
16 EXPANSION OF ANALYTIC FUNCTIONS IN 
POLYNOMIALS ASSOCIATED WITH 

FIBONACCI NUMBERS 

P a u l F . B y r d 

1. I n t r o d u c t i o n . A p r o b l e m which h a s long b e e n of funda^ 
m e n t a l i n t e r e s t in c l a s s i c a l a n a l y s i s i s the e x p a n s i o n of a 
g iven funct ion f(x) in a s e r i e s of the f o r m 

(1.1) f(x) - L b P (x) 
n = 0 n n 

w h e r e { p (x) } i s a p r e s c r i b e d s e q u e n c e of p o l y n o m i a l s , 
and w h e r e the coef f ic ien t s b a r e n u m b e r s r e l a t e d to f. In 
p a r t i c u l a r , the i n n u m e r a b l e i n v e s t i g a t i o n s on expans ions ' 
of ' ' a r b i t r a r y " funct ions in o r t h o g o n a l p o l y n o m i a l s have l ed 
to m a n y i m p o r t a n t c o n v e r g e n c e and s u m m a b i l i t y t h e o r e m s , 
and to v a r i o u s i n t e r e s t i n g r e s u l t s in the t h e o r y of a p p r o x i -
m a t i o n . (See , for example^ A lex i t s [ 1 ] , Szego [ 2 ] f 

R a i n v i l l e [ 3 ] 9 and J a c k s o n [ 4 ] . ) N u m e r o u s r e c e n t s t u d -
i e s have a l s o b e e n m a d e on the e x p a n s i o n of ana ly t i c func -
t i ons e m p l o y i n g m o r e g e n e r a l s e t s of p o l y n o m i a l s (emg9S 

see W h i t t a k e r [ 5 ] 9 o r B o a s and Buck [ 6 ] ) . T h e r e i s t hus 
a l r e a d y in e x i s t e n c e a g r e a t w e a l t h of t h e o r y which m a y be 
app l i ed when a p a r t i c u l a r se t of p o l y n o m i a l s i s i n t r o d u c e d 
to a c c o m p l i s h a c e r t a i n p u r p o s e . 

In the p r e s e n t a r t i c l e % we sha l l apply s o m e a v a i l -
able r e s u l t s in o r d e r to c o n s i d e r the e x p a n s i o n of ana ly t i c 
funct ions in a s e r i e s of a c e r t a i n se t of p o l y n o m i a l s which 
can be a s s o c i a t e d wi th the f amous n u m b e r s of F i b o n a c c i . 
Our p r i m a r y objec t ive i s to i l l u s t r a t e a s imple^ g e n e r a l 
t echn ique t h a t m a y be u s e d to ob ta in e x p a n s i o n s of a g iven 
c l a s s of funct ions in t e r m s involving F i b o n a c c i n u m b e r s . 
S o m e i m p o r t a n t b r o a d q u e s t i o n s and p r o b l e m s c o n c e r n i n g 
c o n v e r g e n c e and the r e p r e s e n t a b i l i t y of our p o l y n o m i a l e x -
p a n s i o n s in g e n e r a l wi l l not be d i s c u s s e d , h o w e v e r . 

2. F i b o n a c c i P o l y n o m i a l s . By ' F i b o n a c c i p o l y n o m i a l s ' 
we sha l l m e a n the s e q u e n c e of p o l y n o m i a l s { tp (x)} , 
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(k = 0 , 1 , ) sa t i s fy ing the r e c u r r e n c e r e l a t i o n 

(2.1) ^ k + 2 ( x ) ""2x ^ k + 1 ^ ^ ^ k ( x ) " 0, - c c K x ^ 

with i n i t i a l cond i t ions 

(2 .2) ^ Q ( x ) = 0, (p (x) = 1. 

In the s p e c i a l c a s e when x = 1/2, e q u a t i o n s (2.1) and (2 .2) 
c l e a r l y r e d u c e to the w e l l - k n o w n r e l a t i o n s [ 7 ] tha t f u r -
n i s h the F i b o n a c c i n u m b e r s 0 , 1 9 1 , 2 , 3$ . . . . , which we sha l l 
denote by ^ (1/2) or F . 

