
SOME FIBONACCI RESULTS USING FIBONACCI-TYPE SEQUENCES 
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The elements of the Fibonacci sequence satisfy the recurs ion formula, F 
= F + F 1 5 where F0 = 0 and F1 n n -1 u 1 

which the recurs ion formula u n+1 

n+1 
1. Let us define an F-sequence as one for 

u + u -, holds for the elements u of the n n-1 n 
sequence. 

Suppose {u } and {v } a re two F-sequences . Then a l inear combination, 
| c u + dv 1, is also an F-sequence. If the determinant 

"I 

Vl 

u 2 

v2 

^ 0 , 

then by an application of a theorem from algebra, every F-sequence can be ex-
p r e s s e d as a unique l inear combination of the F-sequences {u } and {v }. 

Consider the sequence 1 , 7 , 7 2 , 73 , This will be an F-sequence if 

7 + 1 . This 
\T5 

7 = 7 + 7 for all in tegers n; that i s , for 7 such that 7 
i + 'sfh i 

equation has solutions which we will denote by [3 = —~ and a = . 
Thus, t h e ^-sequence 1, a, a2, •«• and the (3-sequence 1, /3, [32, a re 
F-sequences . These can be extended to include negative integer exponents as well. 

Since 
2|' 

= p - a = ̂ 5 P P 

every F-sequence can be writ ten as a unique l inear combination of the cy-sequence 
and the £>-sequence. (Note that a + (3 = 1 and a[3 - - 1 . ) 

In par t i cu la r this applies to the Fibonacci sequence. F rom the equations 

' Fj = 1 = ca + d{3 

F 2 = 1 = ca2 + d/32 

one finds that c = -1 /V5 and d = l/4~5. Thus, 

nn n n n 
[3 - a _ (3 - a (3 - a \fe 

75 

1 



76 SOME FIBONACCI RESULTS [April 

The F-sequence with L̂ L = 1 and L2 = 3 is known as the Lucas sequence. 
In the case of the Lucas sequence. 

T o n , n 

L = B + a n * 

The a- and ^-sequences can be used to prove many well-known rela t ions 
involving Fibonacci numbers , Lucas numbers , and general F-sequences : 
1. Since 

0n n 
F = g ^ J L . 

n f3 - a 
n n L = (3 + a then it follows immediatelv that and L = (3 n r 

F • L = n n 
n2n 2n 
p -a 

(3 - a 
= F 2n 

2. Since (3U+1 + /3n l = f3n ((3 + (3 X) = (3U ((3 - a) and aU+1 + ^ n X - a11 {a - 0), it 

follows that / 3 n + 1 - an+1 + pn~X - a11'1 = ((3 - a){f3n + a \ thus L n = F n + 1 + F n _ r 

Also, L + L , = 5 F can be s imilar ly shown. ' n+1 n -1 n J 

n n 
3. Let {u } be an F-sequence , such that u = ca + d(3 . Then the determinant 

n+1 

-*• i n -1 

can be simplified as follows: 

n+1 

A. -. 

n-1 

n+1 , 0 n+l ca + dp 

ca + d/3 

= cd 

n+1 

1 1 J n11 

ca + d/3 
n -1 , 0 n - l 

ca + d/3 

. n -1 
c d 

0n+l 

1^ 
n-1 

, -xn+1 _ , (-1) 5 cd . 
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In par t i cu la r , 

"n+1 

F F , n n -1 
= (-D 

4. F 2 - F2 = F 0 • F 0 for all p and n. Consider F + F Then , 
n+p n-p 2n 2p ^ n+p n-p ' 

F + F = P -j± 
n+p n-p p - a 

n+p n+p /Dn~P n~P £ 

P - a 

0P+ /3-P)[ /3n
+(-DP +Vj 

since a P = (-1)P/3P 

/3 - a 

[/?" + ( - l )P+V] [fP + (-ifgP] 

P - a 

Therefore , if p i s even, F , + F = F . L and if p i s odd. F + F 
n+p n-p n p ^ ' n+p n-p = L • F . n p 

