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This paper introduces an extraordinarily elementary topic which is accessible to any 
patient high school student with little or no sophisticated number theory. The ideas covered 
are presented in a straight-forward fashion, with many proofs and extensions left for the 
reader to work through. Deeper connexions with additive sequences and number theory are 
left to those with interest to pursue mat ters in the standard references on Fibonacci numbers. 
In the following (*) designates assert ions which must be proved or developed by the reader . 
Drawing all the figures carefully is certainly essential to an understanding of what is going 
on. 

1. Choose a coordinate system (which is to say, use some convenient graph paper) 
and draw any parallelogram O A ^ A j where 0 is the origin, and the le t te rs a re taken 
around the figure. 

2. Find the unique point A3 so that 0AiA3A2 is a parallelogram (Fig. 1). 
3. In general, find the point A so that OA A -A is a parallelogram. 

*4 . Consider the situation if n = - 1 , - 2 , - 3 , • • • in (3) and study Fig. 2* 
5. If we have been successful so far, we now have a set of points {Aj- where n is 

any integer, positive or negative; we may consider these points as forming an infinite poly-
gon •••A_2A_1A0A1A2A3o.e (Fig. 3). 

Figure 1 Figure 2 Figure 3 
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6. This curious polygon has many propert ies which are somewhat surprising. Evi-
dently, A is the midpoint of A A for any integer n. This can be easily shown since 
AoA2 = OAj = A2A3 as opposite sides in the first two paral lelograms. This process may be 
continued along the polygon. 

7. But there is a more interesting and related result . In Fig. 1, a rea O A ^ = \ a rea 
OAjA2Ao = area A Q A - ^ , and A0A2 = A2A3, so that a rea A Q A - ^ = a rea A1A2A3. Continuing 
along the polygon we find that area AiA2A3 = area A2A3A4. In general then, a rea OAoAj. = 
area A

n
A

n + i A
n + 9 ' &1 a s e n s e > the polygon is an infinite stack of triangles with the same 

area. 
8. Vectors are now introduced to make calculations a bit s impler. Let OA be r ep -

resented by the vector v n . We may apply the "Paral lelogram Law" for vector addition to 
OA0AiA2 so that we have OA0 + QAt = 0A2, or v0 + vt = v2. In general , we have that v 2 

= v n + 1 + v n , since by (3), 0 A
n A n + 2 A n + 1 i s a parallelogram. 

9. The entire polygon is based on 0A|A2Ai, so in some way, the vectors v0 and vj 
are fundamental. In fact, 

v2 = vA + v0 

v3 = v2 + V! = 2vi + v0 

v4 = v3 + v2 = 3vi + 2v0 

v5 = v4 + v3 = 5vi + 3v0 

v6 = v5 + v4 = 8 ^ i + 5v0 . 

And we recognize our old friend the Fibonacci sequence where F 0 = 0, F^ = 1, and F „ 
= F ,. + F . In short , we are able to write: v = F v. + F . v n . n+1 n n n 1 n-1 0 

*10. In the negative direction along the polygon, check that v ~ F V- + F_ _-. v . . 
We already know one of the propert ies of the Fibonacci sequence is that 

F = ( - l ) n + 1 F , -n n 

n+1 
and so we have v_n = (-1) ( F

n
v i - F

n + l v 0 ^ 
11. Using the coordinate system we set up in (1), we may assign coordinates (f , g ) 

to the point A ; and, of course , the vector v will have the same coordinates. Then, since ^ n n 
vectors are added coordinate-wise, we have: 

f = F L + F .fn and g = F g. + F n g n , 
n n 1 n-1 0 &n n & l n - l & 0 

for any integer n. 
*12. Since our polygons seem to be deeply involved with the Fibonacci sequence, we 

need a short detour to pick up some well known propert ies of this sequence. Let 

<p = | ( l + ^5) , 



1972] INTRODUCTION TO PATTON POLYGONS 425 

so that cf? = <p+l. Then F - / F is an increasing sequence of rational numbers bounded 
by cp if n is odd, and a decreasing sequence bounded by <p if n is even. As n becomes 
large j F n + 1 / F n can be shown to approach <p as l i m i t As a result of all this we can write 
that: 

, • Fn+1 l im - = — = w ; n ^ c o F n <P> 

and that F - cpF 1 > 0 and <zF - F , > 0 if and only if n is odd. n r n -1 Y n n+1 J 

13, Returning to the polygon, consider the slope of OA for large positive n, where 
A n is the point (fn, g n ) : 

F 
n 

%n - ° F n % + Vl̂ O V l &1 &0 

f - 0 F L + F , f n F 
n n 1 n-1 0 n c , £ 

T—fi + fo 
n-1 

As n becomes very large9 F / F _1 approaches cp and so the slope approaches the value 

9 \ + g 0 
M 

<?h + f0 ' 

