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1. INTRODUCTION

Let us define a sequence of Tribonacci numbers

o0 0
(1.1) {Tn}& ={T, b, c, & P, Q, R)}0
by
(1.2) Tn = bTm_1 + cTn_2 + dTn_3 ’

where n denotes an integer 23 and Ty, Ty, Ty are the initial terms P, Q,
R respectively. Then it is easy to show that the nt‘h term of this sequence

is given by

(1.9) T = 1a% + mb™ + nr®,
n

where a, b, r are the roots of x® -bx?-cx-d =0 and 1, m, n satisfy

the following system of equations, viz.,
(14) l+m+n="P, la +mb+ar = Q, la? + mb? + nr? = K.

Our aim is to study the properties of this sequence. The 9 special

forms which we will refer are as follows:

(1) {Tr(ll)}": = {T (b, c, &0, 1, BT ,
(id) {Tflz)}z’ = {T (b, c, & 1, 0, )}y ,
(iii) {Tf)}: = {T (b, ¢, d; 0, d, ba)}y ,
(iv) {Tr(14)}°: = {T b, c, &0, 0, V}7 ,

231
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W) {TI(IS)};O = {T,b, ¢, d; 0, 1, 0} »

(i) {TIfG)};o = {T b, c, & 1, 0, O,
(vii) {Tf*}»:’ = {T (b, ¢, d; 3, b, b + 20)}y,
(viii) {Tfls)};= {T @, 1,101, 0 ,

(ix) {Tfl9)}0°°= {T (1,150, 0, D}y .

2. PROPERTIES OF {Tn}0°°

First, we recall the following useful relations, viz.,

1=[{R-Qb-a+Pdajb-r1)] =D,
(2.1) m = [{R - Qb - b) + Pd/b}(r - n)] * D,
n=[{R -Qb-r)+Pd/r}a - b)] * D,
where D = (a - b)(b - r)(@a - r);
2.2) a=a +bf3, b =Db +b/3, r =1 + b/3,

where a', b', r' are the roots of the reduced cubic equations 73 +3Hz+G = 0;

@.9) ar = AY3.BY/3, oo wal3 i wl/3, o w2al/3 . yRl/3,
where A,B = {-G x+ (G +4H%)}/2;
(2.4) D - D' = 3(w - w)N(G? + 4H3) ,

where

D' = (@ - b")bh' - )@ - 1), H=-3c+b?)/9 and G = -(27d+9bc +2b?)/27.
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Some identities will follow.

Identity 1. For o, g, g, g3 and u denoting positive integers (where
q >2),

Tq Tq-—l Tq—2 Tq+u
Tq1 TO}1_1 Tqi_2 Tq1+u
(2.5) =0.
T T T T
a, q,-1 qy-2 gyt
T T T
Ay Ggm1 02 Tq3+u
Proof. Let
@ () 3) -
(2.6) Tor1 Tq * Turt Tqer * Ty Tgeg = Tgrn = 0

Replace q by q;. q, and q, in (2.6). Then we get

1 (2) (3) _
(2) Tu+1Tq1 * Tu+qu1_1 * Tu Tq1-2 - Tq1+u =0,

1) .. (2) (3) _
2.7 0 Tl qu + Tt Tq2—1 Ty Tq2-2 h Tq2+u =0
(c) T(l) T + T(z) T + T(3)T - T =0 .,

utl “qq u+l q3-1 u q3—2 q,*u

PR (1) 2) (3)
Clearly, on eliiminating Tu +1° Tu 1 and TUl from (2.6), (2.7)a,

(2.7b and (2.7)c, the desired result follows. Note the following particular

cases.

Tq Tq_1 Tq_2 Tq ™
T T T T
- +
2.8) q+l q q-1 qtutl| _ 0,
Tq+2 Tq+1 Tq Tq+l1+2
Tq+3 Tq+2 Tq+1 Tq+u+3
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(2.9)

(2.10)

(2.11)
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T T T
q q-1 "q-2 "2q
Tq+1 Tq Tq—l T2q+1
= ( .
Tq+2 Tq—l Tq T2q»+2 ‘
Tq+3 Tq+2 Tq+1 T2q+3
T T T T
q q-1 “g-2 "3q
Ten Tq Tgr Tsgn
= 0,
Tz Tgn Tq  Tagez
Tq+3 Tq+2 Tq-l T3q+3
Identity 2. For q, gj, Oy, ***, g3 and u denoting positive integers
(where q+q = 1y, Q+Qy = Ty, ¢+, Q+ Qg =g and q > 2),
T T2 T? T? TT T T T T
q “g-1 g-2 “gqtu Tq g-1 q q-2 q-2" qtu
2 2 2 2 oo
Tr1 Tr1—1 -2 '1r1+u TrlTri—l TriTri—Z Tri—ZTrﬁu -0
8 e e oo
Ty

then

(2.12)

The proof is left to the reader.

