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Define a sequence of generalized Fibonacci numbers

(1) {wn}o: = {Wn(b,c; P,Q)Y,
by
(2) w, = bw . +ew o,

where n denotes an integer =2, wy, = P and wy = Q. Considering a special form of this

sequence
an” e
{wy b, = @z 00)y
D. D. Wall [1] has shown that
{wrfl) (mod m)}f’;

(where m denotes a positive integer) is simply periodic. Our objective is to point out a
rigorous proof of the same and extend it to the sequence of Tribonacci numbers

©0 o0
(3) {Ty) = {Tyb.c.d P,Q, R
This sequence of numbers is defined by

4 T, =bT ;*cT ,+dl o,

where n denotes an integer =3, Ty =P, T; =Q and Ty = R.

Theorem a.
{ wr(l1 ) (mod m)}"g’

is simply periodic.
Proof. Let
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a,
m =1IIp’ ,
3
where j =1, 2, ***, i and pj represents a prime. Since
(1) 2y
w mod p.
{wy’ (mod p'}
is known to be periodic [ 1], we denote the length of the period
) 27
w mod p,
{w,” mod p,'}

by kj and write

a a
1 j 1 5
®) Wl((j) = 0 (mod ij), Wl({j?l-l = 1 (mod ij) .
Then it is easy to show that
(1) _ a‘l (1) - 3.2 e
Wik e kg = 0 (mod p;il), Vidkye e kg = 0 (mod py?), R
@ _ 3
Wk1kz“‘ K = 0 (mod p; )
(6). and
1) _ ay (1) = Ay ...
Wk1kz"‘ki"‘1 = 1 (mod p;?), wkikg"'ki'l’l = 1 (mod py?2) , .

(1)

a,
= L1
Wi kge o kgl = 1 (mod p;7) .

Therefore, it follows that

(1) -
Wk1k2“'kj = 0 (mod m)
) and
(1) -
L ki T 1 (mod m)
and

{wél) (mod m)}°§

becomes simply periodic.
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Theorem b. If (b, ¢, P, @, m) = 1, then {wn (mod m)}°§ is simply periodic.
Proof. Let

{Wr(12)}0 = {w_(b,c; 0,1}

For p denoting a prime, if (b,c,p) = 1, then ithasbeen shown in [3], that {wlgz) (mod p)}°§
is simply periodic. Also, since

- (2)
wn = pw’[1 + cQw

(2)
n-1 °’

it follows that if (b,c,P,Q,p) = 1, then {Wn (mod p)}";’ is simply periodic, and the tech-
hique of Theorem a renders that { W (mod m)}T; is simply periodic.

Theorem c. Let o
(T = {1 @,1,1 0,0,

n o n 3Ly dy s Vs 0 -
Then
{Tl(lg) (mod m)};

is simply periodic.

Proof. We have shown in [2], that {T(g) (mod p)}o is simply periodic and the proof
that { t ) (mod m)}o is simply periodic follows from the technique of Theorem a.

Theorem d. If (b,ec,d, P, Q, R, m) = 1, then {Tn (mod m)}o is simply periodic.

The proof of this theorem is similar to that of Theorem c and is left to the reader.
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