14. For the slope of 0A_ , we find, using (10), that: 

h F so 
T—^ = (-lHFnh - F n + 1 f 0 ) " F ^ " 

h F o 
n 

-n - ° ^ ^ V l " W o * 

Again, as n becomes large , the slope approaches 

s1 - <pg0 
N f i - ^ f o 

15. Another way of thinking about (13) and (14) is to call the lines y = Mx and y = Nx 
the asymptotes of the polygon (Fig. 4), where M and N are given in (13) and (14). For 
large n, the polygon runs along the asymptote y = Mx in the positive direction, and along 
y = Nx in the negative direction 

*16. It is easy to show that the asymptotes are distinct l ines through the origin 0. 
Merely show that M ^ N if O A ^ form a triangle. 
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= Mx 

y - N X 

Figure 4 
17. Figure 4 suggests a more intriguing relationship between the polygon and i ts asymp-

totes. In order to get at this, let 

d = f0gi - *igo = 
fo go 
*i gi 

Check to see that we may choose A0 and A4 so that d ^ 0, qft + f0 ^ 0 and ft -cp% £ 0. 
A calculation shows that for positive n : 

d(Fn - (pFn - ) 
ff - Mf = n n " 1 

&n n cp fA + £Q 

Since d/(^fi + f0) is a constant, the sign of g - Mf depends on F - cpF n which is pos-
n JO. n JJ "• x 

itive if n is odd and negative if n i s even (see (12)). Hence g - Mf is alternately greater 
and less than 0, which is equivalent to saying that g is alternately greater and less than 
Mf . Hence, the vert ices A 

n n 
(f , g ) lie alternately above and below the line y 

*18. A similar analysis for g - Nf , g - Mf and g - Nf 
J &n n ' &-n -n &-n -n 

Mx. 
yields this result : 

the polygon (its ver t ices , at any rate) l ies on alternate sides of the asymptote y = Mx, and 
entirely on one side of y = Nx. This explains the TfTtf-shape of the polygon (Fig. 4). The 
asymptotes divide the plane into 4 regions: one containing the even-numbered ver t ices , an-
other the odd ones, and the last two regions are empty. 

19. We know from (7) that the absolute value of the area of triangle A A. ^A + 2 equals 
a rea OAQAI. More precisely, from analytic geometry, the a rea OAQAI is given by the 
determinant: 
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1 0 0 

1 fo go 

427 

1 fi gi 

which gives after expansion: \(f0gt - f i g 0 ) = f d, as in (17). Using determinants to find 
area , we must recall that lettering a triangle in the opposite sense changes the sign of its 
area . Hence we get: 

d = 
1 
1 
1 

0 

fo 
fi 

0 

go 
gi 

= -
1 fo 
1 fi 

1 f2 

go 
gi 

g2 

which is twice the area A0A1A29 and, in general: 

(-I)' n+1 1 f n+1 &n+l 
n+2 gn+2 

This in turn may be simplified to: 

d = (-D1 

n+1 

^n 
gn+l 

for any n. This is a ra ther simple and unexpected result . 
*20. A little more digging around can give us even more curious resul ts . For example, 

confine attention to the even-numbered ver t ices . These form an "hyperbola"-shaped polygon 
with the obvious asymptotes (Fig. 5). It can be shown without much trouble that 

i d = a r e a 0 A2nA2n+2 = a r e a A2nA2n+2A2n+4 

in absolute value. Notice also that F lA = 3F J Q - F . 
n+ t̂ n+z n 

* 2 1 . Check the situation for the odd-numbered ver t ices . 
22. What happens if we demand the asymptotes be perpendicular? Borrowing a resul t 

from analytic geometry again, we see that MN = -1 in that case. This can be simplified to: 

2 
gi g0g2 

A 
= -1 

fnf; 0̂ 2 

A simple way (not the only way, of course) for this to happen is for g = f _1. This gives us 
the polygon with vert ices (f , f - ) and the asymptotes are y = (l/<p)x and y = - cpx (which 
are clearly perpendicular). 
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0 - 3 

Figure 5 Figure 6 
23. All polygons of the form (f , f - ) have the same asymptotes and so must be of 

the same general shape. The simplest one is (F , F - ) so that A0 = (0,1), Aj_ = (1,0) 
and A2 = (1,1) as in Fig. 6. Thus the polygon is based on the unit square, and so 

d = F0F( 0*0 FiF_i 

Also, the result in (19) becomes: 

n+1 
n -1 
F = (-I)" n+1 

24. Investigate all eight polygons based on unit squares at the origin. For example, 
in addition to polygon (23), we also have (F - , F ). What a re the asymptotes, etc. ? 

25. This material reveals a great many propert ies of the Fibonacci-type sequences in 
a very geometric and graphic fashion. One obvious and several not-so-obvious generaliza-
tions are immediately available. But these will be the subject of another ar t ic le . 
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