Also, F - F = L . F for p even and F - F = F • L for 
' n+p n-p n p n+p n - p n p p odd. Thus , F 2 - F2 = F 0 • F 0 for all p and n. ^ ' n+p n-p 2n 2p 

5. Let us simplify F3 + F 6 + ••• + F . Since the ^-sequence and t h e p-

sequence a re also geometr ic sequences it follows that 

03 / 03n 

p + . . . + p 3n P°(P ~ 1) 

/ 3 3 - 1 

and 

a° + •.. + a 
3n 

3, 3n 1X a (a - 1) 

Thus , F 3 + F 6 + + F 
^3n 3n Q 
3 + a + p° 

F 3 n + 3 + F 3 n " F 3 

03n+3 3n+3 
_§_ + a 
a) 
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6. As another example consider F 1 + 2 F2 + ••• + n F , n positive. Now 

since 

P + 2/3' + n/3 = /3 n ^ - l - gP + i 

0n+2 „n+3 , J 
n/3 - j8 + jS 

1 + 2x + ••• + nx n -1 
dx 

x(x - 1) 
(x - 1) 

Also, a + 2a2 + ••• + na = no? - a + ad. Therefore , Fx + 2 F2 + . . . + n F 
= n F 0 - F 0 + Fo. Note that a s imi lar resu l t holds for a general F-sequence. n+2 n+3 6 & 

7. Let us consider some resu l t s that utilize the binomial theorem. Since 

and 

/3n = (1-af = £ ( (-1)^ 
j=0 

v U 

*n = a-/3)n = E ( ) ( - D V . 

it follows that 

hence, 
j = 0 \ j , 

Also, 

r = y 
j=0 

(-D3+1 F, 

^ E O A j=0 
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8. Again using the binomial theorem, 

n > 

a
2n = a+̂

n = v r w 
and 

^ = (i+^n = i : 
3=0 O 

Therefore 

also 

j=o VJ 

If {u } i s a general F-sequence , it also follows that 

u 0 2n SO-
9. As a final example to i l lus t ra te the usefulness of the a- and /3-sequences in 
establishing Fibonacci re la t ions we will derive the resu l t 

F = F ^ F + F F , n n-p+1 p n-p p - 1 

for all n and p . F i r s t , from 
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,p ,n -p - l nP-1 ,n-p ,n - l ,n - l nn. , 
[3^ [3 + [^ j3 F = j3 - fS = (3 (j3 - a) 

and 

we obtain 

,-# n-p+1 .p-1 n-p . 

r t n-p+1 t n-p 

Similarly, one can show that 

a - a r _, -i- a 1 
n-p-^l n-p 

It then follows that F = F F -, + F J and if {u } i s an F-sequence . 
n p n-p+1 p - 1 n-p L n J 

then 

u = u F , + u , F 
n p n-p+1 p -1 n-p 

Note that if q = n - p + 1. then u 1 = u F - r u ^ 1 F 
1 ^ p+q-1 p q p -1 q-1 ^ n n n n Since p -a = V5 F and [3 + a ~ L , it follows that 
' n m 

and 

..1 Examine — 
P 

L + \/5 F 
.n n n 

/3 = _ _ 

L - \/5 F 
n n n 

a = _ /VMVWWW\V\VYVW^ 

HINTS TO BEGINNERS' CORNER PROBLEMS 
(See page 59) 

1.2 Use identity III . 
1.3 Notice that p. p -r- 1. p + 2 a r e three consecutive in tegers . Since p > 3 is 

an odd p r ime , p - 1 is even. Why must p * 1 be a multiple of 3? 
1 . 4 2 5 * 7 - 1 = ( 2 5 ) ' - ( 1 ) T = ( 2 s - 1 ) [ ( 2 5 ) 6 + ( 2 5 ) 5 4- . . . + ( 2 5 ) t- 1 ] . 

1.5 If N is composite, then by T l it must have a p r ime factor p. This factor 
must be one of the following: 2. 3, 5, 7, •••, p . Thus p;N and p|(2-3-5---p ). 


