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1. INTRODUCTION

In a previous paper [1] the idea of a "sieve" was extended in order to give a method for
the computation of the sequences of values for certain functions which occur in the theory of
numbers. Some of the important functions are generated as the sequences of coefficients of
suitable Dirichlet series or of suitable power series; see, for example, G. H. Hardy and
E. M. Wright {2, Chapters 17 and 19]. We will consider the similar problems of the num-
ber of representations of an integer as a product with factors chosen from a given set of pos-
itive integers and the problem of the number of representations of an integer as a sum with
terms chosen from a given set of positive integers. Although quite analogous, the two prob-
lems are rarely mentioned together.

To be specific, we consider a subsequence S = {an}, of positive integers, finite or
infinite, which satisfies the conditions a; < ay < ag < ... with 1 < a; forthe case of prod-
ucts and 0 < a; for the case of sums. Our problems can then be stated as (1) compute the

number, R(n), of distinct representations of a number n as a product of the form

with 3 € S, bi > 0, and (2) compute the number, P(n), of distinct representations of a
number n as a sum of the form n = bjaj +bhgag o, 2; € S, bi > 0. Analogous problems
are obtained by the restriction b; = 1; these are (1') compute the number, R'(n), of distinct
representations of a number n as a product of the form n = ajak, Tty £ S8, thatis, of
distinct factors, and (2') compute the number, P'(n), of distinct representations of a number
n as a sum of the form n = aj + . Foos, 2 € S, thatis, of distinct terms. The generat-

ing functions for the sequences R, P, R', and P' are given by

-1

na-a® = ZR@n™,
na - 7 = Teex®
M@ +a® = XR@n™®,
na+x1) = S p@s®

295



296 REPRESENTATIONS AS PRODUCTS OR AS SUMS [Oct.

The reciprocals of these generating functions are also of interest. For example, those for R
and P lead to generalizations of the Mobius function (u(n) isobtained for a; = pi) and of the
Euler identity (whis is obtained for a, = i), respectively,

na-a® = X M@n™®,

a

Ha-xb = YRS .

2. REPRESENTATIONS AS A PRODUCT

From the generating function we can develop a "sieve" technique ("sieve' used in the
sense given in [1]) for computing the values of the sequence R. The generating function is
rewritten in the form

-1
na - 2% =na+a®+a? .,

where the products extend over a, € S. We need to know the sequence { an} for 1 Sn SN
in advance as the input, if we are to compute R(n) for 1= n S N. Table 1 illustrates this

process for the input sequence of Fibonacci numbers 2, 3, 5, 8, ---.

Table 1
Product Representations, S = {2, 3, 5, 8, 13, }

1
1234567890123456178901234561789012

0)

R | 110100010000000100000000000000°0°1
@)

R 11110101100100010100000100100001
R(g) 11111101110100110101000110100101
R(4) 11111102110100120101000210100102
R 11111102110110120101100211100102

To begin, let R(O) denote the sequence with 1 in position 1 and 0 in position n for

(1)

2 < n X N. Inorder to obtain the sequence R

o))

we bring down 1 into position 1 and then

add the entry from position 1 of R ©0)

(@

to the entry at position 1la; of R and enter the

sum in position a; of R, then the entry from position 2 of R(l) is added to the entry
in position 2a; of R(O) and the sum is entered in position 2a; of R(l), etc. At position
n # ma; of RD we simply use the entry from position n of R(O). This set of subproces-
ses using a; is stopped when ma,; > N. To continue, the entry from position 1 of R(l) is

@)

entered in position 1 of R and in general the entry in position n of R(l) is computed

successively for 1 < n = N by either entering in position n of R@ the entry from position
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(1) (2)

n of R if n # may, butif n = ma, by adding the entry at position m of R to the
entry at position ma,; of R(l) and entering the sum in position n of R(Z). For the general
iterative step going from R(k'l) to R(k), since R(k) (n) sometimes depends on previous

entries in R(k), we use these formulas sequentially for n =1, 2, 3, -,

R(k) n) = R(k_l) (n) if ay * n ,

R(k)(n) = R(k'l)(n) + R(k)(n/ak) if  a l n .

We stop each subprocess when maj > N and we stop the entire process when a; > N; the
result is the sequence of values of R for 1 < n < N. It should be noted that the sequence
R(k"l) can be destroyed entry-by-entry as R(k) is generated.

