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In this paper, we discuss palindromic compositions of integers # using members of general sequences of positive
integers as summands. A palindromic compasition of n is a compasition that reads the same forward as backward, as
5=1+3+1, but not5=3+1+ 1. We derive formulas for the number of palindromic representations of any inte-
ger n as well as for the compositions of n. The specialized results lead to generalized Fibonacci sequences, interleaved
Fibonacci sequences 1, 1,2, 1, 3, 2,5, 3, 8, 5, -, and rising diagonal sums of Pascal’s triangle.

1. GENERATING FUNCTIONS

{ak}f;o

be any increasing sequence of positive integers from which the compaositions of a non-negative integer n are made.
Then let

Let

a,
Flx) = x% +x1 + ..+ x k 4.

which will allow us to write generating functions for the number of palindromic compesitions P,, as well as the num-
ber of compasitions £, made from the sequence

’

'{ 3k}‘/?.-_—0 .
Theorem 1.1. The number of compositions £, of a non-negative integer n is given by

1
2. Cx" = T—Flx)

Proof. Now G, =1and £, = C, = - = L4 -7 = 0 because the numbers 1, 2, 3, -+, a, — 1 have no composi-
tions, while the number 0 has a vacuuous composition using no summands from the given sequence. Next,

cn = 6‘"__50 + Cn-a, + oot Cn—as e,
where C; =0 if j < 0. Thus,
}: Cpx" = (x% +x%1 +x%2 4+ ...) Z Cox"+1
=0 n=0

from which Theorem 1.1 follows immediately.
Theorem 1.2. The number of palindromic compositions 2, of a non-negative integer n is given by

P x" = 1+ Flx)
2 Fax 7= Fix?)
n=0

or

350
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= n _ Fix)+Fix2)
E] an 7" F(X2}
n=

Proof First, we can make a palindromic composition by adding an a, to each side of an existing palindromic
composition. Thus

Pn = nnzao +PI'I—281 +'"+Pn-'235+ .,
where ;= 0ifj < 0. Thus

oo
3 Pax™ = xZ0 (P, Pox+ Pyx 4 ) #XPA (P # P X 4 Pyx? )
n=0
+X232(p0 FPXFP X+ o)+t (x% +x1 +x% 4 ),

where the terms x %0 + x?1 + x?2 + ... account for the single palindromic compositions not achievable in the first
form. Theorem 1.2 is immediate.
We note that the function
Flx) = x% +x71 4ot x5 .0

is such that

Fltx) = E Rinix",
n=0

where A(n) is the j-part composition of n;

Fitx2) = 3 R*nkx",
n=0

where A *(n) is the 2i-part palindromic compasition of n,; and

Fix)F'(x2) = 3~ R**(nkk",
n=0

where R **(n) is the (2/ + 1)-part palindromic composition of n.
Next, we find the number of occurrences of ax in the compositions and in the palindromic compositions of n.

Theorem 1,3. Let A, be the number of times ax is used in the compasitions of n. Then

n = e ————
Z Anx [7= Fix)]?
n=0

Proof. Itis easy to see that
A, = A”’ao +A,.,_a1 o +An-—ak i cn-'ak o,

where Gyand Ay = 0ifj < 0.

= a a
S Ak = (%0 et #etx ) T Ak 1% o
n=0 n=0 n=0

from which Theorem 1.3 follows after applying Theorem 1.1,
It follows from Theorem 1.3 that the total use of all ax is given by all integer counts in the expansion of

Fix)
[1- Flx)]*"
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Since the number of plus signs occurring is given by the total number of integers used minus the total number of
compositions less the one for zero, the number of plus signs has generating function given by
Fix) __ __Flx) _ F(x)
[T-F(x)]* 1-F(x) [1-Flx)]?
Theorem 1.4. The number of occurrences of ax in the palindromic compositions of n, denoted by U,,, is
given by the generating function

K 2P ) =, on
T=Fa) = Fxei 24:0 Unx™.

Proof. To count the accurrences of ax in the palindromic compositions of n,

Un = Un-2a, * Up-2a, +++ (Up-25/ + 2Pn-24,) +8 = § 1ifn=a
0ifn#a
the one being for the single palindrome ay, and U; and £; = 0 forj < 0.
Z Upx" = x220(Uy + U, x + Uyx? + ) # 221Uy + U x + Uyx? + )
n=0

2a E)
F ot XUy # U X+ Uyx? 40 ) # b x K

2
+2x % Z Pox" .
=0

Therefore, applying Theorem 1.2 and simplifying yields Theorem 1.4.
As before, from Theorem 1.4 we can write the total number of integers in all palindromic compositions displayed
in the form of the generating function
Flx) _ ,2F(x*)(1 + F(x))
71— F(x?*) [1— F(x2)]?

