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1. CONVOLUTED SUM FORMULAS

In this paper we investigate generalized convoluted numbers and sums by using recur-

ring power series
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where the coefficients a, and u(n,k,m) are rational integers k = 1, 2, 3, ***, u(0,k,m) =

1 and m=1, 2, 3, **.
By elementary means, it is easy to prove, if
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Elsewhere [1], it has been shown that the following convoluted sum formulas hold:
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where S=n-4r-2+j, T=2r+1-2j, n=20,1,2,*, and k = 1, 2, 3, **°.

The u(n,k,2) in (3) are called '"generalized Fibonacci numbers," the u(n,k,3) in (4)
are called ""generalized Tribonacci numbersy' we shall term the u(,k,4) as the "general-
ized Quatronacci numbers,' and the general expression u(n,k,m) in (1 for m = 5, 6, +-+)
we shall refer to as the ""generalized Multinacci numbers. "

Now in (2) we let

m
y = E awxw m = 2,3, ")

w=1
and put
00 0
@) @ -9 =D uakms® =Y pl
n=0 v=0

and by comparing the coefficients in (5), it is easy to prove with induction, that
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m-2 = Fm-1 m-1

where

n-2ry+ry r3-2ry+rs T 2

T -2r 41 -2r T
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m-2 m-1 m ?
b(k) _(n+k-1r3 -1
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and n =0, 1, 2, °°*, m =2, 3, 4, °*".
Of course the convoluted sum formula of the generalized Quatronacci number utn,k,4) is

immediate as a special case of (6, with m = 4).

2. A GENERAL METHOD TO FIND FORMULAS FOR THE u(n,k,m)
AS A FUNCTION OF u(j,l,m) (,j=0,1, 2, ")

In [1] , it has been shown that the following formulas for the generalized Fibonacci num-
bers hold: '

(7 (a% + 4ay)kun - 1, k + 1, 2) = apu@, k, 2) + a3(4k + 2n - 2)uw - 1, k, 2),

where u(0,k,2) =1, u(l,k,2) = a;k, and n,k =1, 2, 3, -=-.

Now, using the results in (7) we are able to write the following: where
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2
A = aj+4ay, B(k,n) =4k+2n-2, u(0,k,2) =1, u(,k,2 = atk, n,k = 1,2,38,°°,
and
um,1,2) = ul - 1, 1, 2)a; + ul@ - 2, 1, 2)a,,
(where a; and a, are rational integers) we have

(8) ul@ - 1, 2, 2)A = u@,1,2na; + u@ - 1, 1, 2)B(1,n)a, ,

(8.1 ul - 1, 3, 2)A22! = (a;a,nB(1, n + 1) + a;a,nB(2,n) + aln@ + 1))uln,1,2)

+ (a2B(1,n)B(2,n) + aja;n( + 1))u - 1,1,2),

and
(8.2) ulm - 1, 4, 2)A%3! = M + N,
where
" a;22nB(1, n + 1)B(3,n) + a;2nB(2,n)B(3,n)
+ ala,n(m + 1)B(3,n) + a;2a;nB(1, n + 1)B@E, n + 1)
M = umn,1,2) ,
+ alanm + 1)@ + 2) + alayn(m + 1)B(1, n + 2)
|+ ajan(n + B, n + 1) + ajh@ + @ + 2)
and
aiB(1,n)B(2,n)B(3,n) + alain@n + 1)B(3,n)
N = | + alaln@ + 1)B@, n + 2) + ajain@ + )B@,n + 1) [ u - 1,1,2) .
|+ afa;nt + 1)@ + 2)

It should be noted that the method used in [1] to derive the formulas (8), (8.1), and(8.2)
may also be used to develop formulas of the ufn,k,2) for values of k = 5 and higher.

In this paper we find for the first time a general method to express the u(n,k,m) as a
function of the u(j,1,m) (G =0, 1, 2, *-+) with m=2 (m = 2, 3, 4, =*) .

Let
m m-2 m-1
- v - v _ v
9) y—1+z avx s Z E dvx, and w E va .
v=1 v=0 v=0

where a, d and b are rational integers, m =2 (m = 2, 3, ***) and
(9.1) M(m) = zy - w(dy/dx) (M(m) is a rational number) .

