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PROBLEMS PROPOSED IN THIS ISSUE

H-813 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania

If . >0for k=1,...,n and m > 0 is an integer, prove that
n
1 T1ToT n?
NPy :
P Rl Lyywoxs + Lyr17321 + Lipow122 — 2Lp42

and that the same inequality holds with the Lucas numbers replaced by the Fibonacci numbers.

H-814 Proposed by Ray Melham, Sydney, Australia
Define the Tribonacci numbers, for all integers n, by 1, = Tp_1 + T2 + Ty,—3, with
T 1=0, Ty =0, and 71 = 1. If £ and n are integers, prove that

~Tok T2y — Top—oT2 | — 2Top 1 T2 + 2(Tor, + Tons1) T2+ (Tor + 2Tok11)T 240
+ Topy2To 5 = 2Top 044

H-815 Proposed by Mehtaab Sawhney, Commack, NY
Let p be a prime congruent to 1 modulo 4. Prove that

:2_:::2" <3:> =0 (mod p).
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H-816 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania
Prove that for a positive integer n

Fy + Fy + + F, S 1 1
(FE+ F3)?  (FE+F3+F3)? (FE4+F3+- -+ F2)? = Fopa F2.,

SOLUTIONS

An identity with Fibonomial coefficients

H-779 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 53, No. 4, November
2015)

Let (2‘)  denote the Fibonomial coefficient. For integers n > 1 and r # 0 with n +r # 0,
prove that

n

B () (), -

k=0 Fn—i—r

Solution by the proposer
It is known that

n n—1
Z(_l)k(k+1)/2 (Z) ka _ H (1 _ Oén_k_lﬂkl') (1)
k=0 k=0

(see [1]). Let ¢ = F,./F,+,. We have

- n\ % o (ca)* — B (cB)* (m
Z(_l)k(k+l)/2Fk+rck <k>F _ Z(_l)k(k+1)/2 \/5 <k>F

k=0 k=0
o n—1 r n—1

= —= [ —ca ¥ — =[]0 —ca™ 155 (by (1))
o n—1 ,BT n

=— |- coz"_kﬁk) -—— (- coz"_kﬁk)
1

— %(of(l —ca”) = p"(1—¢cp"))P(n),

where P(1) = 1 and P(n) = [[}Z{ (1 — ca®*3*) for n > 2.
Here, we have
a"(1—ca™) —fB"(1—cB")=a" —ca™™ — 3" + B
= V5(F, — ¢Fpyy) = V5(F, — F,) =0
Therefore, we obtain the desired identity.

Note: In the same manner, for integers n > 1 and r, we have

n

S (£ ), -

k=0 Ln—i—r

[1] L. Carlitz, The characteristic polynomial of a certain matrix of binomial coefficients, The
Fibonacci Quarterly, 3.2 (1965), 81-89.
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A closed form for a certain sum

H-780 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 53, No. 4, November
2015)

Given real numbers r and ¢ > 0 and an integer n > 0, find a closed form expression for the
sum:

1
ka k+t)( k+1+t)'“(L§"+t)’
where fo =t/(t+ 1) and fi = F},,, for k> 1.

Solution by the proposer
We find the identity

1 1
ka k+t)( ok+1 +t)"'(L§n+t):tF2Tn+1' (2)

The proof of (2) is by mathematical induction on n. For n = 0, both sides are equal to 1/t.
Assume that (2) holds for n. For n + 1, we have

n+1 1

ka k+t)( k+1+t)"'(L£n+1+t)

n

1 1 1

N fn+1(Lgn+1 + t) (LgnJrl + t) kz:;) fk)(Lgk + t)(Lgk+1 + t) tt (Lgn + t)
1 1 1
= T r + T x s
F2n+2 (L n+1 + t) (L2n+1 + t) tF2n+1
F on+2 + tF2n+l _ F2rn+1 (L£n+l + t) _ 1

N tF57L+1F£n+2 (LgnJrl + t) N tF57L+1F£n+2 (LgnJrl + t) N tF57L+2 ’
Thus, (2) holds for n + 1.
Also solved by Dmitry Fleischman.

More closed form expressions

H-781 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 53, No. 4, November
2015)
Find a closed form expression for the sums:

(i) Zn:(L2k 4+ V5)(Lokr1 = V5) - - - (Lan £ V/5) for n > 1;

k=1
n

(i) > (Lye = Lom)(Loetr &= Loym) -+ (Lgn & Lom) for n>m > 1.
k=m+1
Solution by the proposer
We use the identity
L2 = Loy +2(—=1)™  (see [1](17¢)). (3)
For n > 1, we have

2 42— 24 (Lon —2)(Lon + ) = L3242 — 2= Lons1 + (by (3)).
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If a, = Lon — x, by, = Lon + x, and ¢ = 22 + x — 2, then we have b,41 = ¢ + apby,. Using this
_l’_

identity repeatedly for n > m + 2 > 2, we have
bn-‘rl =c+ anbn =c+ an(c + an—lbn—l) =
=c+an(c+ an—1(c+ an—z(c+ - ami2(c+ Amy1bmyr) -+ )))
n n n
=c+ Z CHaj+bm+1 H a;.
k=m+2 j=k j=m+1