Now, in getting all the plus signs counted we need only subtract the generating function for the palindromic com-
positions of all » except zero. Thus
Flx) _, 2F(x*)(1+F(x)) _ Flx*)+Flx) _ F(x*)[1+2F(x)+ F(x*)]
71— Fix?) [1- F(x*)]? 71— Fix*) [1- F(x*)]* ’
2. APPLICATIONS AND SPECIAL CASES

The results of Section 1 are of particular interest in several special cases.
When the summands are 1 and 2, F(x) = x + x? gives the result of [1] that the number of compositions of n is
Fp+1, the (n+ 1)t Fibonacci number, since by Theorem 1.1,

n - 1 = n
(2 1 ) Z C,-,X = 7_——-()7;—;2—) = Z Fn+ X,
n=0 n=0

where we recognize the generating function for the Fibonacci sequence. Theorem 1.2 gives the number of palin-
dromic compositions as

n . _1+x+x*
(2.2) % Ppx P oy

which is the generating function for the interleaved Fibonacci sequence 1, 1,2, 1,3, 2,5, 3, 8,5, 13,8, 21, ---.
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When the summands are 1, 2, and 3, F(x) = x + x> + x3 in Theorem 1.1 gives the generating function for the
Tribonacci numbers 1,1,2,4,7, «, Tpe3 = Tps2+ Tneg1 + Tp, as

(2.3) Z Can = m = E Tn+1Xn
n=0 n=0

while the number of palindromic compositions from Theorem 1.2 becomes

2.4 no _1#X+X24X2
(2.4) Z_anx PR i m——

which generates the interleaved generalized Tribonacci sequence 1,1, 2, 2, 3, 3, 6, 6, 11, 11, 20, 20,-.
When the summands are 1, 2, 3, -+, &, then F(x)=x+x2 + o+ x% in Theorem 1.1 gives the generating function
for a sequence of generalized Fibonacci numbers { F;;} defined by

Fiuk = Fiket + Firkog # -+ Fl, =1, Fy=2"" n=234.k
so that C,, = Fri+7.

When the summands are the positive integers, F(x) = x +x* +x3 +..=x/(1 — x) in Theorem 1.1 gives the num-
ber of compositions of n as 27~ 7, n > 1,since

n 7 _ 1—x
(2.5) > Cx — —

which generates 1, 1, 2, 4, 8, 16, 32, ---. Applying Theorem 1.2 to find the number of palindromic compositions
gives the generating function for the sequence 1, 1, 2, 2, 4, 4, 8, 8, -+, or, P, =2[”/2],n =0,1,2,-,where [x]
is the greatest integer function.

Taking odd summands 1, 3, 5, 7, -+, and using F(x) =x +x3 + x5 +x" +--=x/(1 — x?) in Theorem 1.2 to find
the number of palindromic compositions of » again gives the generating function for the interleaved Fibonacci se-
quence 1,1,2,1,3,2,5,3,8,5, 13, 8, 21, -+, while Theorem 1.1 gives the number of compositions of 7 as

— x2 =
(2.6) 2 Cnx" = Ix - 7—7x_xx2 = 2 (Fne1 = Foo1 k"
n=0 -7 n=0

so thatCp = Fp.
If we use the sequence 1, 2, 4, 5, 7, 8, --, the integers omitting all multiples of 3, then

Fix) = (x +Xx2)+ (x* +x5)+ (x" +x3)+ . = (x +x2 )1 - x?)

yields the number of compositions of n as

2.7 n _ 7 = 1—-x3
27 Z Cnx j_x+x? T—x—x*—x®

1-x3

so that, returning to Eq. (2.3), C, = Tj+7 — Tp-2, where T, is the n™/' Tribonacci number.
If we take
X2

Fix) = x>+ X3 + X% +x5 4. = ;
—-X

’

the number of compositions of n using the sequence of integers greater than 1 is given by
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(2.8) z_: cnxn = /1 Ixz = 1—x— Xz Z FH—V(
B T—x
so that C,, = F,-7. Applying Theorem 1.2 we again find the number of palindromic compositions to be the inter-
leaved Fibonacci sequence, but with the subscripts shifted down from before,as 1,0,1,1,2,1,3,2,5,3,8,5, -
(Note: Zero is represented vacuously; one not at all.)
The sequence of multiples of & used for summands leads to

Fix) = xK+x2K 153 4. = xk/(7~xk),

which in Theorem 1.1 gives us

i k
(2.9) PRI e S Z 21y km
1—-2x
n=0 m=1
so that the number of compositions of n is 2™ i n=kmorQifn # km for an integer m.

3. SEQUENCES WHICH CONTAIN REPEATED ONE’S

Compositions formed from sequences which contain repeated one's also lead to certain generalized Fibonacci
numbers. We think of labelling the one’s in each case so that they can be distinguished. These are weighted
compositians.

First, 1, 1, and 2 used as summands gives F(x) = x +x + x? so that

(3.1) Z Cox" Zx — = Z Prg1x"

n=0

so that Cp, = pp+1 where p, is the n™ Pell number defined byp,=1p,=2 pp+2=2pn+1*pn- Applying Theo-
rem 1.2, we find that we have the generating function for the sequence 1, 2, 3,4, 7, 10, 17, 24, 41, -, which is a
sequence formed from interleaved generalized Pell sequences, having the same recursion relation as the Pell sequence
but different starting values.