Now, differentiating the identity y~k = y"k, we have
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(10) k(dy/ax)/y = g /ax
where
k
[e.9]
¢(X)k = Zu(n,k,m)xn 1 = y-k, k=1,2,3,"+, and m =2.
n=0

We then respectively, multiply (9.1) through by k and divide (9.1) through by yk+1

and combine the result with (10). This leads to

k+1

kM) - kzy)/y< = @ /aw

and we have
(11) M) /v = xkz/vE + wxddx)S/dx) .
Now, comparing coefficients in (11), we conclude that

ul@ - 1), k + 1, mkM(@m) =

(12) m-2 m-1
k E um-1-v, k, m)d_ + E up+v+1-m,k, mn+v+1-mb .
v m-v-1
v=0 v=0

To complete (12), we notice it is necessary to solve (9.1), and this is easily accom-
plished by collecting the coefficients of X Comparing the coefficients thenleads to the fol-
lowing 2m - 1 equations: (Note: In what follows Bj = jaj, and also for convenience we have

replaced a  with -a_ G,v=1,2,3, ", m)

(13)

dO = M(m) + B1b0 )

ald0 = dy + Byby + Bsby ,

a,dy = -aydy + dp + Bgby + Bpby + Byby ,

d +B b.+B b, +...+B.b ’
m-2

A ody = -2 gdy -ap 4dp -cer-agdy g m-1"0 * Pm-2"1 1°m-2
818y = By pdy e - agdy g - Ay o+ Byby By Pyt #Bb g
8o = Bpgdy - v - 2gdy g - 8ydy 5+ Bpby e +Boby g
0 = _amdl - te. - a4dm_3 - a3dm_2 + me2 +oeee + B3bm—1 s
0= _amdm-3 - am—ldm—z + mem—z + Bm—lbm—l ?
0 = -a_d + B_b
m m-2 m m-1
(dividing through by a, this last equation becomes 0 = —dm_2 + mbm_l) .

Next we consider in (13) the 2m - 1 equations in the 2m - 1 unknowns M(m), dy, dy,

eee, d ’bO’b15'°'9b

m-2 where for convenience we write

m-1°
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I

S(m,0,0) = M(m) ; S(0,1,0) dy, S(0,2,0)

]
(=N
9

(14.1) SO0, m - 2,0 =4d

-2 5 8(0,0,1)

bl: S(O, 01 2)

I
o
N

80,0,m - 1) =b_ 3 and by = by

The 2m -1 equations in the 2m - 1 unknowns S(g) (where we consider g to run
through all the 2m - 1 combinations one at a time of the S( ) (we also include by) in (14.1))
can be solved by Cramer's rule to obtain

(15) D(m)S(g) = D) ,

where D(m) and D(g) are the determinants given below:

10 0 e 0 0 B, 0 - 0 0
0 1 0 =+ 0 0 ]32 Bl . 0 0
0 - 1 .. 0 0 B, B, 0 0
(15.1) : . . cee . . . cee .

pew = | ° mes Pmeatt P b By Bpopt B O
0 -89 2mg By 2 By Bu gt By By
O -ay1 Pme2 23 3y 0 By 0 Bg By
0 -8y Attt g T3 0 0 B, Bg
0 0 0 - _a;n “Am-1 : 0 - B Bn;-l
0 0 0 «ev 0 -1 0 0 =+ 0 m

(Determinant D(m) = the coefficients of the S(g) )

and

(15.2) D(g) is the determinant we get when replacing in (15.1) the appropriate column of the
coefficients of any S(g) with the column to the extreme left in (13) (the terms in the column

to the extreme left in (18) from top to bottom are: dy, 2y, dy, *++, amy, dgs 0, ==+, 0, 0).
Note. Upon investigation we notice that there is no loss of generality if we put
(15.3) dy = D(m) .
We shall now use the above method to derive formulas for the generalized Multinacci
number.

