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PROBLEMS PROPOSED IN THIS ISSUE

H-805 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
Prove that if n > 2, p > 1 are integers and m > 0, z > 0 are real numbers for k =1,...,n,
then letting X,, = >"}'_; =%, we have the inequality

n

Z (FpXy + Fpprap)™ - (nF, + Fyyqp)Hipmtl
(R X = a5 = (k2 — PRIy

k=1

H-806 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
The two sequences {7}, }necz and {S, }nez satisfy
Thy3=Tnio+Thy1 +1Tn with To=0 Th =T, =1,
Snt3 = Snt2 + Snt1 + Sy with So=3, S1=1, S2=3

for all integers n. For n > 0 prove that

Z T(_2)k S(_2)k — TQ(_Q)n .
k=0

H-807 Proposed by Mehtaab Sawhney, Commack, NY.

Prove for positive integers n that

n

S5 X ueed(i, ) = Y- (),
j=1 k=1

i=1

and

Zn: Zn: p(ged(, 5)) NgJ = Z (k).

i=1 j=1
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H-808 Proposed by Mehtaab Sawhney, Commack, NY.

an/? n _ an/?(—l)i n\ (2n—1-3
¢ \JyJsn—2j { n—1 '

j= =0

Prove that

SOLUTIONS

An Integral with the Gamma Function and Fibonacci Numbers

H-771 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
(Vol. 53, No. 2, May 2015)

Let m > 0 and I' : (0,00) — (0,00) be the gamma function. Calculate

lim r (E Wn ) dz.
n—oo J v/ n

Solution by Angel Plaza.

We will show that f is a continuous real function in (a,b) and o /e € (a,b) then

. T () x m 1 a™
AL 7 (G VE") dw:gf(?)‘

In our case, I' is a continuous real function in (0,00) and therefore the required limit is
1 <am>
-I'({— ).
e e

n/an . n/an
Let b, = "/(n +1)! - and a, = Vn! — Then, by the Mean Value Theorem for

integrals,

ntl/(n41)! m bn
[V ) et [ -t
¥l VE Ja, VE,

n
for some t, € (ap,b,). Now, by the Stirling approximation formula,

(bn — an) f(tn)

In(n!) =nln(n) —n+ %ln(n) +In(v27) + O <l> ,

n

SO

vn! Inn! 1
In <_n ) _ A Inn=-1+0 <_nn> =—1+o0(1)

n n n
as n — o0o. Thus, using also the Binet formula for F;, which implies that lim,_, VI, = «,

we have
m

lim b, = lim a, = lim ¢, = —
n—oo n—oo n—oo
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By the continuity of f at o™ /e, we have

i (0 ) 60) = £ (%)t (/G D - Y

- (a_) lim _”:_f(a_).
e Jnooo n e e
Also solved by Dmitry Fleischman, Nicugsor Zlota, and the proposers.

A Geometric Inequality

H-772 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
(Vol. 53, No. 2, May 2015)

If ABC' is a noniscosceles triangle then prove that

Z a® - 288131/3
(bF2 4+ cF2, ) (a—b)%(a —c)? Fopy1

cyclic
permutations

Here, a,b, c,r are the lengths of the sides and the radius of the inscribed circle of the triangle
ABC, respectively.

Solution by the proposers.

By the Harald Bergstrém inequality and F? + F13+1 = Fb, 11, we have:
8

a

W =

S e
permutations

2
2 at
Z <(a_bc)bza_c) > > <Zper72yu§lcf§ions (a=b)(a—c) )

bF,% + CFr%-i-l - Z cyclic (bFr% + CFr%—i—l)

cyclic

permutations permutations
2

- ; O

(a+b+c)(F2+F2,,) e la=ba—0

permutations
2

_ 1 Z a4

(a+b+c)Fony cvlic (a—0b)(a—c)

permutations

The sum in parentheses simplifies to

at —a*b—c)—b*c—a)—c*(a—0b
3 (b—c)—b"(c—a)—c'(a—b)

(a—b)(a—c) (a—=b)(b—c)(c—a)

cyclic
permutations

=a?+ b2+ +ab+be+ca.
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Since a® + b% + ¢ > ab+ be + ca > 45V/3, we get
19252 192 2 96 288 3
. (85V3)? = (pr) _ pr? > r \/_
(a+b+c)Fany 2pFony1 2pFony1 F2n+1
where for the last inequality we used the fact that p > 3v/3r.

