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Our object is to present a single geometric setting in which it is possible to deduce
some of the more familiar algebraic properties of the golden section, ¢. In this setting, we
also uncover some less familiar properties of ¢ and some extensions and generalizations of

the '"golden" sequence:

1, ¢, (pZ, ¢3’ ,._’(pn’ -

The setting in which we will work is motivated by consideration of the following prob-
lem: construct a semi-circle on a given setment AB. Locate a point P on the semi-circle
so that the length of the projection of PA on AB is equal to PB. (See Fig. 1.) Since in
right triangle APB, PB is the mean proportional between AB and GB, and since AG =
PB, we conclude that G is the golden section of AB. (For a more familiar construction of
G, cf. [1].)

Figure 1

The right triangle APB is not ""golden.' In fact, if we normalize by taking GB = 1,
then AG = PB = (1 + ~N5)/2, which as usual, we denote by ¢. Since PG is easily seento
have length N@, we deduce from right triangle PGB the property that ¢* = ¢ +1. Using
this property in conjunction with right triangle APB, we conclude that PA = ¢#2, So, we
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see that the ratio of the legs of right triangle APB is N®. Nevertheless, this normalized
right triangle is the one with which we shall work.
At B construct a perpendicular on the same side of AB as P and extend AP until
it meets the perpendicular at P;. At P, construct a perpendicular meeting the extension of
AB at By. Set Py =P, By =G, and B; = B. (See Fig. 2.)

P,

Figure 2

From above, we have that ABy = ¢, ByB; = 1, AB; = ¢?, P;B; = ¢, APy = (1)3/2.
The following lengths are easily deduced from these, the Pythagorean theorem, and similar-
ity arguments: P;P, = <p1/2,, P,B; = ¢3/2, AP, = q>5/2, BiBy = ¢, PyBy = ¢2. AB, = AB, +
BiBy = 02+ ¢ = ¢ +1) = ¢% (See Fig. 2.)

Since AP, = AP; + P;Py, and AB, = ABj + BB, + B;B,;, we deduce (purely geome—
trically) two more properties: ¢5/2 = ¢3/2 + ¢)1/2, % = 20 + 1.

The procedure for continuing now is clear: in the same manner as we constructed tri-

angle AP,B, from triangle AByP;, we construct a new triangle AP3B; from AP;B;, and

so on. That is, we can generate a sequence of right triangles AP;By, APyBy, ** -, APan ,
having the following characteristics:
) P B = ", n=1,2,3,:"
(i) AB_ = L =0,1, 2, -
(i) AP = @ /2 g g ..
(iv) P B, = o@n+1)/2, 0, 1, 2,
) B B =¢", n=0,1,2, -

n n+l
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(vi) PmPn+1 = ¢ , n=1, 2,3,
(vii) ABn = ABn_1 + Bn_an, n=1,2,3, -,
implying ¢n+1 - <pn + ¢n—1
(viii) APn+1 = APn + PnPn+1’ n=1,2, 3, *°°,
implying ¢(2n+;;)/2 _ ¢(2n+1)/2 - ¢(2n—1)/2
(ix) ABi = ABO + BOBI’ 1mp1y1ng ¢2 = (1) + 1
AB, = AB,; + B;B,, implying ¢ = 2¢ + 1
AB; = AB, + ByB;, implying ¢* = 3¢ + 2

AB; = ABg + BgB;, implying ¢° = 5¢ + 3

.
.

We note that the geometric result in (ix) demonstrates the equivalence of the geometric
sequence 1, ¢, ¢%, ¢%, --. and the Fibonacci sequence 1, ¢, ¢ +1, 2¢ +1, -+, implying
that the sequence 1, ¢, ¢%, ¢3, --. is a ""golden" sequence.

Having constructed a sequence of triangles "on the right'" of the golden cut G in Fig. 1,
we now construct a sequence "on the left. " Drop a perpendicular from G to AP, intersect-
ing AP at Pp. From P, drop a perpendicular to AB intersecting AB at B!. Repeat this
procedure once more, obtaining P; on AP and B} on AB. Set B, =G, Py =P, and
B; = B. (See Figure 3.) From above, we know that AB; = ¢ = P;By, ByB; =1, AP, =
¢3/ 2, and P;B) = ¢1/ 2, Our object is to compute the lengths of the remaining segments in
Fig. 3. The same kinds of arguments as above result in the following:

PPy = ¢-1/2, AP, = ¢1/2, PyBy = 1, BIBy = ¢7!, AB] = 1, PyB] = ¢r1/2
PPy = %2, AP! = ¢"V2,  PIB! = ¢7!, BB} = ¢7%, AB} = ¢, and
PIB} = ¢-3/2. (See Figure 3.)

