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DEFINITIONS. The Fibonacci numbers F and the Lucas numbers L satisfy F M 
n n J n+2 = F ^ + F , F0 = 0, Fi = 1, and L l 0 = L ^ + L , L0 = 2, Li = 1. n+1 n ' u * J n+2 n+1 nJ u ' 1 

PROBLEMS PROPOSED IN THIS ISSUE 

B-250 Proposed by Guy A. R. Guillotte, Montreal, Quebec, Canada. 

DO 
YOU 

LIKE 
SUSY 

In this alphametic, each let ter stands for a part icular but different digit, nine digits being 
shown here . What do you make of the perfect square sum SUSY? 

B-251 Proposed by Paul S. Bruckman, San Rafael, California 

A and B play a match consisting of a sequence of games in which there are no t ies. 
The odds in favor of A winning any one game is m. The match is won by A if the number 
of games won by A minus the number won by B equals 2n before it equals -n. Find m 
in te rms of n given that the match is a fair one, i. e. , the probability i s 1/2 that A will win 
the match. 

B-252 Proposed by Wray G. Brady, Slippery Rock State College, Slippery Rock, Pennsylvania. 

Prove that 

V bit = A 
£-j i!j!k! n! * 

i+j+k=n 
105 
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B-253 Proposed by Wray G. Brady, Slippery Rock State College, Slippery Rock, Pennsylvania. 

Prove that 

(-l)kL4j_ol^ _ ( - l ) k F , 
LJ iljSkl u LJ 

J+2k 
iijlk! 

i+j+k=n i+j+k=n 

B-254 Proposed by Clyde A. Bridger, Springfield, Illinois. 

Let A = a + b + c and B = d + e +1 where a, b , and c a re the roots of 
x3 - 2x - 1 and d, e, and f are the roots of x3 - 2x2 + 1. Find recursion formulas for the 
A and for the B . Also express B in te rms of A . n n ^ n n 

B-255 Proposed by L Carlitz and Richard Scoville, Duke University, Durham, North Carolina. 

Show that 

2k ̂ n > / k=0 
[(n - 1)F ... + (n + l ) F n , ] / 5 . un+l n - 1 -

2k=% x / ' k=0 

SOLUTIONS 

FIBONACCI SUM OF FOUR SQUARES 

B-226 Proposed by R. M. Grassl, University of New Mexico, Albuquerque, New Mexico. 

Find the smallest number in the Fibonacci sequence 1, 1, 2, 3, 5, ••• that i s not the 
sum of the squares of three integers. 

Solution by Paul S. Bruckman, San Rafael, California. 

It i s a well-known result hi number theory (see, for example, The Higher Arithmetic, 
by H. Davenport, p. 127, Harper Torchbooks, 1960) that any number of the form 4 (8v + 7) 
is not representable as the sum of three squares , whereas all other numbers are represent -
able. The first few numbers in this sequence a re as follows; 

7, 15, 23, 28, 31, 39, 47, 55, • • • . 

The smallest number of this set which is also a Fibonacci number is 55, which is 
therefore the solution to the problem. 

Also solved by Ralph Fecke, J. A. H. Hunter, Peter A. Lindstrom, C. B. A. Peck, Stephen Rayport, and the Proposer. 



1973] ELEMENTARY PROBLEMS AND SOLUTIONS 107 

GENERALIZATION OF RECKE'S FORMULA 

B-227 Proposed by H. V. Krishna, Manipal Engineering College, Manipal, India. 

Let H0, Hi, H2, ••• be a generalized Fibonacci sequence satisfying H , 0 = H .- + 
n+4 n+± 

H (and any initial conditions H0 = q and Hi = p). Prove that 

F l H s + F2H6 + F3H9 + . . . + F n H 3 n = F n F n + 1 H 2 n + 1 . 

Solution by John W. Milsom, Butler County Community College, Butler, Pennsylvania. 

This i s a generalization of Problem B-153 in which it was established that 

F iF 3 + F 2 F 8 + F0F9 + ••• + F F 0 = F F , - F 0 _,- . 16 L b d a n 3 n n n+1 2n+l 

An induction proof follows. 

SFiH - F F H 3i n n+1 2n+l 
i=l 

for n = 1. Assume that for some positive integer k that 

2>.: H = F F H 3i rk k+1 2k+l 
i=l 

The difference between 

k+1 

Z Fi H3i 
i=l 

and 

E'i H 3i 
i=l 

i s F. - H„. „. If it can be shown that 

F k + l F k + 2 H 2 k + 3 F k F k + l H 2 k + l F k + l H 3 k + 3 ' 

then it will follow that 
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k+1 

Z - . r F i H 3 i = F k + l F k + 2 H 2 k + 3 ' 
i==l 

F k+1 Fk+2 H2k+3 ~ F k F k + l H 2 k + l = F k+1 (Fk+2 H2k+3 " F k H 2 k + l ) 

= F k + l [ ( F k + l + F k ) ( H 2 k + l + H 2 k + 2 ) " F k H 2 k + l ] 

= F k+l ( F k+l H 2kH-3 + F k H 2k+2 ) 

F k+ l H 3k+3 ' 

This las t statement follows from the known statement of equality 

H , = F ..H + F H J_-n+r r - 1 n r n-KL 

with n = k + 1 and r = 2k + 2. Thus it can be said for all positive integral values of n 
that 

FiH3 + F2H6 + F3H9 + • • • + F EL = F F ^ H0 _ . 
16 ^ b 6 a n 3n n n+1 2n+l 

Also solved by Paul S. Bruckman, A. Carroll, Herta T. Freitag, Ralph Garfield, Pierre J. Malraison, Jr., C. B. A. Peck, A. Sivasu-

bramanian, David Zeitlin, and the Proposer. 