(pk(x) i s 
A g e n e r a t i n g funct ion defining the p o l y n o m i a l s 

©a 

k (2 .3) _ _ z - - £ ^ (X) s 
1 »2xs - s k= 0 

Now s ince the left m e m b e r of (2 .3) c h a n g e s s ign if x is r e -
p l a c e d by (~x) and s by ( - s ) , we have 

(2 .4 ) <pk(-x) = ( ~ l ) k + % k ( x ) 

t h e r e b y showing t ha t <p (x) i s an odd funct ion of x for k 
-K. "T" L, 

odd and an e v e n funct ion of x for k e v e n , Upon expand ing 
the left s ide of (2 ,3) and equa t ing coef f ic ien t s in s s we o b -
t a i n the exp l i c i t f o r m u l a 

[ k / 2 ] /- v 
(2.5) «,k+1(x) = E r r ) { Z x ) k • ( k>0 )> 

m = 0 * ' 

A r e l a t e d set of p o l y n o m i a l s , which s a t i s f i e s the r e -
c u r r e n c e r e l a t i o n y. (x) - x y, , (x) - y , (x) = 0, was 

' k + Zx ' ' k . + 1 ; y k x ' 
c o n s i d e r e d in 1883 by C a t a l a n [ 8 ] . The n a m e ' F i b o n a c c i 
p o l y n o m i a l s ' is a l s o given to so lu t ions of the r e l a t i o n 
Z R + 2 ( x ) - z

k + 1 < x ) + x z
k ( x )> Z

Q(X) ^ ° > z i ( x ) = 1 » i n v e s t l " 
ga ted by J a c o b s t h a l [ 9 ] . 
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where [k/2 ] is the greatest integer < k/2B 

An alternative form for expressing the polynomi-
als (p (x) may be found by introducing the exponential gen-
erating function defined by 

(2 .6 ) Y ( s , x ) = E <p,{x) 
k= 0 k! 

This transforms the recurrence relation (2.1), and the ini-
tial conditions (2.2), into the differential equation 

(2 .7 ) d2Y 0 dY 
— - 2x • 

ds 

with conditions 

ds Y = 0 

(2 .8 ) Y(0,x) = 0, 
dY 1. 
ds j s = 0 

The solution of (2.7) thus yields the generating function 

1 
(2.9) Y(s,x) = 

2/(1+ x ) 
[ eSal - e S a 2 ] , 

where 

2 2 
(2,10) a s x + / (1 + x ) , a = x - / ( l + x ) 

If we now apply the inverse transform 

(2.11) «,k(x) = 
dkY 

d s k s= 0 , k = 0 ,1 ,2 , . . 

(2.12) x = sinh to , / ( l +x ) = cosho) 

we obtain 



EXPANSION OF ANALYTIC FUNCTIONS 19 

^ (x) = s inh Zkcp 
(2.13) c o s h 03 ( k = 0 > l f 2 | - B - > ) 

^ 2 k + 1(x) = c o s h (2k + l) CO 
c o s h CO 

30 Some Othe r Re l a t i ons* We no te ? as can e a s i l y be shown 
tha t the p o l y n o m i a l s ip (x) a r e r e l a t e d to C h e b y s h e v ' s p o l -
y n o m i a l s U (x) of the s econd kind [ 3 ] by 

(3.1) pQ(x) =U Q ( ix ) - 0 , ^> m + 1 (x ) = ( - i ) m U m + 1 ( i x ) , 

(i = / " « 1 , m > 0) , 

The C h e b y s h e v p o l y n o m i a l s t h e m s e l v e s of c o u r s e be long to 
a l a r g e r f ami ly d e s i g n a t e d as ' u l t r a s p h e r i c a l p o l y n o m i a l s ' 
o r s o m e t i m e s ' G e g e n b a u e r p o l y n o m i a l s 1 2] . Unl ike 
t h o s e of C h e b y s h e v or of G e g e n b a u e r , h o w e v e r , our F i b o n -
a c c i p o l y n o m i a l s (p (x) a r e not o r t h o g o n a l on any i n t e r v a l 
of the r e a l a x i s , 

The s e q u e n c e <p * (x), ( k = 0 ? l l Z ? a e o ) i s a s o -
c a l l e d s i m p l e s e t , s ince the p o l y n o m i a l s a r e of d e g r e e p r e -
c i s e l y k in x , a s i s s e e n f r o m (2. 5). Thus the l i n e a r l y i n -
dependen t s e t con t a in s one p o l y n o m i a l of e a c h d e g r e e , and 
any p o l y n o m i a l P (x) of d e g r e e n can c l e a r l y be e x p r e s s e d 
Linearly in t e r m s of the e l e m e n t s of the b a s i c se t ; tha t i s , 
t h e r e a lways e x i s t c o n s t a n t s c such tha t the finite s u m 

K. 