Therefore, we obtain

n

(22 +x—2) Z HLQJ—Q: + (Lom+1 + ) H (Lgj — ) = Logns1 — 2° 4 2.

k=m+2 j=k j=m+1

(i) If m =0 and z = F+/5 in (4), for n > 2, we have

(3q:\/5)§n:ﬁ(L2ji\/5) 3:F\fﬁL2ji\f = Lont1 — 3.
7=1

k=2 j=k

Therefore, we obtain

ZH L2J :I:\/_ L2n+1 —3

=1 j—k 3FVE
This identity holds also for n = 1, since then,
Ly
RHS =173 _ 34 /5= 1,4+ V5= LHS.
3F \f

(ii) If m > 1 and x = FLom in (4), for n > m + 2, we have
n

(L3m F Lom —2) Y [[(Zas £ Lom) + (Lomss F Lam) [ (Los + Lam)
k=m+2 j=k Jj=m+l

— L2n+1 - L%m + 2
Using (3), we have

n n
(L2m+1 + L27”) Z H(L2j + LQm) == L2n+1 - L2m+1.
k=m+1j=k

Therefore, we obtain
n n
Lon+1 — Lom
Z H<L2j + Lom) = 22— memi
k1 ek L2m+1 F L2m
The identity holds for n = m + 1 as well, since then,
L2m+2 - L2m+1 o L27n+1 L2m

RHS = =
L2m+1 F Lom L2m+1 + L2m+1

= Loms1 & Lom = RHS,

where in the above chain of equalities we used (3).

[1] S. Vajda, Fibonacci and Lucas Numbers and the Golden Section, Dover, 2008.

And vet more closed form formulas
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H-782 Proposed by Hideyuki Ohtsuka, Saitama, Japan (Vol. 54, No. 1, February
2016)
Given positive integers r and s, find formulas for the sums

) 0 (_1)srn
(1) Z as=—mp [
n=1 rmn

T’(n+1)Fr(n+2) T Fr(n—i—s) ’

oo

. (_ 1)STTL
(11) s—1)rn ’
Z:l o=V L Loy Le(nr2) -+ Lr(nts)

Solution by the proposer

(i) We have
Bsrn B Bsr(n—l—l) B ﬁsrn(Fr(n-i-s) — B Fyy)
FonFrnt) Frrs—1) By Frns2) Frings)  FrnFret) - Frines)
_ (_a—l)srn( r(n+s) _ 5r(n+s) _ ﬁsr(arn _57’71)) _ (_1)87’n rn( sr 557")
V5FnFr i1y - Frngs) VBT Frng) -+ Fr(nas)
(- 1)”“f%r

B a(s_l)rnFrnFr(n—i-l) T Fr(n-‘,—s) '
Using the above identity, we have

ST‘TL 1

Z (s— 1 )rn HTL-I-S Fm Fsr

n:l

1 /857" ﬁsr (m+1)
- Fo \ITiZ1 Fri H?Srfﬂ Fi)

Therefore, we obtain

in: BT B 557“(714—1)
L5 B T B

i=n+1

Z ( 1)srn _ IBST |
! als=1) rnFrnFr(n+1)Fr(n+2) e F’I‘(TL+S) FST(FT’F27*F3T R Fsr)
(ii) We have
gsrm 68?“(71—1—1) B 5srn(Lr(n+S) — B Lyy)

LrnLr(n—l—l) T Lr(n+s—1) Lr(n+1)Lr(n+2) T Lr(n+s) B Ly L, (n+1) """ Lr(n+s)
(_a—l)srn(ar(n+s) +/8r(n+s) _ Bsr(arn _|_Brn) B (_1)srn rn( sr Bsr)
LrnLr(n—i—l) T Lr(n+s) asrnLrnLr(n—l—l) Lr(n+s)
(_1)Srn\/ngr

a(s_l)rnLrnLr(n—l—l) T Lr(n—l—s) .

Using the above identity, we have

zm: (_1)37% 1 zm: gsm BST(TL-l-l)
ot als—1rn H:L:th \/’Fsr Hn+s 1L Hn+s L

1 B BT (m+1)
B \/ngr Hf:l LM H;itrf—l—l LM’ .
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Therefore, we obtain

(_ 1)37% Bsr

;::1 a(s_l)rnLrnLr(n—H)Lr(n+2) T Lr(n—i—s) - \/EFST’(LTL2T’L3T T Lsr) ‘

Example. If s =4 and r = 1, then we have

f: 1 _7-3V5

n—1 a3nFnFn+an+2Fn+3Fn+4 36 7

i 1 =15+ 7V5
-1 a3nLnLn+1Ln+2Ln+3Ln+4 2520 '

Also solved by Dmitry Fleischman.
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