Identity 3. For q, ¢, dy, g3 and u denoting positive integers (where
qg+tq =y, q+tQ =Ty, q+Qsy = Iy and q >2) if

A
ag,

TT

q 1y

Qo
ag

qq,

> x> >
S S

Q9

a9
T, +q1
I'2+q1

Tyt

qg,
ryta,

+
rZ q2

> s >

rytq,

+ T 3Ty * ooyt

qd,
Ty Qg

Lys 0y

> > > >

T3 Qg

T q'HlTl‘i +u
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The proof is left to the reader.
Identity 4. For g, gy, g3, °**, g9 and u denoting positive integers
(where q+q =1, q+qy =1y, °**, q+qy = rg and q > 2) if
B = T2m2 4+ T2 T2 + eee +
agy qry q-1"r-1 TqTq—lTriTrrl

+ oeee +
Tq—ZTq+uTr1—2Tr1+u ?

then

B B B B e B
Qo qqi qqz qq3 qq9

B BI‘ B B L] B
(2.13) a9, 1% TGy Tyelg Q) = o,

B B B B .o B
A9y Tyody  Teedy Ty Tgs 0y

The proof is left to the reader. We proceed to construct a field closely
associated with {Tn}oo which may be called hereafter the '"Tribonacci field."

The elements of this field are

Xn

(2.14) n=20,1,2, 0,0,

For n >3, these elements modulo X3 - bX2Y - ¢XY2 - dY® are the

second-degree polynomials

X' _ ) @) @)
(2.15) e R T X2+ T2 XY +dT ) ¥ .

In this field, if P = Y2, Q = XY and R = X%, then the above-cited

properties hold true.

3. PROPERTIES OF {TI(14)}°:

For this sequence,
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(3.1) 1 = (- 1/D, m = (r - a)/D, n = (a - b)/D

and the nﬂfl member is given by

@ _ b-1a + @ -ab +@- bl

(3.2) n E-Hb - n&E -

or

5.3 @ o -r)@E b/ + @ - ) +b/3)% + @ - b +b/3)°
° n @ - b)b - r)E - r"

We simplify (3.2) and (3.3). Rewrite (3.2) as

T1(14) = [1‘n+1 - anr - brn + ban - rn+1 + rla + "t - abn]
: [@ - b - )@ - )]
1 @ - ale - b - @ - " - Y
@.4) T a-h g = o)l - s)

1 rn~an i
a-b } r-a T - b

This expression may be simplified as

n-1 1" -1)"
(3.5) @ _ x l1-@ ") 1-(r ")
° n a-b 1 - (a/7r) 1 - (/1)
or
Tr(14) == _1 5 {rn—la + 222 rn_3a3 +oeee + a1 (rn_lb
L P22, n33 ., -l )g
- grn"jl(a - b) + P2 - p?) e - ) e
3.6) - -
( +r(a1nl—1on 1)f
= rn—l + rn—z(a + b) + rn"?’(a2 + ab + b2} + aee

+ I.(an—z + an—3b oo 4 bn—Z) .
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Consider (3.3). Let

(3.7 A ={'G + \l((‘;2 + AJLH?’)fl/3 -G - NG + 4H3)z1/3

s By = g 5
Clearly,
(3.8) a' = A1 + By, bt = WA1 + W2B1 and b' = WzAi + wBy

On substituting for a', b' and r' from (3.8) in (3.3), we have

@ _

N {w - wA; + W2 - w)By J(Ay + By + b/3)" + {(w? - 1)A,

+ (W - 1)By} WAy + w2By +b/3)" + {1 - w)A; + (1 - w?)By} (w2Ay

+wB + b/3)%] < D

r=n
[Z nCo®/3 W - WAy + B) (A - By)
=0

+ (wAy + w2By )T [(w2Ay + WBy) - (A + By)] + (w2A; +wBy)"

