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1. INTRODUCTION

Let Fn be the nth Fibonacci number and let

Q =(} 3)

This matrix has the interesting property that

Inthis paper, we introduce a general type of Q-matrix for the generalized Fib-
onacci sequence {fn,r}’ and some of the interesting properties of the Q-
matrix are then generalized for these sequences. An extension to the general
linear recurrent sequence is also given. See [1] for more information on the

Q-matrix proper.

2. THE MATRIX Qr

Recall that the Fibonacci numbers {Fn} are defined by Fovo = Fpu
+ Fn’ with Fy = 0, F; = 1. Now let us define the generalized Fibonacci se-

quences {fn,r} for r =2 by fn,r = n—1,r+“' +fn-r,r’ with fO,r =
f = e =f =0, f = 1. Note that r = 2 gives the Fibonacci
1,r r-2,r r-1,r

numbers.

Now define a matrix Qr by

110 0
101 0
Q = ;001.--0
r 0 ... 01
1000 220
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Note that Qr is just the r - 1 identity matrix bordered by the first column
of I's andlast row of 0's. In order to motivate this definition, note that

Fn+2 Fn+1
n n-1 Fn+1 Fn

We have thus defined Qr so that this property holds for the matrix

(

n+r+1~i~j,r) =i j=r.

Theorem 1.

fn+r—1, T fn+r—2, r T fn, r
r-2 r-2 r-2
QY = fn+r-2—11, T E fn+r—3—i,r ot Z fn—i—l, T
r . . .
i=0 i=0 =0
fn+r—2:, T fn+r-3, r T fn—l, r

(the general term is

r-j
qjk; = an+r—i-k—1,r )-
i=0

Proof. Let r be fixed and use induction on n. This is trivially veri-

fied for n = 1, 2. Assume true for n, and consider

firt,r brroz,r fo,r
r-2 r-2 r-2
QP = Qlq = 2 fr_ai, ¢ ftr-soi,e " 20 foica, e .
r ror . . L
i=0 i=0 i=0
fn+1'—2, r fn+1r:—3, T U fn-l, T

(equation continued on next page. )
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110 -0

101 -0 0
1t . 001 0
T 0 ..s 01
1000 ... 0
n+r,r n+r-1,r fn+1 , T
r-2 -2 r_2
= E fn+r—1't—~1,r Z fn+r_2_jgr te Z fn—i,r - Qn+1 ,
i=0 i=0 1=0 T
fn+r‘19 r fn+r—2, r fn9 T

which completes the proof of the theorem.

We write this matrix in neater form by letting Pr = (fr—i-j 12,1

i, j=r, where f _— is found by the recursion relationship. Then
—ily

), 1=

f N i
n+r,r n+l, r

PrQr = . .

In+1,r f‘n:-'r+2,r

An interesting special case of our theorem occurs when r = 3, where

the numbers { fn 3} are the so-called Tribonacci numbers of Mark Feinberg.
9

3. APPLICATIONS

We now develop some of the interesting properties of the matrices Q?
and Pr QE, , which in turn are generalizations of interesting properties of
the matrix Qn, which is the special case when r = 2.

It is readily calculated that

n, _ n _ (2n+1) (r-1)/2
det (PrQr) = (det Pr}(det Qr) = (-1) .
For r = 2, we have the corresponding Fibonacci identity

Fz — (_1)n+1

FroanFnr — T .

The traces of QI; and PrQ?‘ are also readily seen to be
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r fr-j r
n, _ B .
TT(QI.) = Z E fn+1‘—i-j“1sr - E ]fn+r—'j—l, T
=1 \i=0 =1

f + coe + f

n _ -
Tr(PrQr) - fn-!-r,r + n+r-2,1 n-r+2,r °

For r = 2, we have

The characteristic polynomial of Qr is x' - xr'l -ees —x -1, which

is also the auxiliary polynomial for the sequence {fn r}' Since Qr satisfies
H
its own characteristic equation, Q:. = Qf_“l +oeoe + Qr + 1, hence

rmo_ r-1 n
Q=@ e +Q D",
Expanding by the multinomial theorem and equating elements in the upper

right-hand corner yields

£ = E LU
rn,r ey kil e kr! ky +2k2+‘ (X +(I‘-—1)kr_1, r
10 "5

k1.+' ootk =
T
For r = 2, we recover the familiar

n

Fon = 2o (E)Fk :

k=0

= QmQr;,: equating elements

. N - m-+n
Now ccnsider the matrix equation Qr r

in the upper left-hand corner yields

r r-j

fm+n+r—1,r = Z fm+r—j,r fn+r—2—i,r
=1 \{i=0
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and for r = 2, we have Fm indl = Fm 1 Frl 1 + Fan. Note that several
other general identities can be obtained in this way.

