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^ back-to-back relationship between integer representations is one in 
which the representation of an integer in one base is the reverse of its rep-
resentation in some other base. Finding such integers and bases is elemen-
tary , but the concept does not appear to have received any attention in the 
literature. A double back-to-back relationship goes one step further: the 
base indices (written in scale 10 notation) are also the reverses of each other. 
Examples of single and double back-to-back relationships are: 

7310 = 3722 

16982 = 96128 

Table 1 gives all solutions for integers that have 2, 39 or 4 digits in 
base-10 notation. The reader may feel tempted to find examples with 5 or 
more digits. Table 2 l ists some of the known double back-to-back examples9 

leaving a wide open field for the computing-minded enthusiast. 
For single back-to-backs we concentrated on finding reverses for base-

10 cases. Without that restriction there would be an unlimited number of ex-
amples 9 such as: 

7413 = 4722 

3526 = 53^ 

If A, B9 C9
 9 • • 9 represent the digits of an integer N9 in base b no-

tation 9 we seek relationships of the form: 

* Mound Laboratory is operated by Monsanto Research Corporation for the 
Atomic Energy Commission under Contract No. AT-33-1-GEN-53. 
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(1) N = (A)(B)(C) - . . (M)10 = ( M ) . . . (C)(B)(A)b , 

or solutions to the equation 

(2) A-IO*1"1 + B-10d"2 + - C 1 0 d " 3 + . . . +M 

= M - b ^ 1 +' • • • + C-b2 + B-b + A , 

where d represents the number of digits in N. For 2-digit cases we have: 

(A)(B)10 = (B)(A)b 

or 

(3) 10A + B = bB + A 

The solution of (3) is obviously a simple matter. Somewhat more ted-
ious, the 3-digit cases entail integral solutions of 

(4) 100A + 10B + C = b2C + bB + A . 

Both the 2-digit and 3-digit cases were found by hand. The lists were 
checked and confirmed as complete with a Hewlett-Packard 9100A program-
able calculator — this taking barely two minutes. The same calculator dis-
covered all the 4-digit cases in less than 90 minutes. 

The problem of solving Eq. (2) may appear formidable, but there are 
limits which reduce the amount of numerical work. For a 3-digit case the 
largest base to be considered is 31. This is so because with b = 32, we 
must have a 4-digit case since 322 = 1024. Similarly the maximum bases 
for 2, 4, 5, and 6 digits would be 82, 21, 17, and 15, respectively. 

Finding solutions for double back-to-backs is more complicated since 
both the representations and the bases must be in reverse relationship. If 
a, b, c, • • • , represent the digits of the bases written in base-10 notation, 
we have 
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Table 1 
SINGLE BACK-TO-BACKS 

2-Digit 

215 

131 0 

211 0 

23j.o 

31io 

41 1 0 

4210 

43io 
4610 

= 

= 

= 

= 

= 

= 

= 

= 

314 

1219 

327 

1328 

1437 

2419 

3413 

647 

511 0 

5310 

61i0 
6210 

6310 

71io 
7310 

811 0 

= 

= 
= 

= 

= 

= 
= 
= 

1546 
3516 

I655 
2628 

3619 

1^64 
3722 
1873 

8210 

8 3 i 0 

8410 

8610 

91 1 0 

93i0 

= 

= 

= 
= 

= 

= 

283 7 

3825 
481 9 

6813 

1982 

3928 

3-Digit 

19010 = 0912 1 77410 •= 47713 

3711 0 = 1731 6 83410 = 4381 4 

4411 0 = 14419 88210 = 28819 

445 i 0 = 5449 91210 = 21921 

5111 0 = 11522 9611 0 = 16928 

5511 0 = 15521 

4-Digit 

080110 = 10809 329010 = 0923i9 

109010 = 0 9 0 % 51411 0 = 141516 

154010 = 04511 9 77211 0 = 127719 

211610 = 61127 94711 0 = 174919 

(5) ( A ) ( B ) ( C ) - ( M ) ( a ) ( b ) ( c ) . . . ( m ) 

= ( M ) - . . ( C ) ( B ) ( A ) ( m ) . . . ( c ) ( b ) ( a ) m 

In order to keep computation within reasonable limits, examples were 

sought with bases of only two or three digits. A 3-digit integer representa-

tion with a 2-digit (in scale-10) base would involve the equation 
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(6) A[(a)(b)] 2 + B[(a)(b)] + C 

= C[«b)(a)]2 + B[(b)(a)] + A . 

F o r example , if A = 1, B = 6, C = 9, a = 8, b = 2 , we have: 

1 [ 8 2 ] 2 + 6 [82] + 9 = 9 [ 2 8 ] 2 + 6 [28] + 1 = 7225 ; 

that i s , 

16982 = 9612 8 

In Table 2 a r e l i s ted examples of double back- to -backs . All those in 

the second p a r t of Table 2 were found by us without ca lcu la tor aid. 

Var ia t ions on this type of r ec rea t ion a r e end les s . Some of the s imp le r 

ones could provide c l a s s r o o m enr ichment m a t e r i a l without entai l ing too much 

t ime on computation. This type of number s ea r ch could also add z e s t to the 

cu r r en t emphases on modula r a r i thmet ic in the so-ca l led "new mathemat ics . T t 

Table 2 
SOME DOUBLE BACK-TO-BACKS 

0519 1 = 15019 

14473 = 441 3 7 

16982 = 9612 8 

50843 = 80534 

If t e r m s in pa r en the se s a r e cons idered as single "d ig i t s " in the given base we 

may have examples such a s : 

(1) (12) (7)3! - (7)(12)(1)13 

(1) (10) (10)^ = (10)(10)(1)14 

(6)(10)(15)M = (15)(10)(6)47 

(10)(0)(16)43 = (16)(0)(10)84 
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(12) (20) (30) 74 = (30)(20)(12)47 

(17) (10) (33)64 = (33)(10)(17)46 

(18)(30) (45) r4 = (45)(30)(18)47 

(19) (25) (37)64 = (37) (25) (19)46 

(21)(40)(41)64 = (41) (40) (21)46 

(6)(149)(17)251 = (17)(149)(6)152 

(19)(44)(52)251 = (52)(44)(19)152 

(38)(88)(104)251 = (104)(88)(38)152 

(47)(13)(91)352 = (91)(13)(47)253 

(94)(26)(182)352 = (182)(26)(94)253 

[Continued from page 202.] 

m n 

E V c. , a . . = 0 (m + n -> 0) . 
j=0 k=0 

However this i s true of arbitrary a „ with a00 ^ 0. We may define c, , 
m , n j»K-

by means of 

00 

m,n=0 J j9k=0 

Late Acknowledgements, David K l a r n e r solved H-168 and H. Kr i shna solved 

H-173. 
Commenta ry on H-169. The theorem is false . Le t a = F ^ + 2 , b = c = 

F 2 n + 1 ' d = F 2 n T h u s f r 0 m F m + l F m - l " F m = ^ ^ W e h a v e a d " b C 

= - 1 , while ab + cd = ( F 2 n + 2 F 2 n + 1 + F 2 n F 2 n + 1 ) = F 2 n + 1 L 2 n + 1 = F 4 n + 2 . 

However, let N = F 2 n t F 4 n + 2 > so that F ^ + l = F ^ F ^ and tf + 1 

i s composite. CONTRADICTION. 
The Editors, V. E. Hoggatt, J r . , and R. E. Whitney 