The reasoning behind the workings of the process is as follows. Suppose that we have

already generated the sequence R(k‘l). We want to multiply that series generated by the

function

k-1 1

-5
ma-ar)
N n

n=x

by the series
-s\-1 _ -8 -2s
(1_ak) —1+a.k+ak + .

This is equivalent to the generation of R(k) from R(k‘l). Actually, this multiplication is
equivalent to successively expanding the scale for rk-1) by a factor aj and addingthe ex-
panded result to the sequence R(k—l) itself. This is illustrated in Table 2 in which R(k-l) (n)
is denoted by Cpyr

Table 2
Product Pattern

CyCy - cm... cak.-- CZak... cmak... cakz-.. cmakz...
01 CZ LI cm e . cak'-o Cmak eo.

cg cm e

From the diagram in Table 2 we note that rows, beginning with the second, are repeats
of the first row, but with the scale expanded successively by the factor o If we consider a

column which is to be summed, we note that the quantity to be added to c is merely the

naj
sum appearing in the column headed by c_, hence we obtain the iteration equations.

In the intermediate steps the number R(k) (n) has an interpretation as the number of
representations of n as a product using only elements of the finite subsequence a;, a3, <,

ak.
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3. REPRESENTATIONS AS A SUM (PARTITIONS)

Here we have a quite closely analogous case to that of the previous section. The gen-
erating function is rewritten

a_ -t a 2a

Na-x") =n@a+x%+x Y +...)

In Table 3 the operations are diagrammed analogous to Table 2 except that here we notice that

the rows are shifted by an amount 2 and then successively added to the (k - 1)-sequence.

Table 3
Sum Pattern
CO cl CZ . e cak Cak'+l a0 0 Czak e C3ak Y cmak
Co cy e Cak “ee czak... c(m_l)ak...
cg **° ¢

2y oo C(m-Z)ak ..

CO ob e

Cy

(Here the sequence is indexed from 0.) Reading the columns as in Table 2 we have the inter-
ation formulas

p® @) = pE-De it a_ %0,

<

P(k)(n) = P(k—l)(n) + P(k)(n -a if 2 = n.

i)

(0)

The initial sequence P(O) corresponds to R"’; a 1 appears in position 0 and 0 appears
otherwise. The process is stopped similarly. It is of interest to note that ay < n here re-
places 2, in and that n - a, replaces n/ak. In Table 4, the case of the Fibonacci sequence

1, 2, 3, 5, 8, *** is illustrated.

Table 4
Sum Representations, S = {1, 2, 3, 4, 8, 13, }

0123456 7 8 91011 12 13 14 15 16 17 18 19 20 21

0)

6]

1000000 0 0 0 0 O O 0 O O O 0O O o0 O O
11111111 1 111111 1111 11 1

P(z) 1122334 4 5 5 6 6 7 7 8 8 9 910 10 11 11
(3)

4)

1123457 81012 14 16 19 21 24 27 30 33 37 40 44 48

112346 8 10 13 16 20 24 29 34 40 47 54 62 71 80 91 102

P 112346 8 10 14 17 22 27 33 41 49 59 71 83 99 115 134 157
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In the intermediate steps the number P(k) (n) denotes the number of partitions of n
involving only those numbers ajy, a3, ***, 2 .

4. REPRESENTATIONS WITH DISTINCT ELEMENTS

If it is required that the representations involve no repeated elements, that is, ''square-
free" products or "pairfree' sums, the generating functions are simpler and hence the com-
putational process is also simpler. By reasoning somewhat analogous to the previous two
sections we obtain the recurrence formulas

R = Dy if 2 fn,

R = pl-

1)(n) + R'(k—l)(n/ak) if a l n,
where we start with R'(O)(l) =1 and R'(O)(n) =0 for n > 1. The case of distinct terms
of a sum is quite analogous to this. Starting with P'(O)(O) =1, P'(O)(n) =0 for n> 0 we
obtain the recurrences

P'(k)(n) = P'(k'l)(n) if a, $ n,

P'(k)(.n) = P'(k'l)(n) + P'(k_l)(n - a) if a < n.
The only alteration required to change the formulas of the previous sections to these
is the change in the upper index on the second term. Tables 5 and 6 display the computations
of R' and P' for the Fibonacci sequence.

