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THE GOLDEN RATIO; COMPUTATIONAL CONSIDERATIONS 

1. INTRODUCTION 

"Geometry has two g rea t t r e a s u r e s : one i s the Theorem of Py thagora s ; 

the o ther , the division of a line into ex t reme and mean ra t io . The f i r s t we may 

compare to a m e a s u r e of gold; the second we may name a p rec ious jewel" — so 

wrote Kepler (1571-1630) [1] . 

The famous golden sect ion involves the division of a given line segment 

into mean and ex t r eme ra t io , i. e. , into two p a r t s a and b , such that a /b = 

b / ( a + b) , a < b . Setting x = b / a we have x2 - x - 1 = 0. Let us designate 

the posit ive root of this equation by 0 (the golden ra t io) . Thus 

(1) 0 2 - <p - 1 = 0 . 

Since the roots of (1) a r e <p = (1 + 4h)/2 and - 1 / 0 = (1 - N / 5 ) / 2 we may 

wr i t e Binet f s formula [2 ] , [ 3 ] , [4] for the n Fibonacci number in the form 

(2) F = 0n - (-0)~n 

N/5 

2. POWERS OF THE GOLDEN RATIO 

Returning to (1), let us "solve for 0 2 " by wri t ing 

(3) 02 = 0 + 1 . 

Multiplying both m e m b e r s by 0 , we get 0 3 = <p2 + 0 = (0 + 1) + 0 = 20 + 1. 

Now 0 3 = 20 + 1 yie lds 0 4 = 20 2 + 0 = 2(0 + 1) + 0 = 30 + 2. S imi lar ly , 
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0 5 = 302 + 2(f) = 3(0 + 1) + 20 = 50 + 3 . 

This pattern suggests 

(4) 0 n = F n 0 + F n _ 1 , n = 1,2,3, . -• . 

To prove (4) by mathematical induction [5],. [6], we note that it is true for n 
k = 1 and n = 2 (since F0 = 0 by definition). Assume 0 = F, 0 + F, . 

k+1 o 
Then 0 = F k 0 2 + F ^ = Ffe(0 + 1) + F ^ t f ) = (Ffe + F ^ ) 0 + Ffe .= 
F, 1 0 + F, , which completes the proof„ The computational advantage of (4) 
over expansion of 

by the binomial theorem is striking. 
Dividing both members of (3) by 0, we obtain 

(5) 

Thus 1/02 = 1 - 1/0 = 1 - (0 - 1) = »(0 - 2). Using this result and (5), 1/03 

- 2/0 - 1 = 2(0 - 1) - 1 = 20 - 3. Similarly, l / 0 4 = 2 - 3/0 = 2 - 30 + 3 = 
-(30 - 5). Via induction, the reader may provide a painless proof of 

(6) 0 " n = (~Dn + 1 ( F n 0 - F n + 1 ) , n = 1,2,3, ••• 

3. A LIMIT OF FIBONACCI RATIOS 

If we "solve" x2 - x - 1 = 0 for x by writing x = 1 + l /x and then con-
sider the related recursion relation 

(7) xi - 1, x J_1 = 1 + — 
v ' i » n+x x 

n 
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Fibonacci numbers start popping out! We immediately deduce x2 = 1 + l /x t 

= 1 + 1/1 = 2, x3 = 1 + l /x2 = 1 + 1/2 = 3/25 x4 = 5/35 x5 = 8/5, etc. This 
suggests that xn = Fn+1/Fn . 

Now suppose the sequence xl s x2, x3, • • • has a limit, say L, as n -* 
co. Then 

lim x , - = lim x = L 
n->co n+1 n-^co n 

whence (7) yields L = 1 + l / L or L = <p since the x. are positive. Indeed, 
there are many ways of proving Kepler's observation that 

(8) lim ^£+1 
n 

E. g. , from (2) 

n 
since 0 = (1 + ^ ) / 2 > 1 

F 
n n ,n 

(-0) <£ 
implies that the fractions involving <p approach 0 as n -* oo . 

4. AN APPROXIMATE ERROR ANALYSIS 

Just how accurate are the above approximations to the golden ratio? Let 
us denote the exact e r ror at the n iteration by 

(9) e n S xn - 0 

The trick is to express e - in terms of e and then to make use of the identity 

(10) y—1— = 1 - w + w2 ~ w3 + w4 - • • • , w < l 
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(The latter may be discovered by dividing 1 by 1 + w ; cf. [ 7 ] . 
Thus 

-, , 1 
en+l Xn+1 

= 1 

= 1 

e + n 1 + (en/<t>) 

n n 

[l --(en/</)) + (en/^)2 - (en/0)3 + . . . ] 

= <£> - 1 by (5) . since 

Howevers the terms involving the higher powers of e are quite small in com-
parison with the first term,, Thus, following the customary practice of neglect-
ing high order te rms, we will approximate the error at the (n + l)st step by 
€ = - e $~2. Finally, we may note that e2 ~ ""eic/)""29 e3 = -ei<P~2 - e i0""4