(3 .2) P n ( x ) = L c „ (x) 
k= 0 

i s a unique r e p r e s e n t a t i o n of P (x). 
n 

2 
T h e s e p o l y n o m i a l s of C h e b y s h e v a r e not to be c o n -

fused with the C h e b y s h e v p o l y n o m i a l s T (x) of the f i r s t 
k ind , which a r e usefu l in o p t i m a l - i n t e r v a l in te rpola t ionf lO ~|, 
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Befo re we s e e k the exp l i c i t e x p r e s s i o n for the 
coef f i c ien t s in the e x p a n s i o n of a g iven ana ly t i c funct ion 
f(x) in s e r i e s of our b a s i c se t { (p *(x)} , it i s use fu l to 

have x in a s e r i e s of t h i s s e t . Tak ing F i b o n a c c i p o l y n o m -
i a l s a s def ined by f o r m u l a (2 . 5), we thus need the e a s i l y 
e s t a b l i s h e d r e c i p r o c a l r e l a t i o n ( 3 ) , 

C n/2] 
to ?\ n M / o n \ ^ / t%r / n Y n»2r + 1 , . 
(3.3) x = ( l / 2 ) £ (-1) [ r ) n _ r + 1 P n + 1 _ 2 r (*K n>0> 

X ST U 

which could a l s o be r e ^ a r r a n g e d in the f o r m 

n 
(3 .4 ) x n = 2 y . 9 . , J x ) 

J - 0 J J 

t ha t wil l t hen con ta in only even ^ s s when n i s odd# and odd 
^ ! s when n is even , 

4* E x p a n s i o n of Ana ly t i c F u n c t i o n s . We a s s u m e tha t our 
a r b i t r a r i l y g iven funct ion f(x) can be r e p r e s e n t e d by a p o w -
e r s e r i e s 

QQ 

.(4.1) f (x)= 2 a n x n 

n= 0 

hav ing a r a d i u s of c o n v e r g e n c e of £ ^ 1/2, with the coef f i -
c i e n t s a e x p r e s s e d by 

n 

(4 .2) a = f ( n ) (0) ( n = 0 , l , . . . ) 
n! 

F o r m a l subs t i t u t i on of r e l a t i o n (3 .3) in to (4.1) y i e l d s the de-
s i r e d p o l y n o m i a l e x p a n s i o n 

OO 

(4 .3) f(x) ^ S c
k ^ k + 1 ( x ) * 

(3) In v iew of (2.12) and (2.13) , t h i s r e l a t i o n i s an e q u i v -
a l en t f o r m for known e x p r e s s i o n s for p o w e r s of the h y p e r -
bol ic funct ion s inh CO. 
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w h e r e the coef f ic ien ts a r e f inal ly d e t e r m i n e d f r o m the for-
m u l a 

00 ( " 1 ) J a z i + k / 2 J + k \ 
( 4 .4 ) c = ( k + 1 ) 2 2 . , l Q

Z j + k - ( 
k j=0 2 2 J + K ( j + k + l ) \ j / 

C o n v e r g e n c e p r o p e r t i e s of the g e n e r a l b a s i c s e r -
i e s (1.1) have b e e n i n v e s t i g a t e d by W h i t t a k e r [ 5 ] , by B o a s 
and Buck [ 6 ] , and by o t h e r s . If Whi t t ake r 1 s r e s u l t s a r e 
app l i ed to our c a s e s it c an be shown tha t the e x p a n s i o n (4. 3) 
wi l l c o n v e r g e a b s o l u t e l y and u n i f o r m l y to the funct ion f(x) 
in j x j < £ if the s e r i e s 

(4.5) L I a n | Vn(C ) 
n= 0 

c o n v e r g e s , w h e r e V ( £ ) i s given by 
n 

(4.6) V„( C ) = L l y „ J M ; ( C >' 
J = 0 J J 

with 

(4.7) M ( C ) = Max l < P j + 1 ( x ) U 
J | x | = £ J \ t 

and with y be ing the coef f i c ien t s in (3 . 3) a f te r t hey have 
n j b e e n r e - a r r a n g e d in the f o r m (3 . 4) . 