We now use the matrix Qr to show that the product of two elements of
finite order in a non-abelian group is not necessarily of finite order. This

generalizes a counterexample given by Douglas Lind in [2], which results for
r = 2. Let

-1 0 -1 -1

0
_ 1 1 1
Rr— 0 i Sr_ : 0
1 . 1
1 0

S0 Rr and Sr are of finite order, but (Rrsr)n = QIII_ #1, for all n, by
Theorem 1, so that RrSr is not of finite order.

It is of some interest to observe that the matrices erl give explicit ex-
amples of Anosov toral diffeomorphisms. That is, viewed as a linear map on
Br, QI; preserves integer points and is invertible with det # 1, hence in—
duces a diffeomorphism on the quotient space Rr/ Z*. The hyperbolic toral
structure follows, since erl has no eigenvalue of modulus 1, using an argu-
ment via the characteristic polynomial as in [3]. Any suchAnosov toral dif-

feomorphism comes from a linear recurrent sequence whose auxiliary equa-
tion is given by the polynomial of the diffeomorphism.

4, THE GENERAL LINEAR RECURRENT SEQUENCE

We now show how a Q-type matrix can be determined for the general

th . .
v order linear recurrence relation

u = a u + oo
n+r,r r-1 n+r-1,r 0O'n,r

with initial values u, = bi’ i=0,1, ¢+, r-1, where by, by, *°°, br—l
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are arbitrary constants. This is done in a sequence of successive generaliza-

tions.

Define a sequence {f;:,r} by fypp = g *o0c 40} o with initial
values fi*= bi’ 0=i=r-1. (Note that by =b = +e. = br_2 =0, br-l
=1 give the {fn r} defined previously.) To find a Q-type matrix for the

H

{f;“l r}’ we need the following identity:

r i

% =

L) DL Dt NP
=1 =1

which is easily proved by induction on n. Now let B = (br_1 cee b0 ), then

)

Lo ceo. pE n-r+l _ o ex
BQ, (fn—r+1’ ? fn,r)’ » BQ, (fn

n = o0 o
BQ, - (f:lﬂ',r frﬁl,r

),

eve f%
+H,r n-r+2,r

by our identity. Thus, we have the following Q-type matrix for our sequence

fl";’ r} :

n * R
B Qr fn+1c, r fn+1, T
x ) . =
@) :
n—1‘+1 * e %
B Qr fn+1, T fn—r+2, T

Now consider the sequences { uk r} defined by
9

* = u* + wk +oeee 4+ a uk
un+r,r Ar1 n+r-1,r ) n+r-2,r 0 n,r °’
with initial values u;‘; e 0, 0=n=r-2, u;‘j 1.r = 1. As in Theorem 1,
s -

2
we have the following Q-type matrix for the sequence {u;‘l‘ r}:
s
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u* * v k
ntr-1,r un+1c'—2, T Uln, r
r-2 r-2 r-2
n a u¥* * oo *
(R’;,) = 2 r-2-1"n+r-2-1,r Z ar-Z—iun+r—3—i, r 2 ar—z—iun—i-l, r

i=0 i=0 i=0

* * e *

aO un+r—2, r aO “n+r-3, T aO un—1, r

which is proved by induction on n,
We now piece these two partial results together to derive a general Q-type
matrix for the general linear recurrent sequence { u, r} defined in the begin-
9

ning of this section. To do this, we need the following identity:

r i
= *
UYn,r E bi—lz 85 Yn-j-1,r ’
i=1 =1

which is proved by induction. As before, let B = (br—l ces bO ), then by our
identity,

n —1 o 00 o0 0 * n_r+1 —3 o9 0
B(R;) (un+r,r un+1, r)’ ’ B(Rr) (un+1,r lln—r+2, r) °

Hence, we have the following.
Theorem 2.

% )1 » cos
n B(Rr ) un+r, T Up+1 , T

(Rr) = . =\ .
5 y-T+l cos
B(Rr) lln+1, r un-r+2, T

Thus, there is ageneral Q-type matrix for anylinear recurrent sequence.
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