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1. In a recent paper [ l ] , Cadogan has discussed the function 0.(n) 
which satisfies the recurrence 

(1) 0k(n) = 0k(n - 1) + 0k_1(n - 1) (n > k ^ 1) 

together with 

(2) <Mn) = pta) 

and 

(3) 0fe(k) = 2k~X (k ^ 1) . 

As usual p(n) denotes the number of unrestricted partitions of ns so that 

00 

(4) ]Cp ( n ) x I 1 = T l ( i -xI1) 

n=0 

The object of the present note is to obtain a generating function for 
0k(n)9 Put 

*kw = Z A ( n ) x n •• ' k v 

n=k 

n k 
®{x$j) = y ^ ^ k ( x ) y k = ^ 0 k (n )x n y 

k=0 n,k=0 
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Then, by (1) and (3), we have 

OO 

<Dk(x) = 2 k _ 1 x k + Y^ ^ k
( n " 1] + \-l(n " 1)}Kn 

n=k+l 

OO OO 

= 2k-1 xk + x^* k (x n )x n
 + «2*k-lW x n 

n=k n=k 

= 2 k ~ 1 x k + xd^(x) + xct>k_1(x) - 0k_1(k - l )x k , 

so that 

(5) 

(6) 

(1 - x)*j(x) = x#o(x) , 

(1 - x)<t»k(x) = 2 k _ 2 x k = x<t>k_1(x) 

It follows that 

(k >1) 

*(x,y) = 4>0(x) + ^(xjy + ^ * k ( x ) yk 

k=2 

OO 

= *0w + j ^ *0w + r ^ r S { 2 k " 2 x k + x * k _ i ( x ) > y k 
k=2 

= «W + W~-•*£ - xy) + T^x «*«'*> ' 

We have therefore 

(1 - x)(t>0(x) x 2 y 2 

®&>y) = l _ x - xy" + (1 - x - xy)(l - 2xy) 
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2. By means of (7) we can obtain an explicit formula for <J>, (x). Since 

1 - x = / i _ xy \ 
1 - x - x y ^ 1 - x J 

-1 _ y xkyk 

and 

r r 
(1 - x - xy)(l - 2xy) £^ ( __ a 

r=0 ; s=0 
i f e - * ^ / I ^ r \ r + ^ ^Lrn^i 

ZLJX y Z-# 

k . 
2 k " r 

I A A ( 1 ™ X ) 

k=0 r=0 

it follows that 

k t ^ 9k-r-2 k 

Moreover, since 

<i-)r+1 n (
r: °y 

Eq. (8) implies 

« • k w-E( k t r 1 ) * - ' - - *£*~ a ( - " ' k + r ) 
r=0 r=0 

(k > 2 ) 

For k = 1, we have 



160 A GENERATING FUNCTION [Feb. 

n-1 

(10) 0:l(n) = ^T P(n - r) 
r=0 

as is evident from (5)8 

Replacing k by n - k in (9) we get 

n-k-2 
(11) 

r=0 " ' r=0 

K n-k-2 
rk t„\ \ " ^ / n - k + r - l \ ,. x , V^ 0n-k-r-2/k + r\ *n-kW = Z^V r ) p ( k - r ) + L, 2 ( r J 

(n s> k + 2) 

Cadogan [1] has derived the formula 

r=3 N ' r=0 x 

(12) 

= g /» - k + r - l)p ( k _ r) + W k + r - sWl 
r=0 r=0 ^ 

(3 < k < n, n ^ 4) 

To show that (11) and (12) are in agreement, it suffices to verify that 

n-k-2 
V ^ n - k - r - 2 / k + r \ 

r=0 

n-k-1 

(13, -2'^"1(k+r,)-(V)-(E:;)-'(l:a') 
r=0 

n-k-2 
-£*> 4 ~«( k + r - , ) - ("; , ) - , ( - i ' ) - 4 ( - i> 

r _ 0 (n a k + 2) 

Since 
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n-k-2 
161 

y ^ xn"k~2 y ^ 2n~k~2 > 2fk + r^ 
i=k+2 r=0 

oo oo 

= ^ ( k ; r ) x r ^ 2 n x n 

r=0 ^ ' n=0 (1 - x)k+1(l - 2x) 

and 

oo in—k~2 

Zfk"2 J E *"k-in ( k + r j - f ; 2 ) - »(E : i) -«(J: J) 
(1 - x) k _ 2 ( l - 2x) (1 - x ) k + 1 (1 - x)k (1 - x ) k _ 1 

(1 - x)k + 1( l - 2x) 

it is evident that (13) holds 
3. Put 

•^ = XA ( n ) y k ' 

so that 

k=G 

*o(y) = 1» *i(y> = 1 + y. ^2(y) = 2 + 2 y + 2y2 

Then by (1) and (3), for n > 29 

n-1 
i//n(y) = P(n) + £ } {^(n - 1) + ^ ( n - D}y k + 211"1 y11 

k=l 

= p(n) + ^ n - 1 ( y ) - p(n - 1)) + y G / ^ t y ) - 2n""2y11"1) + 2 n ^ y11 
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(14) ^ ( y ) = p(n) - p(n - 1) + (1 + y J ^ C y ) + 2 n " 2 y11 (n s= 2). 

F o r example! 

^2(y) = 1 + (l + y)2 + y2 = 2 + 2y + 2y2 

t/i3(y) = 1 + (1 + y)(2 + 2y + 2y2) + 2V3 

= 3 + 4y + 4y2 + 4y3 

It i s also evident from (14) that 

(15) ifjn(l) = p(n) - p(n - 1) + 2 n ~ 2 + 2 ^ n - 1 ( y ) (n ^ 2) 

and 

(16) ^ ( - 1 ) = p(n) - p(n - 1) + ( - l ) n 2 n " 2 (n > 2) . 

The l a s t two formulas a r e also Implied by (7). 
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