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1. ZERO - ONE SEQUENCES AND FIBONACCI NUMBERS OF HIGHER ORDER
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1. INTRODUCTION
It is well known (see, for example [1, p. 14]) that the number of sequences of zeros and
ones of length n with two consecutive ones forbidden is equal to Fn+2' For example for
n = 3, the allowable sequences are

(000), (100), (010), (001), (101).

As a first extension of this result, let f(n,k) denote the number of sequences of length

n.

(1.1) (@, @z, ++-5 a)) (@, = 0 or 1)

such that

(1.2) aiai+1“'ai+k:0 i=1,2,,n-Kk;

that is, a string of k + 1 consecutive ones is forbidden. Also, let f(n,k,r) denotethe num-
ber of such sequences with exactly r ones and let fj(n,k,r) denote the number of such se—
quences with r ones and beginning with j ones, 0 = j = r.

It suffices to evaluate fy(n,k,r). We shall show that

(1.3) fol,k,r) = ¢ @ - r, 1),

where ck(n, r) is defined by

kn
(1.4) 1+ x+-r +x) = D e x
r=0

Also if

fyln,k) = Y fyln,k,1)

r

is the number of allowable sequences beginning with at least one zero, we have

>kSupported in part by NSF Grant GP-17031.
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0
(1.5) 3 foln, k)2 = - =
~ .

In the next placelet r,s be fixed positive integers and let f(m,n; r,s) denote the num-

ber of sequences of length m +n

@, ag -y o8 L) (@, = 0 or 1)
with exactly m zeros and n ones, at most r consecutive zeros and at most s consecutive
ones. Also, let fj(m,n; r,s) denote the number of such sequences beginning with exactly j
zeros, 0 < j =< r; let 'fk(m,n; r,s) denote the number of such sequences beginning with ex-
actly k ones, 0 < k < s,

As in the previous problem, it suffices to evaluate fy(m,n; j,k) and Ty(m,n; j,k). We
shall show that

(1.6) fom,n; r,s) = Z Cr-l(k’ m - k)cs_l(k, n - k)
k

+ E cr_l(k +1,m -k - 1)cs_1(k, n -k,
k

(1.7 Tolm,n; r,8) = E ¢, g m - e, &k, n - k)
k

Y ek m-Ke k+1n-k-1,
k

(1.8) f(m,n; r,8) = Z {cr_l(k, m - k)cs_l(k, n - k)
k

+ Cr—l(k +1, m-k - 1)cs_1(k, n - k)

+ cr_l(k, m - k)cs_l(k +1,n-k-1} .

As a further extension one can consider sequences of 0's, 1's, and 2's, ,say with re-
strictions on the number of allowable consecutive elements of each kind. However, we leave

this for another occasion.
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2. FIRST PROBLEM

We now consider the first problem as defined above. It is clear from the definition that

k
@.1) fin,k, ) = ) £(n, ks, 1)
j=0
Also
k
(2.2) fy(n,k,1) = Z -1k =10-1k7
j=0
and
(2.3) fj (n,k,r) = £ - j, k, r - j) (0=j=k).

Hence f;(n,k,r) satisfies the mixed recurrence

k
(2.4) £, (n, k, 1) =Zf0(n—j—1, k, v - j) >k +1)
i=0

Now, for r < Kk,

f(](lsksr) = 60,1‘ H

fo(2,k, 1) = ;(1) sy

b

1 (r = 0
=1
R -
0 (r > 2)
Generally, for 1 < m < k +1, we have
(m ; 1) 0= r < m)
(2.5) folm, k,r) =
0 (r 2 m)
Ifwe take n = k+1, r < k in (2.4) we get
k
Bl + 1,k 1) = D ol - Jy ks T - )
=0

By (2.5) this reduces to
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k-1

(5):Z(k;j_'jl)+fo(0,k,r-k).

j:

é(k;isl)zg(i:i:i)zg(k-g-l)=<klfr)=(l;)’

it follows that (2.4) holds for n 2 k+ 1 > r provided we define
£(0,k,t) = 0 t <0).

Moreover (2.4) holds for r >k, n = k+ 1, since both sides x}anish.

Now put

0

(2.6) Fx,y) = Z fo(n,k,r)xnyr

n,r=0

Then, by (2.4) and (2.5),

k s o 0
E Zfo(n,k,r)xnyr + Z Zfo(n,k,r)xnyr

F(x,y) =
n=0 r=0 n=k+1 r=0
Sl ]
n-1\nr
ST E(" )
n=1 r=0
o0 o Lk
+ Z ZZ fyb -j -1, k, r-)xy"
n=k+1 r=0 j=0
k 0
- T (M )Y
n=1 r=0

+§_:x3+1yJ Z Zfo(n-]—l,k r—])an 1 r-]

n=k+1 r=0

1+Zz(n-1> £y

n=1 r=0

1]

k-j-1 <

+ZXJ I rx,y) = > Ytk sy )

n=0 =0
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Since
k ) ] k-j-1 k koj-1
Z XJ+1YJ z: Zf(n,k,_r) Xnyr = Z xj+1yj Z Z(n ; 1)
3= =0 r=0 =0 n=0 r=0
k
- Z Exnyrz(n;j_gz)
n=1 r j
k
= Z Z(n ; 1)Xnyr ,
n=l r

it follows that

k
z:x]-klyJ . Fx,y) .