X [(Ag +By) - (wAy +w2B)H| £ {3(w - w2)(a] - B]))
(3.9)

r=0

r=n
{Z nCr(b/3)n—r{(w - w¥) (A + By )r(Ai -By) + (A +B)

x [w2Aq +wBy) - (wA; + w?By)T ] + (w2A; + wBy ) (wA; + w2By)©

- (wA; +WBy ) w?A, +wB) )| 2 {3w - wt)(al - B)}

]

r=0

r=n
[ 1Co0/3) T {6v — wh)(Ay + By)T(Ag - By) + (A + By)

X [(w2Ay +wBy)T - (wA; +w2By)"] - (Af - AyBy +Bf) [(wA;

+wB, )r-l - (WA; + W2By )r-l]} = {3(W - WZ)(Af - Bzi; -

Since
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(WA +w2By)" - (w2Ay + wBi)r = N3i C iS—ls(s—l)/Z

(3.10)
X (A + By) 54y - B)®[1 - (-1)°]

for i = N-1, w=(1+iN3)/2 and w2 = (1 - in3)/3, (3.9) can be rewritten

as

r=n |
TI(:L) = Z ncr(b/s)n'r iN3A; + B))TA; - By) - (A + By)
r=0

S=r
N 3i Z .s-1,(s-1)/2 r-s s
X ['—2‘17' I‘CSI 3 s )/ (A1 + Bi) (A1 - B1)
=0

s=r-1
x (- (—1>S>}+ (8} - By + Bf)[ﬁr%i 2 a0l
2 s=0
x 36 V/2 4 gyl p8a - (1))
(3.11) + [3iN3 a2 - B}y
_I':S
= | 2 ,C,0/3" iy + BOT(A - B) - (A + By)
r=0
r=s
x| < rCSis_l?,(s_l)/z(Ai + B 5% - By)s
2 0
L r=

s=r-1
x 1 - (-1)3)] + (A} - ABy + B%)[—rl_-l- > r_1csis‘1
2
=0

x 3(s-1)/2(Ai + Bi)r—s—l(A1 -B)%1 - (1))

+ {34} - B))} .
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However on combining (2.3) and (3.2),

TI(14) = [{tw - WZ)Al/3 + (w? - W)Bl/g} (Al/3 + Bl/3 +b/3)"
ot - 0AY? + - 1)BY 3 wal/3 4 w2Bl/3 1 pygn

(3.12) +{a- wa?+q - we)st/ ! w2al/3 1+ wBl/3 4 b/3)™ ]
+ [3(w - w?)(A - B)]
O=n
-0
= GZ (b/3n nC 6L6 N
=0
where

=
|

r=k-1 -

(8k-3r-1)/3 _(3r+2)/3 .

3k = ,: 2. A B (3k03r+1'3kC3r+z)JT (B - A),
r=o

r=k
~ (3k+1-31)/3 _ (3r+1)/3 .
Lok = 2 A B (3k+1C3r 3k Capa )| = B - 4)
r=0
and
r=k-1
_ | L(Bk+3)/2  , (3k+3)/3 (3k-3r)/3
L3k+2 B - A * Z A
r=0
(3r+3)/3 _ .
B (5i+9C 349 3k+2C3p4s) | + B = A)
4, PROPERTIES OF {TI(15)}°:
Let

o6 _ (b -2 -+ b -bE-ab’+ - @ - b
n D

n+1

(4.1) [b{®b - ra® + ¢ - b + (@ - b)rn} -{( - 1ra

+ @ -ap™ s @-op™Y] 2D
@ @
n n+l
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(6)

This relation is useful in deriving expressions of T similar to those

of T(4)

5. PROPERTIES OF {TI(IG)}O(:

Proceeding as in previous section, it is easy to show that

©) _ 4r@

(5.1) T, el

)

Note that this equation connects up expressions of Tn in Section 3.