Now, we m a y a l s o i n t r o d u c e a p a r a m e t e r ZQL 
such tha t I Za x j < f , and m a y thus s t a r t with the f o r m 

00 00 

( 4 . 8 ) f ( Z a x ) = 2 ( 2 n a n a ) x n = S A x
n , 

' n ' n 
n = 0 n = 0 
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w h e r e 

(4 ,9) A = 1 d n _/9 _ 
v ' n ~ ~ —— f (2a x) 

n! , n ' dx 
x = 0 

The e x p a n s i o n (4 .3) in t e r m s of F i b o n a c c i p o l y n o m i a l s t hen 
b e c o m e s 

CO 

(4.10) f(2ax) = L 0 k P k + 1 ( * ) . 
k= 0 

with the coef f ic ien ts 8 now be ing d e t e r m i n e d by the e q u a -
t ion 

(4.u, g k , a , . ^ i , r o ' - ^ ; k *2i+k[T) 

F o r our p u r p o s e s ^ the f o r m (4.10) i s often m o r e conven ien t 
than tha t of (4. 3). 

If we take x = 1/2, the p o l y n o m i a l s <p (x) b e c o m e 

the n u m b e r s of F ibonacc i^ O. (1/2) = F . , so tha t the s e r i e s 
k k 

m 

(4.12) £(a) = E i8k(«) ipk M l / 2 ) = E 5 k ( a ) F 
k= 0 k~ 0 

f u r n i s h e s a f o r m a l e x p a n s i o n of the function' f(0i) in t e r m s 
involving F i b o n a c c i n u m b e r s , One a p p a r e n t u s e of the s e r -
i e s e x p a n s i o n (4.12) i s for the c a s e in which it i s d e s i r e d to 
m a k e a given ana ly t i c funct ion f s e r v e as a g e n e r a t i n g func-
t ion of the F i b o n a c c i - n u m b e r s e q u e n c e , 

5. E x a m p l e s . We f i r s t c o n s i d e r the function 

(5.1) f(x) = e 2 a X , (0< | a | < CD) , 

w h e r e 

(5 . 2) a = 2 n a n / n! . 
' n 
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T h e c o e f f i c i e n t s c i n ( 4 . 4 ) a r e t h e n g i v e n b y t h e f o r m u l a 

(5.3) c k . ( k + 1 ) ^ _ i _ _ _ - n 5 _ \ , J 

o r f i n a l l y b y 

( 5 . 4 ) c u = _ k + l 
a " k + 1 k _ _ _ ^ ( 2 a ) , (k = 0 , 1 , 2 , . . . . . ) 

w h e r e J , , . i s B e s s e l ' s f u n c t i o n f i l l of o r d e r k 4- 1. T h e 
k + 1 L 

p o l y n o m i a l e x p a n s i o n ( 4 . 3 ) t h e r e f o r e y i e l d s f o r m a l l y 

( 5 . 5 ) e 2 0 d X = ( 1 / a ) E ( k + 1 ) J 1 ( 2 a ) p k + 1 ( x ) 
k = 0 

(1/a) E m J m (2a) cpm(x) 
m = 1 

W e n o t e t h a t 

( 5 . 6) L i m (m+1) J , Ala ) <a , J x ) 
/ _ m + 1 ' ^ m + 1 ' m m J ( 2 a ) o (x) 

m ^ m ' 

= L i m (x + \ / i + x ) a = 0 , 
m —®* » m 

s o t h a t t h e s e r i e s ( 5 . 5) i s c o n v e r g e n t f o r a l l f i n i t e v a l u e s of 
x if t h e p a r a m e t e r a r e m a i n s a l s o f i n i t e . 

F r o m ( 5 , 5 ) , w i t h t h e r e l a t i o n s 

c o s h 2 a x = ( e + e ) / 2 , 
(5.7) 

. n 0 , 2 a x « 2 a x, , 
s m h 2 a x = (e ~ e ) / 2 , 
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we i m m e d i a t e l y ob ta in the two e x p a n s i o n s 
00 

( 5 . 8 ) c o s h 2a x ^ (1 /a) L (2m- l ) J , Ala) <p - Ax.) 
' 2m~l ^ 2 m - l 

m = 1 
and 
(5 . 9) s inh 2a x = (1 /a) £ 2m J (2a) (ft 0 (x) 

% 2m ^ 2m 
m = 1 

S i m i l a r l y , we have 
©3 

km+l, (5.10) cos 2ax = ( l / a ) L ( - l ) (2m-l) I ^ ^ Z a ) P2m_{*) 
m= 1 

and 

(5.11) s in 2 a x = ( l / a ) E ( - l ) m + 1 ( 2 m ) I . (2a)<p 0 (x) 
7
 % 2m ^ 2m , 

m = 1 
w h e r e I i s the modi f i ed B e s s e l funct ion [11] of the f i r s t 
kind of o r d e r k . 

