REPRESENTATIONS BY COMPLETE SEQUENCES — PART I (FIBONACCI)
V.E. HOGGATT,JR. and S.L. BASIN, FIBONACCI BIBLIOGRAPHICAL
AND RESEARCH CENTER, SAN JOSE STATE COLLEGE

1. INTRODUCTION

The notion of completeness was extended to sequences of integers when
Hoggatt and King [1] defined a sequence {Ai}i:1 of positive integers as a
complete sequence if and only if every natural number N could be represented
as the sum of a subsequence,{ Bj}jlz‘ , such that Bj = Aij .

A necessary and sufficient condition for completeness is stated in the fol-
lowing Lemma, the proof of which is given by H. L. Alder [2]and J, L, Brown,
Jr. [3].

Lemma 1.1 Given any non-decreasing sequence of positive integers
{A;}. °°1 , not necessarily distinct, with A; = 1, then there exists a sequence

1 '
sented as the sum of a subsequence {B } —y» Le, N= § a'JA if and only
if, Ap+151+zA p=12,3,° =

The 1ntent10n of this paper is to extend this past work by investigating

{011}1_1 , where a; = 0 or 1, such that any natural number, N, can be repre-

the number of possible representations of any given natural number N as the

sum of a subsequence of specific complete sequences.
2. THE GENERATING FUNCTION

We denote the number of distinct representations of N, not counting
permutations of the subsequence {B } , by R(N). The following combin—

atorial generating function yields R(N) for any given subsequence {A1}1 —1

o

( Ai>
(1) M = I |\1+x
=1

Now, given any subsequence {Ai}ilil the expansion of (1) takes the form,

1
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o
2) M (x) = = R@m)x"
n=0
where
k
o= X A,
i=1 !

To illustrate this, consider the subsequence {2,1,3,4} of the Lucas sequence
400
{Ln}o , where L =L _+L and L,=2, L, = 1:

n- n-2°
Mx) = 1+ x?
3) Myx) = @ +x2) L +xl) =1+x+x2+x°
Oyx) = @ +x2) (X +x)y@+x3) =1+x+x>+ 23+ xt+ x5+ %6
Myx) = 1+ x+ x2+ 2x% + 2x4 + 2x5 + 2x8 + 2x7 + x8 + x% + x10 |

In (3) the coefficient of s R(n), the number of ways of representing the
natural number, n, by the summation of a subsequence of these four Lucas
numbers,

The expansion of (1) becomes quite tedious as k increases; however,
we have developed a convenient algorithm for rapidly expanding (1). The rep-
resentation of the factors of (1) is the foundation of this algorithm, The co-
efficients of X" in (2) will be tabulated in columns labeled n, The process of
computing entries in this table is as follows:

(i) The first factor of (1), namely (1 + xAi), is represented by

entering 1 in row 1, column 0 and row 1, column A, of our table,
The remaining entries in row 1 are zero,

(ii) The entries in row 2 consist of rewriting row 1 after shifting it A,

columns to the right.

(iii) The product (1 + xAi) a+ xAZ) is represented in the third row

as the sum of row 1 and row 2,
The following example considers the subsequence of { Ln};o given above. The

product
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k Aj
IIk(x)=l'[(1+x ), for k=14
i=1
and
{Ai}iil = {2,1,3,4} is given by,
0 2 3 4 5 6 7 8 9 10 11
11, (x) 1 0
0 1 0 1
I, (x) 1 1 1 1
0 0 0 1 1 1 1
I, (x) i1 1 2 1 1 1
0 0 0 0 1 1 1 2 1 1 1
TI,(x) 1 1 1 2 2 2 2 2 1 1 1

The coefficients R(n) of Hk(x), k=1,2,3,4 in the above table are exactly
those given in (3) and the entries in the row labeled I(x) are the number of
ways of representing the natural numbers 0 to 10 as sums of {2,1,3,4}, not
counting permutations,

Itis important to note at this point that the representations of the natural
numbers 4 through 10 will change and the representationsof 0through3 re -
main constant in the above table with subsequent partial products., The repre-
sentations which remain invariant under subsequent partial products will be
made explicit in Lemma 3,3 below,

Prior to investigating representations as sums of specific sequences, it

is convenient to define the following terms:

Definition 1,1 Level — The product ﬂk(x) is defined as the kth level in
the table.
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Definition 1,2 Length — The number of terms in Hk(x) will be denoted

th

as the length xk of the k= level. From (1) it is clear that

k
)\k =1+ .E Ai
i=1

Definition 1,3 R(n,k) denotes the number of representations of n in

th

the k level,

3. THE COMPLETE FIBONACCI SEQUENCE

Now that the machinery has been developed for the investigation of com-
plete sequences, we proceed with the study of representations as sums of
Fibonacci numbers.

Lemma 3.1 The length )\k is Fk+2 .

