SOME FIBONACCI RESULTS USING FIBONACCI-TYPE SEQUENCES

. DALE RUGGLES, SAN Jost STATE COLLEGE

The elements of the Fibonacci sequence satisfy the recursion formula, F

: n+1
= Fn + Fn—l’ where Fy; = 0 and F; = 1. Let us define an F-sequence as one for
which the recursion formula Upep =Wy Fu g holds for the elements w, of the

sequence,
Suppose {un} and {vn} are two F-sequences, Then a linear combination,
{cun + dvn}, is also an F-sequence. If the determinant
Uy Uy

#0 ,

Vi Va

then by an application of a theorem from algebra, every F-sequence can be ex-
pressed as a unique linear combination of the F-sequences {u } and {v }.

Consider the sequence 1, 7, 7%, 73, <« . This will be an F-sequence if

7n+1 = 7n + 7n—l for all integers n; that is, for » such :,/hat 72 =y + 1. T\‘/his
equation has solutions which we will denote by B = 1—%—5— and o = 1——2—5
Thus, the a-sequence 1, a, &2, .- and the B-sequence 1, B, £2, are

F-sequences. These can be extended to include negative integer exponentls as well.

Since _
2
A B =B -0 = V5

2
o o

s

every F-sequence can be written as a unique linear combination of the a-sequence
and the g-sequence. (Note that o+ =1 and off = -1.)

In particular this applies to the Fibonacci sequence. TFrom the equations

Fi=1=ca+dp

F, = 1= ca®+ dg’

one finds that ¢ = -1/~N5 and d = 1/\/_5. Thus,

n n

n n
B o B -«
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The F-sequence with L; = 1 and L, = 3 is known as the Lucas sequence,

In the case of the Lucas sequence,

The o- and B-sequences can be used to prove many well-known relations

involving Fibonacci numbers, Lucas numbers, and general F-sequences:

1. Since

. Ef_* o

n B -«
and Ln = b’n + & then it follows immediately that

2n 2n
4 . b e
since Fn Ln = o = F2n .
2. Since f0 14 0 2 5B Y = 2B -0 and Tl = QP - p), it
n+1 n+1 n-1 n-1 L n, _
follows that - + B -a = (B -a)B +o); thus Ln = Fn+1 + anl'
Also, L + L = 5F can be similarly shown.
n+1 n-1 n

3. Let {un} be an F-sequence, such that w, = ca™ + dﬁn. Then the determinant

U‘n+1 un
i un un—l
can be simplified as follows: \
n+l n+1 n n
Uiiq 0 1 B co +dp ca + dp
- n-1 n-1
| Yy Up-1 ca + dﬁn ca *dp

i an+l Bn Bn+1 P

= cd| + cd n-1

n n-1 n o

! @ g B
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In particular,

n+l Fn n
= 1
Fn Fn—l
2 _ w2 - . . i
4. Fn+p Fn—p F2n sz for all p and n. Consider Fn+p+ Fn—p' Then ,
n-+ n+ - n-—
F__+F L N A i
n+p n-p g~ g -«
n - n -
8@ e g - v o7
B -«
~ n +1
@+ g [+ )P o b p
= since o © = (-1)'f
B - «
n +1 n
(8" + 0P 8P + (-1)PaPy
g -«
Therefore, if p is even, F + F =F . L andif p isodd, F + F
n+p n-p n p n+p n-p
=L - F_,
n p
Also, F - F =L . F_ for p evenand F -F =F - L for
n+p n-p n p n+p n-p n p
2 P2 = . :
p odd. Thus, Fn+p Fn-p F‘?[1 sz for all p and n,
5. Let us simplify Fy + Fg + «ee + FSn' Since the a-sequence and the p-
sequence are also geometric sequences it follows that
3,00
. o BB -1
ﬁ 4+ ese -+ B m ——————
g -1
and
3, 3n
\ 3n o (@ 1)
a® + eee + = 3
a -1
3n 3n 3 3 3n+3 3n+3
Thus, F3+F6+...+F3n:18 +0‘3+/33“0“/3 o
(" - B) (B - o)
Fonez * Fon -
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6. As another example consider Fy+ 2Fy + ees + nF , npositive. Now
n-1 n
B+262+---+nﬁn=6n —2 + 1
o
n+2 n+3 3
=g -7+ B
since
N -
1+ 2x+ e+l o & |x& 1)
dx x - 1)
Also, &+ 20%+ees + 10" = na™? - o™3 4 43, Therefore, Fi+ 2F, +eeet nF_ '
= nFn+2 - Fn+3 + F;. Note that a similar result holds for a general F-sequence.

7. Let us consider some results that utilize the binomial theorem. Since

n

n ..
te1-a) Z<><—1>Ja3
=0 \

™
It

and

1-p"

Q
=]
I
]
™ =
/'\:
~——
T
—_
VL-A
™
.

it follows that

n
1
Bn _ an = z( )(_1)] (ﬁJ _ a]) ;
o\ i
hence, . :
n
n 1
Fn = Z . (-1) FJ
Also, j=0 \J

[April .
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8. Again using the binomial theorem,

n
a2n _ (1+a)n - Z

and
no ;
n
= aep)” = Z(. p
j:O ]
Therefore
% /n
SR SEN
j=0 \
also
n
n
= L
L2n Z<> J
j=0 \

If {un} is a general F-sequence, it also follows that
n

G = 2 (f‘)uj

=0 \J

9. As a final example to illustrate the usefulness of the o- and pB-sequences in

establishing Fibonacci relations we will derive the result

F = n
n = Foper Fp * Fop Fooy

for all n and p. First, from
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/J,pﬁn—pvl . /),p—ll),n-p /),nfl . ﬂn—l _ /g“(/g - o)
and
/J,pan—p+1 . ljp—lan—p -0
we obtain
1 p p-1
pro= Fn—pﬂ TEOF p
Similarly, one can show that
o™ = P Fn—p*l + ozp—l Fn—p

1t then follows that Fn = F F 1 Fp—l Fn—

and if {u_} is an F-sequence,
P n-p- n

p
then

u = u F Lo+ u F
n p n-p+l p-1 n-p
Note that if =n-p-=+1, then u =u F -+u F .
€ . L p-q-1 ~ "prq” "p-17g-1
n

o n - n n .
Since ;37 -« = NO Fn and g o = Ln, it follows that

N

L +~N5F
n n

and

HINTS TO BEGINNERS' CORNER PROBLEMS
(See page 59)

. . n
1.1 Examine 5 .

—
o

Use identity 11T,

1.3 Notice that p, p+ 1, p+ 2 are three consecutive integers. Since p > 3 is
an odd prime, p - 1 is even. Why must p ~ 1 be a multiple of 3?

14 257 -1 = (25 - (1) = (2° - 1) [(25)G+ (25)7 + o+ (29) + 1],

1.5 If N is composite, then by 'T1 it must have a prime factor p. This factor

must be one of the following: 2, 3, 5, 7, ---, P Thus pN and p!(2-3-5---pn),