To p r o d u c e e x p a n s i o n s involving the F i b o n a c c i 
n u m b e r s F . we s i m p l y se t x = 1 / 2 . Hence f r o m ( 5 . 5 ) , 

(5 . 8) , (5 . 9) , (5.10) and (5.11), it i s s e e n for 0 < | a | < » 
tha t 

00 

ea = (1/a) L m J (2a) F 
' m m 

m = 1 (5.12) 

c o s h a = ( l / a ) L ( 2 m - l ) J \ . ( 2 a ) F 0 
' ^m-1 2 m - l 

mm 1 

s inh a = (1/a ) S (2m) J (2a) F n 
' 2m 2m 

m = 1 
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(5.12} 
w 

cos a = {I/a) E (~ l ) m 4 = ( 2 m - l ) I 0 , ( 2 a ) F , 
m ~ I 

s in a = (1/a) L (-1) (2m) I (2a) F . 
% Zm 2m 

m = 1 
As a — > 0 , the r i g h t - h a n d s i d e s of (5.12) al l b e c o m e i n d e -
t e r m i n a t e f o r m s , but the c o r r e c t r e s u l t i s ob ta ined in the 
l i m i t . The p a r t i c u l a r s e r i e s e x p a n s i o n s ( 5 . 5 ) , ( 5 . 8 ) , ( 5 . 9 ) : 

(5 .10) , (5.11) and (5.12) a r e a p p a r e n t l y not found in the l i t -
e r a t u r e in the spec i f ic f o r m we have p r e s e n t e d for our p u r -
p o s e s ; they could be r e l a t e d , h o w e v e r , to s o m e expans ions 
due to G e g e n b a u e r [11 , page 369] . 

Many h i g h e r t r a n s c e n d e n t a l funct ions can a l s o be 
e x p l i c i t l y deve loped a long s i m i l a r l i n e s . F o r i n s t a n c e , 
wi thout diff icul ty we m a y d e r i v e the s e r i e s e x p a n s i o n s 

lAa) s ( 2 / a ) E m J 2 (a) F 9 1 % m 2m 
m = l 

(5.13) « 
J (a) 3 ( 2 / a ) L ( - l ) m m l (a ) F 

•*- - I I I L-i X X 1 

m = 1 

for the B e s s e l funct ions I and J 
The coef f ic ien ts in the above e x a m p l e s a l l i n -

volve B e s s e l ' s f u n c t i o n s , but t h i s i ndeed would not be the 
c a s e in g e n e r a l . F o r i n s t a n c e , for 

| 2a x | < 1 

we c a n show f r o m (4.10) and (4.11) tha t 

(5.14) In (1.+ 2a x) = - [ r 2 / 2 + In r / a ] <p (x) 
s© 

+ L ( - l ) k ' ' l r k [ 1/k + r 2 / ( k + 2 ) ] (p (x) , 
k = l k X 
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w h e r e 

(5.15) r s / ( I * * * 2 ) y l -

With x = 1/2, we then h a v e , for | a \ < 1, 

(5.16) ln(l + a ) ( r / a ) = ~ ( r 2 / 2 ) F 

@© 

+ L ( - l ) r [ 1 / k + r / ( k + 2 ) ] F , . , . 
k = l ' k + 1 

4 
6. A n o t h e r A p p r o a c h . The coef f i c ien t s R in our b a s i c 

s e r i e s e x p a n s i o n (4.10) or (4.12) m a y be ob ta ined by an a l -
t e r n a t i v e p r o c e d u r e which i s b a s e d on r e l a t i o n s (3.1) and 
c e r t a i n known p r o p e r t i e s of the o r t h o g o n a l p o l y n o m i a l s 
IT (x). (A good r e f e r e n c e giving m a n y p r o p e r t i e s of U. i s 

k k 
[ 1 2 ] ) . 

If our p r e s c r i b e d funct ion f (2ax) c a n be e x p a n d -
ed in the f o r m a l s e r i e s 

e© 

(6.1) f ( 2 a x ) - L b U (x), | x | < l , | 2ax | < £ 
k = o k k + 1 

the coef f i c ien t s b a r e g iven by 

l 

r 
-1 

With the r e l a t i o n s 

(6 .2 ) b k = ( 2 / 7 T ) J £(2ax)N/( l -x ) U k + 1 ( x ) dx , (k = 0 , l . . . . ) . 