9 

€4 = -€t<p 6 , and3 in generals 

(11) , -xn+l ,-2(n-l) 
e = (-1) ei<t> 

5e COMPUTATION OF <j> VIA MATRICES 

We recall (cf. [8]) that if the matrix 

M = 
a b 

c d 

and the column vector 
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then the product Mv i s defined to be the column vector 

a r + bs 

I c r + ds 

Let us invest igate the r e c u r s i o n re la t ion 

(12) v n + 1 = A v n , n = 1 , 2 , 3 , - • • 

where A i s a given m a t r i x and vt a given vec tor . (For convenience we will 

always take vt to be the f i r s t column of A„ ) 

(a) If A is the Q ma t r ix [ 9 ] , [10] (I *) , then vt - Q ] and v2 -

A * . - ( i S ) ( i ) ; ( i ) . w . - (U) ( ! ) - (J ) - '« - I S ) - - -
( 5 ) » ' • • » v

n = ( F + 1 ) ' " ' ' T h u S i f V i = ( s* ) 3 t h e n f o r A = Q t h e r a t i ° ' 

r ^ / s-j_ i s p rec i se ly the approximation to <fi obtained from (7). 

(b) Let A = ( % M . Then 

" - ( J i K O - U ) - ' * - ^ !)(!)-( ' . ' ) • * • - ( £ ) • -
/ F 2 n + 1 \ 

This t ime v = I „ . Note that h e r e the ra t io obtained f rom, say , v3 i s 
n \ *2n / 

exactly that obtained from v6 when A i s taken to be the Q mat r ix . 

(c) Fo r A = ( ) , the success ive approximat ions suggested by (12) 
1 - 1 

tu rn out to be 

(13) X zl A. d* 
- 1 ' 2 5 - 3 5 5 

F r o m the d iscuss ion in (a) above i t i s easy to deduce that the l imi t of the s e -

quence (13) i s - T\ i the negative root of (1)1 
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Similar ly p leasant r e s u l t s may be obtained from (infinitely many) o ther 

A ! s . Severa l poss ib i l i t ies a r e suggested in the following e x e r c i s e s . The 

mathemat ica l ba s i s for this approach will be explored in a future i s sue . 

6e EXERCISES 

E l . Show that the definition of the golden sect ion leads to the equation 

x2 - x - 1 = 0. 

E2. Use mathemat ica l induction to prove (6). 

E3 . How shouldyou define F , (k > 0) in o r d e r that (4) would hold for 

negative values of n ? 

E4„ Verify (10) by long division. Find an additional check by s t a r t ing 

with the r igh t -hand m e m b e r . 

E58 Give an induction proof of (11). 

E6. Show that when x1 - 1, the e s t ima ted e r r o r given by (11) becomes 

. - .n , l - 2 n 
€n = ( -1) (j) 

Hint : Use (5). 

E7. Using the r e s u l t s of E6 (with <p = 1.618) compute an es t ima te of 
F t l / F 1 0 - 0 . Compare this approximate e r r o r to the actual e r r o r (given <fi = 

1.61803). Thus although € i s a function of 0 i ts elf, It can be use d in approx i -

mat ing (p to a de s i r ed number of decimal p laces . 

E8. A compar i son of the th ree values of A exhibited above r evea l s that 

in each ca se A has the form 

/ w 1 

\ 1 w - 1 

It t u rn s out that w need not be an Integer . Exper iment with different values 

of w. Hint: cons ider the ca ses 

(a) w > <fi 

(b) | < w < 0 
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(c) 

(d) 

E90 What happens , in the preceding e x e r c i s e , when w = 1/2? 

E10. Explain why the f i r s t two i l lus t ra t ions of (12) a r e essent ia l ly " c o m -

putationally equivalent.?? Hint- count the min imum number of a r i thmet ic o p e r -

ations r equ i r ed in each case* 

REFERENCES 

1. He S8 Me Coxeter , Introduction to Geometry , John Wiley and Sons, Inc. , 

New York, 1961, p . 160e 

2„ The Fibonacci Quar te r ly , 2 (1963), 6 6 - 6 7 . 

3. , 2 (1963), 73. 

4. , 2 (1963), 75, 

5, , 1 (1963), 61. 

•6. ___? 1 (1963), 67. 
7. , 2 (1963), 65. 

8. , 2 (1963), 61. 
9. , 2 (1963), 47. 

10. , 2 (1963), 6 1 - 6 2 . 

EDITORIAL REMARK FROM PAGE 19: 
x 

In the European notation, 763,26 means what 763,26 does to u s , and 2.5 means 
2 (5 X ) = 2 . 5X . 

HAVE YOU SEEN? 

Nathan J. F ine , Generat ing Funct ions , Enr ichment Mathematics for High School^ 

Twenty-eighth Yearbook National Council of Teache r s of Mathemat ics , Wash-

ington, D. C. , 1963?- pp. 355 — 367. This i s an excellent and Inspir ing a r t i c l e . 