Proof: By definition

k
N = 1+ .Z A,
i=1
therefore
k
M =1 ZF = P
i=1

The following lemmas 3,2, 3.3, and 3.4 follow directly from the algorithm for
expanding Hk(x) .
Lemma 3.2 (Symmetry)

k k
R(EA. - j,k)= R@G,k) for j = 0,1,2,3,°+, Z A, .

i . i

1 i=1

Therefore,

k k

Rl ZF, -j,k|=R(j,k) for j = 0,1,2,+--, Z F,
1 1 1 1
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Lemma 3.2F
R (Fip - G+ 1k) = R(j,K), ] = 0,1,2,8,-++, (F,, - 1)
Lemma 3.3 (Invariance) (A; = Ay = Ag= ... = A=)
R(Jsk) = R(j,oo) for J = 0,1,2,3,.--, (Ak+1 - 1)
For the Fibonacci sequence we have,
Lemma 3.3F Since (F; =Fy = Fg= ... = an cee)
R(J,k) = R(j,°°) for ] = 09192"“s (Fk+1 - 1)
i.e., the first Fk+1 terms of Hk(X) are also the first Fk+1 terms of all

subsequent partial products

M, (), m = 1,23,
Lemma 3.4 (Additive Property)

R(A,, +i,k+1) = RA +3,k) + R(,k)

and by symmetric property, Lemma 3.2, it is also true that

k
R(Ak+1 +j,k+1) = R(Ak+1 +3,k) + R(fAi - j,k)

for

k
j=0,1,2,3,--, <12Ai - Ak+1)

For the Fibonacci sequence {Fi}ijl this is:
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Lemma 3,4F
R(F,, * §,k+ 1) = R(F,, +,k) + R(j,k)
and
R(F,, +i.k+ 1) = R(F, +i,k) +R (Fppp - G+ 1),k
for

J=0,1,2,3,°00, (Fk - 1)

Lemma 3.5F
R(Fk+2,°°) = 1+ R(stm)
Proof: Using Lemma 3.4F we have,
R(Fk+2’k +2) = RO, k + 1) + R(Fk+2,k + 1)

But

RO,k + 1) = R(0,») =1

By the symmetry property of Hk+1(x),

] J

ke+1 \
R ZAi—j,k+1 = R(j,k+ 1)
for

j=0,1,2,8,00, 3 A
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Since
k+1
Freg = 1+ 2 B
1
we let
j = (Fk+1 -1

which results in

R( k + 1)=R(Fk+1—1,k+1) .

Fk+2 ?

Also by Lemma 3.3F,

R ( -1,k+1) = R(F,, - 1,Kk)

Fla1 Kkt

By symmetry,

R( - 1,k) = R(F, k)

Pl

But invariance yields
R(F, k) = R(F,=)
Therefore,

R( ©) = 1+R(Fk,°0)

Fk+.2 ?
The notation R(m) will be used to denote R(m,~) in what follows.

Theorem 1,

R (F k+ 1

o) = BFgpy) =
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Proof: (By induction) When k = 1, we observe that

R(F,) = R(F;) = R(1) = R@) = 2

Il

The inductive hypothesis is
Rw%)=R®%H)=k+l

The inductive transition follows from:
Lemma 3.5F

R(Fgp,q»°) = 1+ R(F w) = 1+ (k+ 1)

2k’

R(F w) = 1+ R(F w) = 1+ (k+1).

2k+3*? 2k+1°?

The proof is now complete by mathematical induction, Proofs of the following

two theorems rely on:

Lemma 3.6F
(a) R(Fkﬂ + Fk—z' k+ 1) = R(Fk-l -1,k + R(Fk—Z’ k)
and
() R(Fk+1 + Fk—l’k + 1) = R(Fk_2 -1,k) + R(Fk_l,k)

Proof: Using the additive property of the algorithm as stated in Lem-

ma 3.4, we have

R(A +Lk+1)=R@m1+Lk)+RU$)

k
j=0Jﬂw-<?%—AmJ i

k+1
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Let j= Ak—2 for (@), and j = Ak—l for (®),
€  R@Apy + A, k1) = ROA, + 4 o, k) +RA ,, k)
) BByt A gkt 1) = RAL, + A g, k) + R 4, k)
By symmetry (Lemma 3,2)
k
(e) By * A0 = RUZ A = Ay = A g0k
k
@ R * A0 = R 12 Ay = Ay T A K
Therefore
k
R@A,,, +A ,k+1) =R f A=A - A Lk [+RA,, k)
k
Ry * Ao kP D = BLE A = Ay = A g B RGy0 1)
Specializing the above for the Fibonacci sequence,
(a) R(F,  * F o,k+1) = R(F_, - 1,k) + R(F_,,k) ,
) R(F 4+ F 1, k+1) = R(F_, -1,k + R(F_;, k)
Theorem 2 R(ZFk) = 2R (Fk—z)
and
R(2F, ) = R(2F, ;) = 2R(F, ,) = 2R(F, ) = 2k
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Proof: Using the recurrence relation

and Lemma 3,6F we have,

R(2F, ) = R(F F = R(F_,) + R(F)_, - 1).