2 (6 .3 ) x = cox v t U (x) = (s in kv) / / ( 1 - x ) 

4 
We could a l s o apply the too l s e m p l o y e d in [ 6 ] 

but have w r i t t e n th i s p a p e r wi thout a s s u m i n g knowledge of 
c o m p l e x - v a r i a b l e m e t h o d s „ 
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(6. 

\ 

4) 
(a) = 1 

n 

77 
P 

0 
0 

the e x p r e s s i o n (6. 2) b e c o m e s 

£[2Q£ COSV) [ C O S kv - c o s ( k + 2)v ] dv.. 

In v iew o£ r e l a t i o n s / 3 . 1 , (4,10) and (6 .1) , we then have 
f o r m a l l y , 

.k * 
( • 5) Pk(0i) S J _ f(^2cyicosv) [ c o s v«cos (k + 2 )v ] dv 

0 
a s an equa t ion for R in i n t e g r a l f o r m , 

JK 

In the s p e c i a l c a s e when 

(6, 6) f ( 2 a x ) = e 2 a X 

we find _ 
77 

(6 .7) j 8 k ( a ) = ^ e " 2 a l C ° S V [ c o s kv » c o s ( k + 2 ) v ] dv 
ir o 

- J k (2a ) + J k + 2 ( 2 a ) = k + U 1 (2q ) , 
a 

which i s the s a m e r e s u l t ob ta ined in e x a m p l e (5 . 5). U s u a l -
ly , h o w e v e r , the i n t e g r a l s (6. 5) involv ing a g iven funct ion 
f a r e not a v a i l a b l e , so tha t the e x p r e s s i o n (4.11) i s m o r e 
often the b e t t e r p r o c e d u r e for d e t e r m i n i n g the coef f ic ien t s 

The p a r t i c u l a r e x p a n s i o n s -(5.12) and (5.13),. or 
(4.12) in g e n e r a l , t u r n out to have l i t t l e u s e a s a m e a n s of 
ob ta in ing eff ic ient a p p r o x i m a t i o n s for c o m p u t a t i o n a l p u r -
p o s e s . Independen t of n u m e r i c a l or p h y s i c a l a p p l i c a t i o n s , 
h o w e v e r , the i n t r o d u c t i o n of F i b o n a c c i n u m b e r s into v a r i -
ous e x p r e s s i o n s involv ing c l a s s i c a l funct ions h a s a c e r t a i n 
i n t e r e s t and f a s c i n a t i o n in i t se l f . 



28 EXPANSION OF ANALYTIC FUNCTIONS 

REFERENCES 

1. G. Alextis, Convergence Problems of Orthogonal Series, 
New York, T?6l7" ~"~~~ ~ ~ ~ " — 

2. G. Szego, Orthogonal Polynomials^ New York, 2nd Edi-
tion, 1959. ~ ~ ~ _ ~ " " " 

3. E.D9 Rainville, Special Functions, New York, i960* 
4. D. Jackson^ The Theory of Approximation, New York, 

1930. — — _ _ — _ — 

59 J, M. Whittakerf Interpolation Function Theory, Cam-
bridge, 1935. ~ — — 

6. R. P. Boas, Jr . , .andR.G, Buck, Polynomial Expansions 
of Analytic Functions, Berlin^ 1958. 

7. L.E. Dickson, History of the Theory of Numbersf Vol.1, 
Chapter 17. 

8B E. Catalan, Notes sur la theorie des fractions continues 
et sur certaines series. Mem, Acad. R. Belgique 45, _ _ _ 8 _ _ _ . 

9. E. Jacobsthal, Fibonaccische Polynome und Kreisteil-
ungsgleichungena Sitzungsberichte der Berliner Math. 
Gesellschaft, IT (1919-20), pp. 43-57. 

10. Z. Kopal, Numerical Analysis, New York^ 1955. 
11. G.N.Watson* A Treatise on the Theory of Bessel Func-

tions, Cambridge, Znd Edition* 1944c 

12. C. Lanczos, Tables of Chebyshev Polynomials S (x) 
and C (x), National Bureau of Standards Applied. Math-
ematics Series 9* December, 1952. 

PROBLEM DEPARTMENT 

P-l. Verify that the polynomials tp (x) satisfy the differ-
ential equation 

3 
(1 +x ) y,r + 3xy! -k(k+ 2)y = 0 (k= 0,1,2,. . .) 

P-2. Derive the series expansion 