Fx,y) = 1+
j=0
Therefore
(2.7) F(x,y) = +
1-x Z xj yJ
j=0

If we define the coefficient ck(n, r) by means of

kn
(2.8) @ +x+.+ " = Z ck(n,k)xr ,
r=0

it is clear that
s

K )
1-x20 0y  s=0 §=0
=0

_ - s & rr
Zx ch(s,r)x y

=0 r=0

© n

= Z E ck(n ~ T, r)xnyr .

n=0 r=0

Therefore by (2.6) and (2.7) we have

n_r
Xy
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(2.9) foln,k,r) = ck(n -1, 1)

and, in view of (2.2),
(2.10) fn,k,r) = ck(n -Tr+1, 1) .

Moreover if we put

fo(n,k) = Z f() (n:k:r) ’
r

it follows that

o0
1
(2.11) Z fo (n,k) Xn = ——m——
n=0 1- Z !
=1

In particular, for k = 1, itis clear from (2.11) that
(2.12) fon,1) = F -

3. SECOND PROBLEM

We turn now to the second problem defined in the Introduction. It is convenient to define

£(0,0; r,s) = £(0,0; r,s) = 1
(3.1)

fj(o,o; r,s) =_fk(0,0; r,s) =0 (G >0, k>0).

The following relations follow from the definition.

s
folm,n; r,8) = E_fk(m,n; r,s)
k=1

(3.2)
r
Tym,n; r,8) = Z fj(m,n; r,s)
=1
S
fj(m,n; r,s) = E'fk(m - j, n;r,8) G =2 0
k=1
(3.3)

r
'f'k(m,n; r,s) = Z fj(m, n - k; r,s) k 2 0,
=1
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where it is understood that

fo(m,n; r,8) = Ty (m,n; r,s) = 0

if either m or n is negative.

We have also

f.(m,n; r,s) = fHm - j, n; r,8) G = 0
(3.4) J _
fk(m,n; r,s) = fy(m,n - k; r,s) (k > 0)
In particular
f'(j’ n; I‘,S) = fO(Oy n; r,S) =1 (0 S n <
(3.5) J _
fk(m,k; r,s) = fy(m,0; r,s) = 1 0 =Xm?=
It follows from (3.2) and (3.4) that
S
fo(m,n; r,8) = Z—f'o(m, n-k;r, s)
k=1
(3.6)
Tolm,n; r,s) = Z fom - j, n; v, 8)
=1
and therefore
r s
fom,n; r,s) = E Zfo(m -j,n-kr,s)
=1 k=1
(3.7)
r s
Tym,n; r,s) = Z ZT m - j, n-k;r,s)
=1 k=1
Now put
0
Fy = Fyx,y) = Z fo(m, n; r,s)xmyn
m,n=0
0
Fy = Folx,y) = Z Ty m,n; r,8) x " y"
m, n=0

Then by (3.5) and (3.7),

s)

r)-
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] °0
Fog = z: yk + Z fy (m,n; r,s) x yn
k= m,n=1

1]
™
%W
+
M 8
.M'—g
[~1 "
&
B
1
e
I
x
3
z
w
B
l<»’3

k=0 m,n=1 j=1 k=1
s r s 0
S DEAED 3D DETLID DR
k=0 =1 k=1 m, n=0
s s
k k
ST Y T,
=0 =1 k=1
so that
i kK
y
(3.8) Fy = L;‘O S
1-3 % oy
=1 k=1
Similarly
- J
2y
(3.9) T, = 2
1 - Z E x] yk
=1 k=1
Clearly
f(m,n; r,s) = fy(m,n; r,s) + §(m,n; r,s) (m +n>0,
so that
o0
Flx,y) = Z fm,n; r,8)x 0 y" = -1 + Fo(x,y) + Fpx,y)
m,n=0
Hence
T s
j k
>+ y
(3.10) Flx,y) = -2 - g_o
1- 3 Y oy
=1 k=1

To get explicit formulas we take
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-1
ek ok ro1.f 1.8
1-ZZXJy =ny(1+ U N T A
=1 k=1 =0
0 [oe] N 0
= xkyk Z c. .k i)xi Z e .k ')xj
r-1"7 g-1%!
k=0 i=0 =0
0
_ m_n
= Z Xy cr-l(k’ m - k)cs_l(k, n - k).
m,n=0 k
Then
r
PIEN * k+1 k
j=1 - k+1 _k r-1 s-1
SN T A R i
1-22 2 <y k=0
i1 k=1
o0
_ k+1 _k . aodj
= Z x Ty Z Cr-—l(k + 1, 1)cs_1(k,3)x y]
k=0 i,j
(=]
= Z men cr_l(k + 1, m-k- 1)CS_1(k, n-k,
m,n=0 k
s
k
2. «
=1 - m 1 - _k -
AC— Z Xy Ecr-l(k’ m k)cs_l(k +1,n -k -1).
1 - Z E ny m,n=0 k
=1 k=1

1t follows that

folm,n; 1,8) = {e f, m - ke kn-K
(3.11) k

+e, k+1,m-k-1c, G n- K},

Ty (m,n; r,8) = z {cr_l(k, m - k)cs_l(k, n - k)
(3.12) k
{ te jkm-Ke, (k+1,n-k+ ny o,
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f(m,n; r,s) = E{ Cr-l(k’ m - k)cs_l(k, n - k)
k

(3.13)
+ cr—l(k +1,m -k - 1)cs_l(k, n - k)

+ep gk m-Ke, (k+1,n-k-1}.
When r — o the restrictions in the definition of f, f. reduce to the single restriction

that the number of consecutive ones is at most s. The generating functions (3.8), (3.9),
(3.10) reduce to

5.k
1-x2y
(3.8" F, = 1;=0 ,
1-x Z yk
k=0
(3.9") F, = L -
1-x Z y
=0
S
k
2V
(3.107) F = k=0 <
1 -x Z: yk
k=0

It can be verified that these results are in agreement with the results of Sec. 2 above.
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