A CYCLICALLY SYMMETRIC FORMULA 

B-228 Proposed by Wray G. Brady, Slippery Rock State College, Slippery Rock, Pennsylvania. 

Extending the definition of the F to negative subscripts using F_ = (-1) " F , 
prove that for all integers k, m, and n 

( - l ) k F F . + ( - l ) m F , F + ( - l ) n F F. = 0 . 
n m-k k n-m m k-n 

Solution by Paul S. Bruckman, San Mafaei, California 

Using the Binet definitions of the Fibonacci and Lucas numbers , 

where 

_ / n , n w n r T n . n 
F = (a - b ) / \ / 5 , L = a + b , 

n // \ » n » 
a = i ( l + N/5) , b = | ( 1 - N/5) ; 

2 ^ 
, i x k _ „ , .^k, n , n w m-k , m - k , . _ 
(-1) F n F m _ k = (-1) (a - b )(a - b ) - 5 

. . x k / m+n-k .n-m+k, . xm-k n-m-hk, .^m-k , , m + n - k w _ = (-1) (a - b (ab) - a (ab) + b )/5 

= "B1("1) Lm+n-k ' "5(~1 ) Ln~m+k ' 

since ab = - 1 . Similarly, 
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and 
^ " V n - m " J < - « m W m " I ^ V n . m 

( _ l ) n
F F = i(-l)nL ^ -i(-l)kL ._,_ 
m k-n 5N m+k-n 5 v m-k+n 

Adding these three expressions, the term on the R. H. S. vanish, yielding the desired result . 

Also solved by Herta T. Freitag, R. Garfield, C. B. A. Peck, David Zeitlin, and the Proposer. 

A N ANALOGUE OF B-228 GENERALIZED 

B-229 Proposed by Wray G. Brady, Slippery Rock State College, Slippery Rock, Pennsylvania. 

Using the recursion formulas to extend the definition of F and L to all integers n, 
prove that for all integers k, m, and n 

( - l ) k L F . + ( - l ) m L , F + ( - l ) n L F. = 0 . 
n m-k k n -m m k-n 

Solution by David Zeitlin, Minneapolis, Minnesota. 

To solve B-228 and B-229 simultaneously, we let { H } satisfy H .„ = H , - + H . 
Then it is well known that 

(1) ( - l ) a H. F . = H ^. F j_. - H r , F n . 
v I j a-H a-fj a-HH-j a 

In (1) we let (a, i, j) = (k, ns m - k ) , (m, k, n - m ) , and (n, m, k - n ) and add the r e -
sults to obtain 

which contains B-228 and B-229 as special cases* 

Also solved by Paul S. Bruckman, Herta T. Freitag, R. Garfield, C. B. A. Peck, and the Proposer. 

A SIMPLE RESULT, GENERALIZED 

B-230 Proposed by V. E Hoggattf Jr., San Jose State University, San Jose, California. 

Let { c } satisfy 

C ^ - 2C - - C ^ 0 + 2C A l + C = 0 n+4 n+3 n+2 n+1 n 

and let 
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G = C „ - C . , - C . 
n n+2 n+1 n 

Prove that ( G } satisfies Gn+? = GR+1 + G^ . 

Solution by David Zeitlin, Minneapolis, Minnesota. 

Theorem 1. Let A and B be real constants, and let 

Wn+4 = A W n + 3 + B W n + 2 + ( 3 " B " 2 A ) W n + l + (2 - A - B)Wn 

for n = 0, 1, • • • . Let 

Then 
Q u.o = W ^ + (1 - A)W + (2 - A - B)W . ^n+2 n+2 n+1 n 

Q a.o = Q j.1 + Q » n = 0 , 1 , 
^n+2 ^n+1 ^ n ' 

Theorem 1 is proved easily and gives the desired result for A = 2 and B = 1. We 
also have 

Theorem 2. Let A be a real constant and let 

W , o = AW x 0 + (2 • A)W ^ + (1 - A)W n+3 n+2 n+1 n 

for n = 0, 1, * ' ' . Let 

Then 
Q = W _ + (1 - A)W ^n n+1 n 

Q ^.o = Q J.I + Q » n = 0 , 1 , 
^n+2 ^n+1 ^n 

Also solved by Paul S. Bruckman, Herta T. Freitag, R. Garfield, Peter A. Lindstrom, John W. Mi/so m, C. B. A. Peck, Richard 
W. Sielaff, A. Sivasubramanian, and the Proposer. 