Remark. The inequality is strict because ABC is not equilateral.

Fonpa

A Sum with Binomial Coefficients, Fibonacci and Bernoulli Numbers

H-773 Proposed by H. Ohtsuka, Saitama, Japan.
(Vol. 53, No. 3, August 2015)

Let B,, be the Bernoulli numbers defined by the generating function

-
er—1 n!
n=0

For integers n > 0 and m > 0, prove that

" /2n n 2n 1L
Z <2k:> FomkBan—r) = 7 Z Lm(2n—1)] -

k=0

Solution by the proposer.
It is known that

n
Bu(z +1) — By(z) = na™ ', where  By(z) = (Z) Bp_ra®.
k=0
By this identity, we have

2n
Z <2:> (™ =71+ 1)k — (™ — T)k)B2n—k = 2n(a™ — 7,,)271—1'

k=0
Using this identity, we have

L 2n om L
> mfam -t =Y (%) {Z«am 1) (o - r>’f>} Ban
r=1 k=0 r=1
2n m, 2n m
- (@™ — (@™ = L)) By = (@™ — (—6™)")Ba
> () w3 (1) -

n—1

" (2n
= \/BZ <2k‘> F2ka2(n—k) - an(2n—1)'

Therefore, we obtain the desired identity.

" /2n 2n _ (2n—
_ <2k> (a2mk o 52mk)B2(n—k) + <2 >(am(2n 1) + 8 (2 1))B1
=0

Also solved by Dmitry Fleischman.
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Bessel Functions with Fibonacci and Lucas Numbers

H-774 Proposed by G. C. Greubel, Newport News, VA.
(Vol. 53, No. 3, August 2015)

1. Let m > 0, p > 0 be integers. Evaluate the series

i Fn—l—an—l—m
= (n+p)(n+m)

in terms of the Bessel functions.

2. Evaluate the case m = p in terms of a series of modified Bessel functions of the first
kind. Take the limiting case m — 0.

3. Show that when p = 0 the series is given by

o0

FoLpim 1
;m - % ([m(za) — [m(Q,B) — Fme(2)) .

Solution by the proposer.

Part 1

Let the series in question be given by

Sm — i Fn+an+m
o= ntp)l(nt+m)

Without much difficulty it is seen that

FoipLnip = Fonipim + (=1)"T"E,_,,.

Use of this expression leads the series S;" to the form

m o__ G F2”+P+m m - (_1)n
> _§<n+p)!(n+m)! ey "‘m,;)(wp)!(mm)!'

This current expression can be more easily seen in the form

1

% = eyl (P f (0 p,m) — BT F(5% p,m))
—1)"™E,_,,
where
w’ﬂ
f(z;p,m) = nz::o (p+Dp(m+1), @)

The series given by f(x;p,m) is of the hypergeometric type 1F» and can then be related to
the Lommel functions, which are of the Bessel “family” of functions. The Lommel functions
are expressed by

ZH B (pp-vt3 ptv+3 22
142 ) |-
)

wr?) = T It + 1 2 2 4
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When g and v are set to the values p = p+m —1 and v = m — p the Lommel function reduces
to

z™m Z2
Sm+4p—1,m— p(z) 4 1F2 1;p+17m+1;_z .