Figure 3
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Again, the continuation procedure is clear: we can generate a sequence of right tri-
angles APyB,, AP;B'l, APIBY, +--, API'1B'n’ +++, with the following characteristics:

]

. _ ,-n
() P B = o, n

() AB! = ¢, n=0,1,2 -+ (where AB] = AB) .

0,1, 2, -« (where P}B] = PyB).

(i) AP! = om@-D/2 2. (where AP = APBy) .

. -(2n+1)/2
(iv) PB4 = (o} ( % » n=0,1,2,"*- (where P{B} = PB]).
-(n+1
@ B, B = ¢ ", n=0,1,2,--- (where BiB} = B|B,).
. -(2n+3)/2
(wi) PP = ¢ )/ , n=0,1,2, - (where P!P! = PiPy).
(vii) AB;1 = AB;H_1 + B;l_'_lB;l, n=0,1,2,--+, implying

g7 = g7 g

(viii) AP! = APl + P! P, n=0,1,2,"", implying

o-Bn-1/2 _ 4-eni)/2 , o-(n+3)/2

(ix) ABy = B{B, + ByB] + BB} + -+ + B! B! +:--, implying
+o+l)

o = 1/ + 1/¢% + 1/¢% + -+« + 1/¢

(x) APy = P{P) + PjP} + PIP} + -+ + P! P! + ..., implying

¢1/2 = ¢—3/2 " ¢—5/2 + ¢—7/2 doeer 4 ¢‘(2n+3)/'2 doeee

Remark 1: A more familiar geometric setting for property (ix) is a rectangular spiral
(cf. [1]) the length of whose o side is o™, (See Fig. 4.) Figure 3 suggests that if one
were to "unfold" the rectangular spiral onto a straight line, the union of the sides, B—hﬁ,
would be a segment with length equal to AB;. (An analogous remark canbe made for proper-

ty ®.)

Figure 4

Remark 2: Figure 3 suggests the following generalization of properties (ix) and (x):

¢k=¢k"2+¢k‘3+... +¢‘1+1+¢+¢2+---,

for k =0, +1/2, +2/2, +3/2, **-.
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In Figure 2, we see that the ""golden sequence, 1, ¢, §2, -+ -, ¢n, -++ has its geo-
metric analogue in the sequence of altitudes PyB;, P;B;, PyBy, *°-, Pan, +++. In that
same figure, the sequence of altitudes P;Bj, P;By, PgBy, -, Pn+1Bn’ -+« suggests a
second sequence which is also golden: ¢'2, ¢¥2, ¢%2, .-.. (That this sequence is geo-
metric is clear; property (viii) demonstrates that it is also a Fibonacci sequence.) The fol-
lowing are additional extensions of the golden sequence suggested by the appropriate sequences

of altitudes in Figs. 2 and 3 (we include the above two for completeness):

(1 1, ¢, 0%, ¢4, -, ¢n—1, «++ (Golden Sequence)
(2) 1/¢s 1/¢21 1/¢3s ttt 1/¢n1 et

@) -, 1/6% 167, oo 1, 1, ¢, 0%, 63, -+, 0271,
(4) ¢1/2'¢3/2, ¢5/2, e, ¢(2n—1)/2, ..

(5) ¢—1/2’ ¢—3/2, ¢—5/Z’ e, ¢—-(2n—1)/2’ ..
®) --- ¢—(2n-1)/2’ cee, q)—il/z, ¢1/2’ ¢3/2’ ¢5/2’ cer, ¢(2n—1)/2’

As a final remark, we consider the sequence suggested by the complete sequence of altitudes
in Fig. 3:

BBl

PlBO’ P

1R 1 1 1 cee !
Pan’ Pn—an‘ Ph—an—l’ ’ PlB'Z’

(By» vts BB, BB, cec

P18y PoBpr PoBo o

This geometric sequence, with ratio ¢1/2, is evidently
-(2n+1)/2 . -n  -(2n-1)/2 -(n-1 - - -
"',(P )/ ) <P ’ ¢ )/ ’ ¢ (n )9""¢3/2: ¢1’ ¢1/2s 1,

¢1/2, 0y o0y ¢(2n—1)/2, ¢n, cen

Although this is not a Fibonacci sequence (and Hence, not golden), it contains each of the
golden sequences, (1)-(6), as subsequences, and has the easily verified property that any

subsequence consisting of alternate terms of the sequence, is in fact, a golden sequence.
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ERRATA
In '"Ye Olde Fibonacci Curiosity Shoppe,'" appearing in Vol. 10, No. 4, October, 1972,

please make the following changes:
Page 443: In the first line of the second paragraph, insert the word "ten' between "of'"

and "consecutive," so that it reads "...the sum of the squares of ten consecutive Fibonacci

"
numbers is always divisible by F,,= 55.



