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PROBLEMS PROPOSED IN THIS ISSUE

H-817 Proposed by Hideyuki Ohtsuka, Saitama, Japan
For n > 1, find closed form expressions for the sums

n
(1) ZF2kF2k_1F2k+l_1 tee FQn_l;
k=1
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(ll) Z F2k_3L2k_lL2k+1_1 cee LQn_l;
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k=1
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(iv) Z(—l)kG2k+kL2k—1L2k+1—1 e Lgn_q,
k=1
where {G), }n>1 satisfies G492 = Gpy1 + Gy, for n > 1 with arbitrary G and Ga.

H-818 Proposed by Hideyuki Ohtsuka, Saitama, Japan

Determine - -
1 1
and .
nzzjl FnFn+1Fn+2Fn+4 ; FnFn+2Fn+3Fn+4
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H-819 Proposed by D. M. Batinetu-Giurgiu, Bucharest, and Neculai
Stanciu, Buzau, Romania

Let f : R — R be a continuous and odd function and g : R} — R be a continuous function
such that g(1/z) = —g(x) for all z € RY.. Compute

o dx
/5 (1 + 22)(1 + elfo9)(@))’
where a = (1 + \/5)/2 and = (1— \/5)/2

H-820 Proposed by D. M. Batinetu-Giurgiu, Bucharest, and Neculai
Stanciu, Buzau, Romania
If a,b,c € Ry, compute

a+1 a+1
(”wM2n+1ﬂu¢+J —<"(2n—1ﬂu%)
e (/i)

SOLUTIONS

Closed forms for sums of series involving reciprocals
of shifted Fibonacci squares

H-783 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 54, No. 1, February

2016)
Prove that
0)53 1 —3+5V5
—~F2+1 6
(i) i 1 43-15V5
—F-1 18
oo
1 35 — 15V/5
mm§:F4—1: 18¢i
n=3" "
Solution by Angel Plaza
1 1++/5 = 1 5
(i) We will show that Z 5 = a = - \f, and that Z e E— £ These
F2n+1 2 nan+1+1 3

two series are consequences of the following two identities that may be proved by induction:

Zm: 1 Fomio a“ 1 _ Fimia/3
Therefore, the sum proposed in (i) is
o0 o0 00
1 1 1 5 —3+5
Z 211 Z = 17 = =a—-1+ £ f
n=1"" + n=1 FQTL +1 n=0 F2n+1 +1 3 6

O
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1/2 1/2

1
(ii) Since FI-1 F2—1 Fig1 then
=1 =1 =1
= 2 4+ R
;F3—1 ;Fg—l ;R%Jrl
_ 35-15V/6  —3+5V5 )
B s 6
. 43-15V5
B 18
where we have used the sum given in (iii), which is proved below. O
Fn+2 + Fn—2

(iii) First, note that Fﬁ —1=F, oF, 1F,1F,.2 and that F,, = . Therefore,

3
1 1/3 N 1/3
F# -1 Fn—2Fn—1FnFn+1 Fn—anFn+1Fn+2.

Taking into account the following relation equation (24) in [1]:

— 1 7 1(Fn_1 3F, Fn+1)

FiFiy1FiioFins 4 2

+
. Fn Fn+1 Fn+2

=1

it is deduced that

i 1/3 _ T
HFy Py 1 FoFapr 3\40 2a)7
13 _(1_5 1
P FnFog1 Fago - 3\4 22 6/’

from where the sum (iii) follows.

[1] R. S. Melham, Finite sums that involve reciprocal of products of generalized Fibonacci
numbers, Integers, 13.4 (2013), A40.

Also solved by Brian Bradie, Dmitry Fleischman, and the proposer.

A pair of identities for

H-784 Proposed by Gleb Glebov, Simon Fraser University, Canada (Vol. 54, No. 1,
February 2016)

Prove that
(i)i LN S S _r(V6+Vv2) 12
ot 24k +11 24k —11  24k+1 24k —1| 12 11’
> 1 1 1 1 —V2) 12
(i) 3 - + - _mv6-v2) 12
24k +7 24k —7  24k+5 24k —5 12 35

k=1

Solution by Hideyuki Ohtsuka
It is known that

£ 1 2

k=1
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From the above identity, we have

> 1 _1—7rxcot7rx

QIR (af ~  2(2da)? 1)

k=1
(i) Note that

11
CotZ—Z272+\f7\/§+\/6 and Cot%:2+\[2+\/§+\/6.
We have

> 1 > 1
LHS = -2y 2%y~
; (24k)2 — 112 ; (24k)2 — 12

B 22 ( Ur_ ln 9 (1 - tn)
T o112 24 "oy 2 % 12 24 24
1
= o (24 V2 VB VE) — 14 (24 V24 VB4 VE)
— RHS.
. (ii) Note that
7 5
cotl:—2—\[2+\/§+\/6 and cot—ﬂ:2—\[—\/§+\/6.

24 24
We have

> 1 > 1
LHS = —-14y —— 1 S —
S kzl (24k)2 — 72 0 ; (24k)2 — 52

- 1—7—7rcot7—7r __10 1—5—7T(:0‘c5—7T
T 2xT? 24 24 2 x 52 24 24

= (2 VEEVEEVE) - s+ 12— VE -V VE)

= RHS.