6. PROPERTIES OF {Tf)}w
0

In this Section, we state without proof the following identities:

(6.1) 2r{D - sa®) = 10210 - @) 4 T},
7 7 7 7
62 1 = 100D g0 (@) 1yey s
(7) 7 _ (7 (1) (7) (7) (7
(6.3) Tyntar =~ Tan = Tn+rT3n+3r - T TSn - T2n+2r[{(Tn+r)
- zT;QJrzr}/z] (7)[{(T(7)) - 2T§2}/2]
(7) (7)
+dir L o- T,
6.9 217 = s1Mr 4 6 - @™y = 1 Mar D - x M)y 4+ 6o
and
(7) (7,3 (7) (7) (7) (7) (7) (7)
(6.5) (Tn+r) (T ) = (}{Tnﬂ' 2n+2r }— Z{T 3n+3r ~ }
for d =

(=]
7. PROPERTIES OF {T(8)}

This section will give identities relating to {T(S)} and {Tf)}o:. They

are:

.9) ® _ ~9
(7.1) T, - T, =T g
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) 8 _ .9

(7.2) T+ T = T

9),2 (8)\% _ (9 09)
(7.3) (Tn ) - (Tn ) = Tn—3Tm+1 ’

9),% _ (9) © 9
(7.4) 20y = O+ o)
and

(9) 3) 9) (9)
(7.5) T, = (Tn+1) - (T ) .

8. PROPERTIES OF {T(g) }°°
This section will discuss the congruence properties of {T (9)} modulo

m, a positive integer. We note the following identity:

© _ 1O 10 ) ©9) 1 (9) 9) (9
(8.1) T = TuraTq * Tyar + Ty Toor * TanTaoz -

Some theorems concerning {T( ) (mod m) j will follow.

Theorem a. {T(9> (mod m)} is simply periodic.

Proof. For some n and a, let T(g)1 = (9) (mod m), Tlgg) = Tég)
(mod m) and Tr(i)l = Tg_)l (mod m). From these congruences, we obtain
(9) 9)
(8.2) n:l:t = T ot (mod m) ,

where t denotes an integer =2, Since m? pairs of terms are possible in

this series, {Tx(19) (mod m) };o must return to the starting values thus becom-

ing simply periodic. e,
Theorem b. For a prime factorization of m in the form m l'lp , the
o

period of { T (mod m)} is the lowest common multiple of all the periods

of

©) N T
{T.” mod p; )}0

Proof. Let k(m) denote the period of {Tr(lg) (mod m) }oo Then k(m) is
- 0

of the form
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i
cik(pi ),

where ¢ denotes a related constant. Therefore,

e,
k(m) = l.c. m.[k(pil)] .

)

Theorem c. For some ¢, if T(g) = 0 (mod m) and Tq+1 = 0 (mod m),
then the subscripts for which Tr(lg) = 0 (mod m) and TI(I?F)]. = 0 (mod m) form
simple arithmetic progressions.

Proof. Let

©) = 0O 9 9) (9)y1(9) ©
gt Tq’+2Tq+1 + (Tq'+1 + Tq, )Tq + Tq'+1 Tq—l

(8.3)
T(9) T(9)

g'+17g-1

(mod m) .

9)
2

For ¢ = q-1 and q, this congruence shows that T q = 0 (mod m)

and ngl)ﬂ = 0 (mod m). Similarly, we can obtain

2

)
3q T

3q+ 0 (mod m) ,

0 (mod m),

©)

©)
T 4qg+1

4q 0 (mod m), etc.

0 modm), T

Il
1

Therefore, it follows that n is of the form xq, x =1, 2, **+, so that n
and n+1 form simple arithmetic progressions.

Theorem d. Let H' = 3%H, G' = 3°G and (G')% + 4(H')? be a quadratic
residue for primes of the form 3t - 1. Then k(p) } ®? - 1).

Proof. Denote p? by 3t'+1. Then
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r-t'

T 7 (3t1+1-31)/3
Lgpyg =3 DLgpyy =3 2 A

r=0

(3r+1)/3 .
(8.4) XB (3¢41C3r_spra1 Caprn){ ¥ B - A .

g3 (p CUHD/3E1/3 _ gBHD/3,1/3) . (5 7

3H'U}, (mod p) ,

L3t A (3t'+3)/3 (3t'+3)/3
Loy,g = 8 Loy = 8 B - A

r=t'-1

t-—r v+l .
’ Z AP (31:'+203r+2-3t'+zc3r+3)‘T B - A)