Upon making the change of variable z = 21\/5 it is seen that
om~+p—2;m+p .(m+p)/2

Smp—1,m—p(207/T) = mp 1B (Lip+1,m+ L) (3)

Comparison of equations (2) and (3) lead to
22—m—p(_i)m+p
x(m+p)/2

Sm+p—1,m—p (22\/E) :

becomes

f(x;p,m) = (mp)
)

With this result equation (1
( +p 92—m—p
m

= f) TGy o tm=p(2i0) = Smtp-1m-p(2i0)]
(-

)P 22 m— pr m . B
+ F(m)r(p) m—i—p—l,m—p( 2)' (4)

As an alternate form the modified Lommel functions can be used, given by (see paper [1] and

the references therein):
PR p—v+3 pt+v+3 22
t#yl’(’z) = 2| L ) i
(n—v+1)(p+v+1) 2 2 4
and have the relation ¢,,,(x) = (—i)**1s,,(iz). With this, equation (4) becomes
22—m—p
m

Sy = Tt [tmtp—1.m—p(20) = tinp—1,m—p(28)]

(-1 2 0E,
gy e

The desired relation sought is, or equation (4),

- Fn-l—an—i-m o B
Z:% (n+p)ln+m) 5 T(m)L(p) [tritp—1,m—p(20) = timip—1,m—p(25)]
(_1);17 22_m_pr—m

T'(m)L(p) Smep—tm—p(=2)-

22—m—p

_l’_

Part 2
Lommel’s function can be expanded in terms of a series involving the Bessel function of the
first kind. When p+v # —1,—2,... it is given that (see equation 11.9.7 in [2]):

Ck+p+1)I(k+p+1)
+1
)= Zk' 2k

J: .
+pu—v+ D)2k +p+v+1) 2y (2)

S

When z = ix, the Bessel function becomes the modified Bessel function of the first kind and
is given by Jp,(iz) = i" Iy, (z), the result is

2Z“+IZ,€. Fk+pu+ D)k +p+1)

Qk‘ +,U —v+1)2k+pu+v+1) ok-+p+1(2)-

suplic) =
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When 4 =p+m — 1 and v = m — p this becomes

R (20 2(—1)R(2k + m + p)T(k +m + p)
Smtp—1,m—p(iT) = — kZ:o EY(k 4 p)(k +m)
Dogymyp(T).

Making use of this relation equation (4) becomes

o 1 o~ (—DF(2k +m + p)L'(k +m + p)
S TG 2 M) )
| Bom4p(20) = Bsmtp(28) + V5 (<) By o (—2)|

When m = p this reduces to

G F2n+2m o 2 > (—1)kF(k: + 2m)
nz:% [(n+m)l2 /5 T2(m) kzz;) E!(k 4 m)

. [ng+2m(2a) - I2k+2m(25)]

or
0o 0o

Fonyom  m (2m (—=Dk(2m);,
nZ::O Tt m)® -~ V5 ( m ) ];) TEtm) Hok+2m (20) — Togr2m(26)] -

This is the desired result of Part 2. It may be noted than when m — 0 the expression can be
reduced to

- F2n 1
= — |[Ip(2a0) — Ip(2 . 5
;::0 OE \/3[ 0(2a) — Io(28)] (5)
Part 3
Since Fp,Lpym = Fopym — (—1)"F,, it can be easily seen that
= FnLn+m = F2n+m > (_1)n
e N Ly
;]n!(n—l-m)! nz::on!(n—l—m)! nz::on!(n+m)!
1 m e a2n . 0o ﬁ2n
SN P e
mnzo nl(n 4+ m)!
S FnLn+m 1
Aol = 7 Um(20) = I (2 — Findn(2),
> e = g Un(20) = In(29) = Fn()

where J,,, () and I, (z) are the Bessel and modified Bessel functions of the first kind, respec-
tively. When m = 0 this result reproduces (5).
From the relation Fj,1pLy, = Foptp + (—1)PF, it follows that

e}

Fn—l—an . 1
> ntp) - VB (I, (2a) — I,(28)) + FpJp(2).

n=0
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Also solved by Dmitry Fleischman.
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