Table 5
Squarefree Products, S = {2, 3, 5, 8, 13, }

1 2 3
12345678901234567890123456789 012

R'(O)10000000000000000000000000000000
R'(l) 11000000000000000O0O0O00O0O00O0O0O0OCO0OO0OO0OO0OO

R'(Z) 11100100000000000000000O0000O0O0OOO0O
(3)

R 1110110001000010000000000000010°0
R 11101101010010110000100101000100
Table 6
Pairfree Sums, S = {1, 2, 3, 5, 8, 13, ++-}

1 2 3
01234567890123456789012345678901
@] 1 0000000000000000000000000000000

P'(l) 110000000000000000000CO0CO0OOCOOOCOOOOO

(Continued on following page. )
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Table 6 (Continued

1
0123456173829

1111000000000000000000000O0000O0OO0O0
P! @) 11121110000000000000000O0O00O0CO00O0O0O0OU0
11121221211100000000000000000000

11121221322312212111000000000000

P 11121221322313324233143352442533

5. OTHER FORMS

As was remarked in the first section, the reciprocals of the generating functions are

also of interest. Tables 7 and 8 illustrate these analogs for the Fibonacci sequence.

Table 7
Product "Reciprocal," S = {2, 3, 5, 8, 13, -+ +}

1 2

1 2 3 4 5 6 7 89 012 34 5 6 789 0 1
M? 41 0 00 0 00 00 000 00 0 00000 0
MP 41 1 00 0 00 00 000 00 0 000000 0
M? 41 .1 .10 0410 00 000 00 0 00000 O
M® 41 Z1 210 -1 410 00 4100 00+ 00000 0

Table 8
Sum ""Reciprocal,” § = {1, 2, 3, 5, 8, 13, ++}

1 2
0 1 2 3 4 5 6 7 8 9 0 1 2 3 456 7 8 9 01

K(O) 1 0 0 0 ©© 0 0 0o 0 0 0 O o O O0O0OO O O O00O0
@ +1 -1 0 0 0 0 0 0o 0 o 0 0 O 0 0000 O 0 00
K(z) +1 -1 -1+ 0 0 0 0 0 0 0 0 o O O00O0OO O O 00O
+ -1 -1 0 +1 + -1 0 0 0 o0 0 0 0 0 O0O0O0O O O 00

k% | 42 2121 041 0 041 0-1-14 0 0 0000 0 0 00

K 1 -1 -1 0 +1 0 0 +1 -1 0 0 +1 -1 -1 +1 0 0 0 +1 -1 -1 0
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Note that the only alterations required in the techniques used involves the changes of signs;
this is equivalent to switching the primed and unprimed formulas and subtracting the second
terms instead of adding these terms.

All of the cases which have been considered are special cases of the general formulas

11 + f(a.k)atl;S + f(af{)a_zS +eel) =Z:F(n)n"S s

LI =Y Gx" .

a. 2

I+ glay )x =~ + glaf )x
Other cases can certainly be derived and similar lines of reasoning canbe carried out for the
simpler cases. More complicated cases can also be worked out, if the process is general-

ized somewhat, but they become messy.
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ERRATA

Please make the following changes in the article, '"A New Look at Fibonacci Generaliza-
tions," by N. T. Gridgeman, appearing in Vol. 11, No. 1, pp. 40-55.

Page 40, Egs. (1) and (2). Please insert an opening bracket immediately following the
summation sign, and a closing bracket immediately following '"B'" in both cases. In Eq. (2),
please change the lower limit of the summation to read: "i=0" instead of 'm=0."

Page 41, Table 1. Please add continue signs, i.e., © = , atthe end of the table.

Page 42, line 14 from bottom: Please correct spelling. frc;m "superflulous' to "super-
fluous. "

Page 42, line 7 from bottom: Please insert a space between 'over" and "'positive. "

Page 44, line 10: Please change ''member" to read ''members."

Page 45, Eq. (11): Please add an opening bracket immediately before g }_1 1 ) and a
closing bracket at the end of the line.

Page 46, line 10: Please change the first fraction to read " N9/2 = 2"

Page 47, Eq. (18): Please correct the numerator to read:

[N-(B-1(1/2-R]1/2+R"-[N- B-11/2+R)]1/2 - R

[Continued on page 306. ]