(8.5) ~

3t

1
3 (Bt 1

e S : RN

1l

U, (mod p)
and
r=t' / ,
_ .3t (3t1+2-31)/3 .. (31+42)/3
Lgysg 537 |, A B (54148 3p+1-3t143 Carsa)
0

+ B-4)
331:'(A2/3B(3t'+2)/3 _ BZ/SA(3t'+2)/3) (B - A)

(8.6)

(1/3)(H")?U}, (mod p) ,

so that

(9)

T3t' +1

3H'U£ (mod p)

8.7) @ o

sprag = H'UL + Uy (mod p)

and

9 _ v ) (H1) 210 o
T3t1+3 = (1/3) + (2/3)U 141 a/3)m )zUt' + (1/3)H Ut‘ (mod p) ,
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= - 3
where Uhey = -G'01 + @)U

for n=1,2,+--, Uy = 0 and U} = 1. Since

U'St__2 £ 0 (modp) and 'U'(St-2)+1 = 1 (mod p),
we get
U, = 0 (modp) and Uy = 1 (mod p).
Therefore
(8.8) Té?_l_l = 0 (mod p), Tégtz+2 = 1 (modp) and Tgi):3+3 = 1 (mod p).

These congruences imply

T:(),QJ = 0 (modp) and kip) | (? - 1).

Theorem e. For primes of the form p = 3t -1 where (G2 + 4(@")3
is a quadratic nonresidue, k) | (b - 1).

Let p® = 3t" + 1. Note that the proof of Theorem 4 holds with t changed
to t", etc. The proof is left to the reader,

Theorem f. For primes of the form p = 3t+ 1 where (G")2 +4®")3 is
a quadratic nonresidue, kip) | (2 - 1).

Proof. Let p? = 3t+1, Then

0=3t+1
9) _ .3t.09) _ .3t 3t+1- 0
Tgryy =3 tT3t+1 = 3% 3 3t+1C6%6
6:0
L3t
=3 L3t+1
r=t
.8t (3t+1-31)/3 _ (3r+1)/3
=3 24 B (3¢41%3r_3t+1C 3041
(8.9) r=0
(B - A)

33t(, (Bt+1)/351/3 AY3gBHD/3) 0

Hi

]

536, 1/351/3 B0 - 4)

3H'Ui'; (mod p) ,
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6=3t+2
3t 9)

.3t 3t+2-6
3 Tgyp =3 2, W3 3420616
(5=O

(9)
3t+2

3t
SH /85 + Lyt
r=t-1
(5.10) P 4 (3t-31)/3,(3r+3)/2

i

r=0

(3¢42C 549 3t42C3p43) + (B - A)

t+1 t+1

H'U} + 33(B )/ (B - A)

i

H'U' + Ui;+1 (mod p)

0=3t+3

©)  _ .36.09) _ .3t 34+3-0

Tog = 30Ty = 3 > s 05C 65
6=0

1]

+ Ly (1/3)%L + (2/3)L

St+1 sts2 * Lapas)

r=t
33t ZA(3t+2—3r)/3
r=0

(8.11) 1/3) + (1/3)H'U' + (2/3)U

1l

t+1

(3r+2)/3 _
B (3t+3c 3r+l 3t+303r+2) (B - A)

1/3) + 1/3)H'U' + (2/3)Ut+1 33

(8238235t _ Aty - A)

= (1/3) + (1/3)H'TL + (2/3)U

Ly + (1/3)E)7] (mod p)

For the considered primes, it is easy to show that

Ulgpegyss = (HDY) @modp)

2
(8.12) 0 (mod p), 2(3t+2)+1 = {(-H')} (modp),

Uyiste2) =

Ul (3p42) = © (mod p), U't(3t+2)+1 = {(- H|)3} (mod p) ,

245
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so that
U = 0 (mod p) and v =2% 21 (mod p)
t = P t+1 = = b
Therefore
9 _ 9) _ 9 _
(8.13) T3t+1 = 0 (mod p), T3t+2 = 1 (mod p) and T3t+3 = 1 (mod p),

when ng) = 0 (mod p) and the desired result follows.

Theorem g. For primes of the form p = 3t +1 where (G')? +4(H')?
is a quadratic residue, k(p) | (p® - 1).

Let pb = 3t' + 1. Note that the proof of Theorem f holds with t changed
to t', etc. The proof is left to the reader.
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