sum

H-723 Proposed by Ovidiu Furdui, Campia Turzii, Romania.
(Vol. 50, No. 3, August 2012)

Let k > 2 be an integer and let m be a nonnegative integer. Prove that

k —
li — kij 1
nLrI;onklz Zzl—i-zz—i- ik +m —1'2 —1 nJ.

i1=1 =1

Solution by the proposer.
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We note that the limit equals
/1 /1 drydzy - - - day,
0 0 T1+xat-Fay
Now we calculate the multiple integral. We have, since 1/a = fooo e~ %dt, that
/ / d$1d$2 / / </ r1+m2+ +$k)tdt> dZ’ld(L’QdZ’k
X1+ T2 + - —|— Tp
1 1
:/ <</ e xltdm) </ mdm) . </ e‘xktdxk>> dt
0 0 0 0
o /1 — —t\ k © /1 e ¥ k
= / ( ‘ ) dt = / ( ‘ > dx.
0 t 0 T
Now, since 1/2F = ﬁ I e th=1dt, we obtain that
X (1 e 2 k 1 o) o)
/ (1=e) de = / (1 —e @)k / e R 1qt ) da
0 ak (k=1!Jo 0
1 * k—1 oo k —mt
= 1-— t
R 1 ' /0 t (/0 (1—e" dr ) d

Since, (—1)*77 = (—1)**J, we get that

/0°° (1_xek—r)kdx:(k_ll /OO (]zk: ()tij)dt.

A calculation shows that

ol

—
—_

N—
<.
—

S
SN—

1
tt+1) - (t+k)

and hence,

[ (1 _ e—x)k B [e%S) tk—2
/0 zk d‘r_k/o (t+1)(t+2)---(t+k:)dt'

On the other hand,

tk_2 k bj (_1)k—j—1jk—2 k—1
BRI St e vy (j—l)’
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and note that by + by + - - - + by = 0. Thus,

o} tk_2 00 k b. k t=o00
dt = I | dt = biIn(t+ j
/0 t+1)(t+2)-- (t+k) /0 ;t+j ;Jn( J) o
k
== bjlnj,
j=1

since limy_ oo Z?:l bjIn(t 4+ j) = 0. To prove this, we have, since by = —by — -+ — by, that
limy oo Z?:l biIn(t + j) = limy—o0 2522 b;In ii—{ = 0. It follows that the desired limit equals

k
k h—j k-2 (k—1 ,
M E _1)k—i 1

and the problem is solved.

Also solved by Paul S. Bruckman.

Late acknowledgement. Problem H-719 was also solved by the proposer.

Errata: The constant term in the right—hand side of H-731 should be —1/47 instead of
(3w —12)/127.

Withdrawals. The proposer withdrew Problem H-745 in March 2013, which shortly
afterwards appeared as Problem 1278 in the Pi Mu Epsilon Journal. The editor apologizes for
the oversight.
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