GENERALIZED FIBONACCI SEQUENCES 

B-231 Proposed by V. £ Hoggatt, Jr., San Jose State University, San Jose, California. 

A GFS (generalized Fibonacci sequence) HQ, H I , H2, ••• satisfies the same recursion 
formula H + 2 = H - + H as the Fibonacci sequence but may have any intial values. It is 
known that 

H H , „ - H 2
x 1 = ( - l ) n c , n n+2 n+1 v ' ' 

where the constant c is characterist ic of the sequence. Let { H } and { K } be GFS and 
let 
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Show that 
C n = H 0 K n + H l K n - l + H 2 K n - 2 + - - - + H n K 0 

C , 0 = C _ l - + C + G 
n+2 n+1 n n ' 

where {G n } is a GFS whose character is t ic i s the product of those of { H } and { K } . 

Solution by Paul S. Bruckman, San Rafael, California. 

Let G^ = C - C 1 - C . By the definition of C , we obtain: n n+z n+l n n 

n+2 n+1 n 
5 = Y* H.K Q̂ . - V H.K ^ . - V H.K . n L-d 1 n+2-i £^ I n+l- i JL** I n- i G 

L 

i=0 i=0 i=0 
n 

= H _ K n + H ,-K- - H„J.1Kn + T * H. (K _ . - K _,_- . - K .) n+2 0 n+1 1 n+1 0 d—d I n+2-i n+l- i n- i 

i=0 

= Hn+2K0 + H n+1 K 1 ' Hn+1K0 

(since the t e rms in the summation vanish) 

= (H ... + H /Krv + H t1K- - H MKA = H .-.K-i + H KA . n+l n ' 0 n+l 1 n+1 0 n+1 1 n 0 

Substituting the lat ter expression for G in the following, we obtain: 

G ^ G , - G2 = (H ^JK- + H ^-.KJCH K, + H -K n ) - (H x 1 K , + H K n ) 2 
n+1 n -1 n n+2 1 n+1 O n 1 n-1 0 n+1 1 n 0 

= H n + 2 H n K l + H n H n + l K 0 K l + H n + 2 H „ - l K 0 K l + H n + l H n - l K 0 

" H n + l K i " 2 H n H n + l K 0 K l " H n K 0 

= K i ( H n + 2 H n " Hn+1> + K 0 K l < H n H n + l + H n + 2 H n - l " 2 H „ H n + l > 

+ K 0 < H n + l H n - l - H n > ' 

The coefficient of K | in the above expression, by hypothesis, is equal to (-1) c. The 
coefficient of KQKI may be expressed as : 

H JH •- H H , = (H _,_- + H )H n - H (H + H - ) n+2 n-1 n n+1 n+1 n n-1 n n n -1 
= H ^ H n -H2 = (-l)n~V= -(-l)nc . n+1 n-1 n v v ' 

The coefficient of K2, is also equal to - ( - l ) n c . Therefore, 

G n + l G n - l ~ G n = {~1^c^\ ' KoKi - K?) = (-l)nc K\ - K0(Ki + K0) 

= (-l)nc(Kl - K0K2) = (-lf^cd , 
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where d is the character is t ic of the sequence { K } . It remains now to prove that { G } is 
a GFS. Using the expression G = H .-.K-, + H K0> derived above, we see that 

' G .i-o - G _L1 - G = (H J Q - H ^ 0 - H ^ )K- + (H ^ - H ^ - H )Kft = 0 . n+2 n+1 n n+3 n+2 n+1 1 n+2 n+1 n 0 

Also solved by R. Garfield, C. B. A. Peck, and the Proposer. 

[Continued from page 84. ] 
p / \ oo v p 

/TV\ V"M P i r(p-k) rk,,, , m(p-k) mkv V"* mn+r ^n,,, x 
( I X ) X , k c i c2 «x + c t

 VF ' c 2 ) = > D f(x) , ±(i) 
k=0 \ ' 

£-J nl 
n=0 

(X) £ r ( - l ) k M c f ( P - k ) c 2
r k f ( x + c f ( P " k ) c ? * ) l / ( c t - c2) 

00 UP ^ 

E mn+r ^n . , * - 5 - D f(x) . 
n=0 

David Zeitlin 
Minneapolis, Minnesota 

Dear Editor: 

I recently noted problem H-146 in Vol. 6, No. 6 (December 1968), p. 352, by J . A. H. 
Hunter of Toronto. (I am a slow reader . ) I don?t know whether you have printed a solution 
as yet; in any case , the answer is in a paper by WilhelmLjunggren, Vid. -Akad. Avhandlinger 
I , NR. 5 (Oslo 1942). 

Indeed, P 7 = 169 is the only non-trivial square Pell number. 

Erns t M. Cohn 
Washington, D.C. 

Renewal notices, normally sent out to subscr ibers in November or December, are now 
sent by bulk mail. This means that if your address has changed the notice will not be for-
warded to you. If you have a change of address , please notify: 

Brother Alfred Brousseau 
St. Maryfs College 
St. Maryfs College, Calif. 