In general, if we use the sequence 1, 1, 1, -+, 1, 2 (k one’s) as summands, Fx)=x +x +X + ..+ X + X2 = kx + x*
in Theorem 1.1 gives

n _ 7 _ n
(3.2) Z ch = 7—:—/&—_—){‘5 = Z p;;.,.,X
n=0 o

where

Y=L pr =k ppio = kogegtey.
Thus, the number of compositions of n formed from this sequence is £, = p}, ;. The number of palindromic com-
positions is again a sequence formed from two interleaved generalized Pell sequences, having the same recursion re-
lation as p but different starting values. The starting values for one sequence are 1 and & + 1; for the second, & and
k2. Thus, the interleaved sequence begins

1,k k+1 k? k?+k+1,k®+k, k3 +k? +2k+ 1, k* +2k?, -
One other special case using repeated ones is interesting. When the sequence 1, 1, 1, 1, 2 is used as summands,

oo

F
(3.3) Z Cox" - —4_x_—_x; = E 3(Z+1/ X"
n=0

using the known generating function [2], where L is the k™ Lucas number,
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(3.4) L - S N
T—Lx+(—-1)%% 25

Actually, as a bonus, this gives us two simple results; F3x is always divisible by 2, since £, is an integer, and, from
the recursion relation Cpr0 =4Ch 11 + Cpy, we have

F3tn+2) = 4F3(n+1)* F3n.
But, we can go further. Equation (3.4) combined with Theerem 1.1 for odd k gives us

- 7 =
(3.5) Z chn = th—X:? = Z (Fk(n-,«-])/Fk}Xn, k odd,
n=0 n=0
so that

Cn = Frfn+1)/Fi
when Ly repeated ones and a 2 are used for the sequence from which the compositions of # are made, & odd. Since
Cp, is an integer, we prove in yet another way that £y divides Fg,, [31, as well as write the formula
(3.8} Fitn+2) = LiFifn+1) * Fkn. Kk odd,

4, APPLICATIONS TO RISING DIAGONAL SUMS IN PASCAL'S TRIANGLE

The generalized Fibonacci numbers of Harris and Styles [4], [5] are the numbers ufn; p,g) which are found by
taking the sum of elements appearing along diagonals of Pascal’s triangle written in left-justified form. The number
uln; p,q) is the sum of the elements found by beginning with the left-most element in the n™ row and taking steps
of p units up and g units right throughout the array. We recall that

)T -
(4.1) —#—?———a = Z uln; pgx” .
” - X} - X n=0

Note that p = ¢ = 7 yields the Fibonacci numbers, or, F.7 = ufn; 7,1). Now, Eq. {4.1) combined with Theorem 1.1
gives us the number of compositions of 7 from the sequence { L,p+1 } as

(4.2) I LI R DY
=0 7 —x—xP*? n=0

so that €, = ufn, p, 1), the sequence of diagonal sums found in Pascal's triangle by taking steps of p unitsup and 1
unit right throughout the array. Note again that p = 1 gives us the Fibonacci sequence.
Suppose that tha compositions are made from the sequence of integers greater than or equal to p + 1. Then

Flx) = xPTT e xP*2 4 x P34 = xPHT 17 _ x),

so that Theorem 1.1 gives

(4.3 E Cox" = 7+7 = =X prii Z [uln;p, 1) — ufn — 1;p,1)]x"
n=0 7_)_;5__ 1—x—xP n=0
- X

and the number of compositions of » becomes
Cp = ufn;p,1)—uln—1p1).

Again the special case p = 7 yields Fibonacci numbers, with £, = F,_7.
Now, if the compositions are made from the sequence 7, p + 2, 2o + 3, -- or the sequence formed by taking every
{p + 1)t integer,
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Flx) = x +xPT2 4 x20#3 1 330 4 = /(1 xP*1)

in Theorem 1.1 gives

- 7 1 - xP*1
(4.4) Y, Cnx" = =
— J—o—X o x—xPt

7__Xp+1
so that
Cp = uln;p,1)=uln—p-1p1).

Again, p = 7 yields Fibonacei numbers, being the case of the sequence of odd integers, where Cp, = Fp,, asin (2.6).
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Folokokodook

A NOTE ON TOPOLOGIES ON FINITE SETS

A. R.MITCHELL and R. W, MITCHELL
The University of Texas at Arlington, Texas 76010

{n an article [1] by D. Stephen, it was shown that an upper bound for the number of elements in a non-discrete
topology on a finite set with n elements is 3(2"2) and moreover, that this upper bound is attainable. The follow-
ing example and theorem furnish a much easier proof of these results.

Example. Let 4, ¢ be distinct elements of a finite set X'with nfn > 2) elements. Define
r ={A-:)(IbeA or ceéA}.
Now I' is a topology on X and since there are 271 subsets of X containing b and 272 subsets of X which do not
intersect { b,c ¢ we have

214 2m2 = 3(272)
elementsin I,

Theorem. If £ is a non-discrete topology on a finite set X, then 2 is contained in a topology of the type de-
fined in the example.

[Continued on Page 368.]