1 b Freg)

However, by symmetry and invariance,

R(F,_; - 1,k=-2) = R(F kK -~ 2) = R(F

k-2 k-2

so that
R(éFk) = ZR(Fk_z) .
Applying Theorem 1 to F2k—2 and szml yields
R‘(2F2k) = ZR(FZR—Z) = 2k
and

R(2F2k+1) = ZR(FZk-—l) = 2k

= R(Ly ) = 2k -1, k = 1

R(Ly,*) = R(L,k+1) = R(F,; + F_ ,k+ 1)

= R(F k) + R(F,_, - 1,k)

k-1°

from Lemma 3.6F.
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By symmetry, Lemma 3.2F,

R(F,_, - 1,k-2) = R(F,_;,k- 2

But, from Lemma 3.5F,

R(F_;,k-1) = R(F_ ,k - 2)+R(0,k- 2)

and

R(F,_,,k=-2 = R(F,_ ,k-1)-1

from the above equation.

By Lemma 3.3F,

R(Fk—l’k - 1) = R(Fk_l,"o)

Therefore

R(L,) = 2R(F,_;) - 1

By Theorem 1,

R(Fgp) = R(Fgy4) = k+ 1
so that
R(Ly ;) = 2R(Fy ) -1 =2k -1,
R(sz) = 2R(F2k_1) -1 =2k-1
Lemma 3.7F
2 - 2 2
(@) R(Ff,; - 1) = RE} ) + R(F - 1)

11
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) R(Fk+1 - 1) = R(FIZ{_‘ - 1) + R(F )

Proof of Lemma 3.7F:

Since

= 2 2 2 = F 2
Fon = Fpep ~ Fpogs then Fp = Fo = Fo 4

which gives

R(F2,,,2n) = R(F, + F2 , 2n)

n+l? n-1°

By addition property, Lemma 3,.4F,

[Oct.

2 = 2 - -1 -~ F? -
R(FZ . ,2n) = R(FZ_,,2n - 1) + R(F, ;- 1-F2  ,20-1)
- . — 2 2
and by symmetry, Lemma 3,2F, and the identity F2n+1 = Fn+1 + FIl ,
- - F2 - = 2 -
R(Fy ,-1-F  ,2n-1) = REF: -1,2n-1)
Therefore
R(F2,,,2n) = R(FZ_,,2n - 1) + R(F2 - 1,2n - 1)
Similarly,
2 - - 2 _ 2 _
R(F2,; -1,2n) = R(F?_, - 1,20 - 1)+ R(F,2n - 1) .
Since
F2 = F__ -1; F2 = F_ -1 ;
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2
Fn—l»l =

F 1

3

2n+1

then by invariance, Lemma 3.2F,

R (F? 2n) = R(F%Hl) = »R(F%l_l) + R(Ff1 - 1)

n+1?
and
2 - . = 2 — - 2 - 2
R(F2 , -1,2n) = R(FZ , - 1) = R(F,_; - 1) +R(F2)
Theorem 4
_ ) o
() ‘ RFok-1 =1 = Fax
2 —
(®) R(For o) = Forg
. 2 —
© . o Ry m D= Loy
@ R(Fok1) = Torep
Proof: (By induction)
Fp = 0; R(F}) = R(F} - 1) = R(F§ - 1) = 1
and
2y _
R(F;) = 2
2 — 2 2 _
(a) R(FL) = R(F}_,) + R(F}_; - 1)
22 _ 1y - R(F? _ 2
(b) | R(FL - 1) = R(F}_, - 1) + R(F} ;)

13



14 REPRESENTATIONS BY COMPLETE SEQUENCES

by Lemma 3.7F,
Replacing k by 2k in Lemma 3.7F (a), yields

i

R(F2,_ )+ R(F

2 .
R{Fo) k-2 b

2 -
2k-1

Thus

2 I _
RO = Forg ™ For = Fopeq -

Replacing k by 2k+ 1 in Lemma 3,7F (b), yields

R(Foer = 1) = R(FG g - D+ R(FRy)
= Fop * Foprg
Therefore
RFAq =1 = Foppg
Similarly,
R(Fheg) = ROEGe ) + REY - 1)
R(Fhq) = Dopg * Lo g = Loy
and
R(Fhp = 1) = REY - 1) + RIF )
R =D = Lgpq + Tgp = Loy

[Oct. 1963]

Many more fascinating properties of complete sequences will follow in Part IT

of this paper.
References may be found on page 31.



