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When we speak of a Fibonacci mat r ix , we shall have in mind ma t r i ces which 
contain member s of the Fibonacci sequence as e lements . An example of a Fibonacci 
ma t r ix i s the Q mat r ix as defined by King in [ l ] , pp. 11-27, where 

- I 1 1 • 
I1 °/ 

The determinant of Q is - 1 , writ ten det Q = - 1 . F r o m a theorem in mat r ix theory 3 

det Q n = (det Q)n = ( - l ) n . 

By mathematical induction, it can be shown that 

/ n+1 n \ 
Q n = ! 

\ F F , / 
.̂ n n-1 

so that we have the famil iar Fibonacci identity 

F ± 1 F - F 2 = (-1)11 . 
n+1 n -1 n v ; 

The lambda function of a ma t r ix was studied extensively in [2] by Fenton 
S. Stancliff, who was a professional musician. Stancliff defined the lambda func-
tion A(M) of a ma t r ix M as the change in the value of the determinant of M when 
the number one i s added to each element of M. If we define (M + k) to be that 
ma t r ix formed from M by adding any given number k to each element of M5 we 
have the identity 

(1> det (M + k) = det M + k X_(M). 
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For an example, the determinant \{Q ) is given by 

MQn) 

F + 1 
n+1 

F + 1 n 

(F F 
v n+1 n -1 

F , + 1 n -1 
- d e t Q " 

F 2 ) + (F , + F : 1 - 2 F ) - det Q n 
n ; v n -1 n+1 n ; 

n -3 

which follows by use of Fibonacci identi t ies. Now if we add k to each element 
of Q , the resul t ing determinant is 

F - + k n+1 

F + k n 

F + k n 

F - + k n -1 

det Q + k F n-3 

However, the re a re more convenient ways to evaluate the lambda function. 

Fo r simplici ty, we consider only 3 x 3 ma t r i ces . 

THEOREM. For the given general 3 x 3 mat r ix M, X(M) is expressed by ei ther 

of the express ions (2) or (3). For 

M 
a b c ^ 
d e f 

kg h J I 

(2) X(M) = 

a + e - ( b + d ) b + f - ( c + e) 

d + h - (g + e) e + j - (h + f) 

(3) MM) = 

1 
1 
1 

b 
e 
h 

c 
f 

j 

+ 
a 
d 

g 

1 
1 
1 

c 
f 

j 

+ 
a 
d 

g 

b 
e 
h 

1 
1 
1 

Proof: This is made by direct evaluation and a simple exerc ise in algebra. 
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An application of the lambda function is in the evaluation of determinants . 
Whenever there is an obvious value of k such that det (M + k) is easy to evaluate. 
we can use equation (1) advantageously. To i l lus t ra te this fact, consider the mat r ix 

M 
000 

990 

675 

998 

988 

553 

554 

554 

554 

We notice that, if we add k •= -554 to each element of M, then det (M.+ k) =• 0 
since every element in the thi rd column will be zero . F rom (2) we compute 

X(M) 

0 10 

-120 435 

1200. 

and from (1) we find that 

0 - det M + (-554) (1200) , 

so that det M = (554) (1200). 
Readers who enjoy mathematical cur ios i t ies can crea te determinants which 

a re not changed in value when any given number k is added to each element, by 
writ ing any ma t r ix D such that X (D) = 0. 
LEMMA: If two rows (or columns) of a mat r ix D have a constant difference b e -
tween corresponding e lements , then X(D) = 0. 
Proof: Evaluate X(D) direct ly , by (2) or (3). 

For example, we wri te the mat r ix D, where corresponding elements in the f i rs t 
and second rows differ by 4, such that 

det D 

1 

5 

4 

2 

6 

9 

3 

7 

8 

-

1 + k 2 + k 3 + k 

5 + k 6 + k 7 + k 
4 + k 9 + k 8 + k 

= 24 

Now, we consider other Fibonacci ma t r i ce s . Suppose that we want to wri te 

a Fibonacci mat r ix U such that det U Now 
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a 0 0 I . 

x b 0 = abd. 

y z d | 

We can write F = F ^ F = F ^ F = F2F2F for any n, and for some n we 
n n n n 

will also have other Fibonacci factorizations. Hence, F = det U for 

p . \ 

where F 0 = 0. If we choose m = k = 3 and p = 2, we find that X(U) = 0. If we 

choose m = 1 or 2, k = 1 or 2. and let p be an a rb i t ra ry integer, then \(U) = F . 
A more elegant way to write such a mat r ix was suggested by Ginsburg in [3 ], 

who showed that if a = 

then det B = n, where 
2p' c = b = F 

B = 

2p+l ' 

a b 

c d 

e f 

F 2 p + 2 , and f- 2p+3J 

Letting n = F , we can wri te F = det U, where 

2p '2p+l 
F F F 

2p+l 2p+2 m 
F F F 

2p+2 2p+3 m 

Using equation (3) we have 

X(U) 

= 0 + 0 + 1/F (det U) = 1 

m 
b 1 

d 1 

f 1 
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If we let k — F ^ ^, from (1) we see that 

det (U + F J - F + (F J (1) = F 
m - r m v m - l ; v ; m+1 * 

51 

Notice the possibi l i t ies for finding Fibonacci identi t ies using the lambda func-
tion and evaluation of de terminants . As a brief example, we let k = F and con-

n n 

s ider det (Q + F ), which gives us 

n+1 n 

F + F n n 

F + F n n 

F , + F n -1 n 
= det Qn + F n X(Q n ) 

or 

n+2 

2 F n 

2 F 

n+1 
-1) + F F 0 ; n n -3 

so that 

4 F 2 = F . F _ - F F _ + ( - l ) n + 1 
n n+2 n+1 n n-3 ; 

As a final example of a Fibonacci mat r ix , we take the mat r ix R, given by 

/ 0 0 V 

R = 0 1 2 

\ l 1 1 

which has been considered by Brennan [ 4 ] . 

It can be shown by mathematical induction that 

R11 = 

/ ^ 
2 F , F n-1 n 

F , F n-1 n 

F \ - F . F n+1 n-1 n 
F F , i n n+1 

2 F F n n n+1 

n+1 
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The reade r may verify by equation (2) and by Fibonacci identit ies that 

\(R1J 
F2 + F2 - 4 F F n -1 n+1 n-1 n 

3 F _, F - F 2 - F2 + F F , n -1 n n n+1 n n+1 

2n-3 

n-2 

r 2 n - 2 

- F 0 F n + ( - l ) n 
n-2 n-1 v ; 

2 F , F + 2 F F _ F 2 - F 2 
n -1 n n n+1 n n+1 

2 F 2 - 3 F F i n - F F , n+1 n n+1 n n-1 

= <-1>X-l-Fn-3Fn-2>-

Here we see that the value of (R ) i s the center element of R multiplied by 

(-Dn. 
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