We first find formulas for the generalized Tribonacci number. We write the generalized

Tribonacci power series as follows:



20 CONVERGENCE OF THE COEFFICIENTS [Feb.

o0
(16) (1 - ax - ax? - agx?’)_k = Z uln,k,3)x",

n=0

where k =1, 2, 3, --+, the a are integers and u(0,k,3) = 1.
Now combining (16) with (9.1), we write

@n) M(3) = (dy +dyx)( - asx - ayx? - agx®) + (a; + 22, + 3a5x%) (by + byx + byx?)

and combining (17) with (15.1 and 15.3, with m = 3), we have

It

17.1) dy = D@B) =|0 -a; By By By

and of course applying the directions in (15.2, with m = 3) in combination with the deter-
minant D(3) in (17.1),.leads to the following:

dy = D) = 27a§ + 15ajaya3 - 4a§
dy = 18a1a§ - Ga%a?,

by = 4alas + 33,3y - ajal

(17.2)
by = 9af + Tajasag - 2a
by = 6ajal - 2alag
M(3) = 27a% + 18ajapag + 4a?{a3 - 4a§ - a%a% .

We now combine (16) and (17.2) with (12, with m = 3), which leads to
k(27a} + 18aja,a3 + 4ala; - 4a) - alad)um - 1, k + 1, 3)
= (4aia3 + 3333 - a5af)nu(n,k, 3)
(18)

+ (0 - 1)(9a} + Tajasa; - 2a3) + k(27ad + 15a5a,a5 - 4a§))u(n -1, k, 3)

+ (n - 2)(6a1a§ - 2a§a3) + k(18a1a§ - 6a§a3))u(n -2, k, 3).

(18.1) In (18) it is evident that if we put k = 1 we can find the u(n,2,3) as a function of the
u(,1,3) and also for k = 2 we find u(m,3,3) as a function of the u(m, 2,3), so that we have
u(, 3,3) as a function of the u(n,1,2). In this way, step by step for k > 1 (with induction
added), it is easyto see that we can find formulas of the u(n,k, 3) as a function of the u(n, 1, 3).
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(19) Using the exact methods which lead to (18) and (18.1), we find formulas for the Quatro-
_ nacei (u(n,k,4)) numbers (with k > 1) as a function of the u(n,1,4), and we find formulas
for the generalized Multinacci (u(n,k,m) with m =5, 6, 7, =+ and k > 1) numbers asa
function of the u(n,1,m).

3. THE GENERALIZED MULTINACCI NUMBER EXPRESSED AS A LIMIT

Note. In [1] the generalized Fibonacci number is expressed as the following:

(20) lim @@, k + 1, 2/@ + )@, 1,2)) = @ + ay@d + 4 )'%)k/zkk'
n o 3 ) "l un, 1, = a1(aj zh 0
where
kyn = 1, 2, 3, **° .
In this paper we find asymptotic formulas of the u(n,k,m) (with k,m = 2) expressed
in terms of u(n,1,m), 2, 1, and k.

However, before finding our asymptotic formulas, we make some

(21) SUPPLEMENTARY REMARKS

This author, for the first time, proved the following in 1969 [2] Define

(for a finite f) ,

=0 w=1

€

for a finite t and m, where the dw # 0 are positive integers, the r, # 0 and are dis-
tinct and we say |ry| is the greatest |r| in the ]rW| We then proved the following

Theorem. If

[+¢]
FE/Q = ) u x",
w=0
then
nh—IPoo un/ un—j
(for a finite j = 0, 1, 2, -.+) converges to Iri |, where the ry # 0 in Q(x) are distinct

with distinct moduli and [ry] is the greatest [r| in the |r_].

We are now in a position to discuss the generalized Multinacci number expressed as a
limit.

First, we consider when m = 3 and we multiply equation (18, with k = 1) throughby
1/nu( - 1, 1, 3) to get
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M@Bu@ - 1, 2, 3)/nu@ - 1, 1, 3) = byu(n,1,3)/u@ - 1, 1, 3)
©22) + ((n - )by +dg)utn - 1,1,3)/u@ - 1,1, 3)n
+ ((n - 2)by +dy)um - 2,1,3)/uld - 1,1,3)n

(23) In (21) we have u(n,1,3)/u(n - 1,1,3) = r where r is the greatest root in
x5 - ax? - ax - a3 = 0,
so that equation (22) may be written as
(23.1) REEON M@Bu@ - 1,2,3)/nu@ - 1,1,3) = rby + by + by/r = (say) L(@3).
Now, we multiply (18, with k = 2) through by