Also solved by Brian Bradie, Kenneth B. Davenport, Dmitry Fleischman, David
Terr, Nicusor Zlota, and the proposer.
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Sums of Fibonomial coefficients

H-785 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 54, No. 1, February
2016)

n
Let < k> denote the Fibonomial coefficient. For m > n > 1, find closed forms expressions
F

for the sums

" 2n 2m
o >Sr(,,) (20)
kZ::O n+k)p\m+k/p
n -1 -1
2n 2m
a e, (20
kZ::O n+k)p \m+k/)p
Solution by the proposer
It is known that

FotrFyrr — (1) FoFy = Fyypir Fr (see [1](20a)). (2)
Putting a = s —k, b=t — k, and r = 2k in the above identity, we have

FoirrFopn — Fs_pFij = Foy i Fop,. (3)

2n—1 2m —1 2n—1 2m —1
<”+k_1>F<m+k_1>F_ <n+k)F<m+k)F
_ Fa [ 2n Foik [ 2m Fo_r/( 2n Fo_i({ 2m
By <n+k>F Fom <m+k)F Fon <n+k)F Fom <m+k>F
FoiiFmyk — FokF—k [ 2n 2m
- Fop Form <n + k>F (m + k)F
FoimFor [ 2n 2m
- FQnFQm <n + k)F (m + ,IC)F (by (3))

Therefore, we have

Zn:F 2n 2m
T\t k) p\m+ k)
B FZanmzn:K 2n —1 > ( 2m — 1 ) (2n—1> <2m—1) ]
Foim — n+k—-1/p\m+k—-1/, n+k/)p\m+k)p
_ FopFop [ (2n—1 2m — 1 2n —1 2m — 1
N Foim n—1/)p\m-1/p 2n Jp\m+n)p
B anFgmen(Qn) F, <2m) _ F\ Py (Qn) <2m>
Foim Fon \ n FFQm m)p Foym \ n F\m F.

FEBRUARY 2018 93

(i) We have




THE FIBONACCI QUARTERLY

(ii) We have
on+1 \"'/ 2m+1 ' /2n+ 1\t /2m 1\ !
n+k+1)p, \m+k+1/, n+k/)p \m+k/)p
_ Fn+k+1< 2n >_1Fm+k+1( 2m >_1_ Fnk+1< 2n )_1ka+1< 2m >_1
Fopyr \n+k)p Fopr \m+£k)p Fopyr \n+k)p Fopir \m+£k)p

_ Fn+k+1Fm+k+1—Fn+1ka+1k< 2n >_1< 2m )_1

Fony1Fomi1 n+k)p \m+k)p
FoppiFopmpi \n+k)p \m+£k)p '

Therefore, we have
" on \ '/ 2m \ 7!
> Fan

n+k)p \m+k/p

k=0
B FQnHFQmHE”: om+1 \ '/ 2m+1 on+ 1 om + 1\
- n+k+1)p, \m+k+1/, n+k m+k)p

Fn+m+2

k=0

Byt Py |20+ 1\ 2m 41\ 2n + 1 om + 1)

N Foim+2 2n+1)p \m+n+1 m I

_ B P | Fgnta < 2m > ~ Fap < n> Fng1 <2m> -
Fotm42 Fompr \m+n F Fopy1\ n Fom+1 F

F2n+1Fn+m+1< 2m >_1_ Fn+1Fm+1< > (2 >
Fotm+o n+m)p Foim+2 \n

Note: Similarly, for positive integers n and r we obtain

SAESTEN =0)
2k = .
— r+k)p\r—k/)p E, )

[1] S. Vajda, Fibonacci and Lucas numbers and the golden section, Dover, 2008.

The area of a Fibonacci polygon

H-786 Proposed by Atara Shriki, Oranim College of Education (Vol. 54, No. 1,
February 2016)

Assume that the consecutive numbers in the Fibonacci sequence are the coordinates of a
polygon’s vertices in the Cartesian coordinate system, counterclockwise:

AL(F1, FR); Ao(Fs, Fy); As(Fs, Fe); Aa(Fr, FR); o5 An(Fan—1, Fan).
What is the area of such a polygon?
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Solution by Virginia Johnson

One formula for area bounded by a polygon with coordinates with vertices at P;(z1, 1),
Py(x2,y2), ..., Po(zn,yn) is the so called shoelace formula or surveyor’s formula, given by the
absolute value of

1
5(9:13/2 +2oys + -+ Tpo1Yn + TuY1 — Y1T2 — Y2L3 — - — Yn—1Tn — Ynl1)

See reference [1].
Taking the vertices in counterclockwise order, the area of the polygons is

1
A= 3 (F1F2n + Fop_1Fon_o + Fop_3Foy_g + - + F5Fy + F3F5
— Fy by 1 — FopFoy 3 — Fop_oFo, 5 — -+ — FgF3 — F4F1>
Reordering the terms, we have
1
A= §<(F1F2n — F5Fon1) + (Fon—1Fon—2 — FopFop_3) (4)

+ (Fon—3Fon—u4 — Fop_oF5,_5) + - - + (F5sFy — FsF3) + (F3F5 — F4F1))-

Note that after the first pair, each of the subsequent (n — 1) pairs have the form Fyj_1Fyj_o —
F5;F5;_3. Using an identity from Everman, et al. [2]:
FoikFoih — FnFophyr = (=1)"FiFy,
we have that equation (4) reduces to
FiFy — Pl 1 —1n—1)  Fop—Fy1—n+1  Fpyo—n+1
2 B 2 B 2 ‘

Fo,_o—n+1
B E—

[1] B. Braden, The surveyor’s area formula, The College Mathematics Journal, 17.4 (1986),
326-337.

[2] D. Everman, A. Danese, K. Venkannayah, and E. Scheuer, Elementary problems and

solutions: Some properties of Fibonacci numbers, The American Mathematical Monthly, 67.7
(1960), 694.

A=

Therefore, the area of the polygon is

Also solved by Harris Kwong, Angel Plaza, and the proposer.

Errata: In the statement of H-815, the condition “p > 5” must be added.
Withdrawals: Problem H-816 is withdrawn as being a particular case of B-1173.
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