M(3)/n?u(m - 1, 1, 3),
to get

2M(3)2um - 1, 3, 3)/n?un - 1, 1, 3) =
+ [ulm, 2, 3)M@B)by /num - 1,1,3)][u@,1,3)/un,1,3)]
+ (0 - Dby + 2dy)utn - 1, 2, 3)/n2um - 1, 1, 3)

+ [(( - 2)by +2d;)u(n - 2,2,3)M(3)/n2um - 1,1,3)] [u - 1,2,3)/ut - 1,2,3)],
where combining this result with (23.1), and with n— o, leads to

lim, (@ M(3)2um - 1,3,3)/n*ul - 1,1,3)) = bLE)r + bLEB)/r

24 = (byr + by + by /DLEB) = (L(3)2

We continue with the exact method that gave us (24) step by step and with induction,
which leads us (for k = 1, 2, *++) to:

The generalized Tribonacci number expressed as a limit
. k k k
(25) Sm & (M@) ulm,k + 1,3)/( + 1)7um, 1,3) = LE)T,

where L(3) is defined in (23.1).
Now, with the exact method that was used in finding (25) applied to the equation in (12)
and step by step (and with added induction), we prove that: ‘

The generalized Multinacci number expressed as a limit is

(26) i (k! (M(m))ku(n,k + 1,m)/(n + 1)ku(n, 1,m)) = (L(m))k )
where
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m-1
Jim M@n)u@,2,m)/@ + Du@,1,m) = E b, r'™" = (say) Lem),
v=0
r is the greatest root in
m
xm—z a x2V oo,
W
w=1

the M(m) and the bV are found by using Cramer's rule as defined in (15) through (15.3),
m=2,3,4,***,n=0,1,2, -, k=1,2,3,**, and u(,k,m) = 1.

4., A GENERALIZATION OF THE BINOMIAL FORMULA

Put
m m
_ ’ A n
y = Zawx Ea(n,l,m)x s
w=0 n=0
so that
m k mk
(27) yk = ( E ay XW) = E a(n,k,m) e ,
w=0 =0
where m =1, 2, 3, ***, k=1, 2, 3, -, and the a, are arbitrary numbers (a5 # 0).
k-1

It is evident that y~ "y = yk, and combining this identity with (27) and then comparing

the coefficients, leads to

m
(28) a(mk - q, k, m) = E a(v,1,m)amk - q - v, k - 1, m) ,

=0
where g ranges through the values q =0, 1, 2, **+, mk-m, k=2,3,4, -, and m =

1, 2, 3, *--.
Differentiating equation (27) leads to

-m m mk

v E : \4 E : v

k E a(v, k - 1,m)x va(v,1,m)x = va(v,k,m)x" ,
v=0 v=1 v=1

and comparing the coefficients in this result, we have
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m

(29) (mk - gla(mk - q, k, m) = k E va(v,1,m)a(mk - q - v, k - 1, m) ,
v=1

where q ranges through the values q =0, 1, 2, *+¢y, mk-m, k=2,3,4, -+, and
m=1, 2, 3, *°-.

We multiply equation (28) through by mk - q so that the right side of (28) is now an
identity with the right side of (29), and arranging the terms in this result leads to

(mk - @)a(0,1,m)a(mk - g, k - 1, m)

(30) m
= E a(v,1,m)afmk - q - v, k - 1,m)(vk - mk + q) .
v=1
Then replacing k with k + 1 in (30), we have
(mk + m - g)a(0,1,m)a(mk + m - g, k, m)
(31) s
E a(v,l,mamk + k - g - v, k, m)((v - m)k + 1) + g,
v=1

where m,k =1, 2, 3, -+, q ranges through the values q = 0, 1, 2, -, mk, mk+k-q

=v =0, anditis evident that
k _ k
a(O’k’m) = (a(ox 1:m)) ’ and a(mk: k:m) = (a(m: 1:m)) .
As an application of (30) we find a value for a(l,k,m). Let mk +m - q = 1, so that

m
a(0,1,m)a(l,k,m) = Ea(v,l,m)a(l -v, k, m)(vk +v - 1),
v=1

then
a(0,1,m)a(l,k,m) = ka(0,k,m)a(l,1,m) = k(a(O,l,m))ka(l,l,m)

and we have
a(l,k,m) = k(@(©,1,m)*ta(,1,m)
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