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1. Put 
n+1 

where it is understood that 

(_",) '(nit) '° (n>°>-
Consideration of this sum was suggested by the following problem proposed by H. W. Gould [1] . Let 

V - £ '-W(Z)-U-/ t-
(K2k<n V ' J 
0<2k<n 

Then 
A2(2m -i-D = (2m + DA, (2m + 1). 

It is noted that this result does not hold for even n, 
Since 

AU-T. Mr*"{(..;„)- (.•,)}'- £ /-«-'"{(,;,) -(:)V. 
k=0 ^ J k=0 v- J 

so that 
(1.2) AM = (-1)nA(n), 

therefore 
(1.3) A(2m + 1) = 0. 

However (1.2) gives no information about A(2ml By (1.1) we have 

^ - E ^ M O 3 - 5 S ^ * ( 2 ) 2 ( * - i ) + 3 i i ^ ( ; ) ( * - 0 2 
k=0 k=0 k=0 

k=1 k=0 k=0 k=0 
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Thus if we put 
n+1 2 

k=0 k=0 

n+1 

S2(n)=Z(-V* (»)(,»,)' 

it is clear that 

(1.4) A(n) = 2S0 (n) - 3S, (n) + 3S2 (n). 

In the next place, we have 

n+1 , _ 2 n+1 

k=0 k=0 

n+1 

k=0 
so that 

(1.5) S2(n) = (-iF+'Sjfn) 

and (1.4) becomes 

(1.6) AM = 2S0(n)-3{l + (-1)n)s1(n). 

In particular we have 

/-, 7\ f A(2m) = 2S0 (2m) - 6Sl (2m) 
j A(2m + 1) = 2S0(2m + 1). 

It is well known (see for example [2, p. 13], [3, p. 243]) that S0 (2m + 1) = 0, while 

(1.8) ' SQ(2m) = (-1)m (M[ . 

However St (n) does not seem to be known. 

2. In order to evaluate Sx (2m) we proceed as follows. We have 

n+1 n r s n+1 

^ - E r - ^ ( ; ) 2 { ( ^ + ' ) - ( ; ) } . E ^ ( ^ ) 2 ( ^ + , ) - ^ 

f'-*(i)(n:'){(ni')-(*%)}-*<*> 
k=0 

so that 
(2.1) SJn) = T0(n)- Tjnj-SJn), 
where 

n+1 

w - E ' - ^ U H ' T ) ' Ti<»> = H<-i>k[n
k){nl1){k-i)-

k=0 k=0 

Now 
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k=0 

n+1 

= "̂*? !>"*(*-, )(T)U) . 
k=o v 

that is, 
(2.2) Tjfn) = (-1}nHTi(ni. 
Therefore T7(2m) = 0and (2.1) yields 
(2.3) Sj2m) = Tf(2m)-S0(2m). 

In the next place 

To*)-1 (-i>k[:)[nv)2= t <-'?*( „:k )[::i)2 
k=0 X k=0 N 

- r - / / ' i : M / f ( j ) ( n ; ) 2 - M ^ i : ^ * ( ; ) ( j ; : ; ) { ( ; : ? ) - ( - r ) } 
k=0 k=0 ^ J 

.-(-ri»± (-i)k[n
k){n

k
+

+\){nV)+^nt ^*(fl*)(**?)f(2^)-(**! 

--r-/r E r-/^(;)(-:;)(-r)+M^ £ M ; * ( ; ) ( ; : ? ) 2 

A:=0 £=0 

- M / « E ^ ( ; ) ( j : ! ) { ( B r ) * ( ; : ! ) } 

A:=0 ' x N k=0 ' 

H-irz (-i>k{n
k)[

n
k
++2i)2• 

k=0 
so that 

(2.4) { / + (-1)"\T0(n) = -2(-Vn f ) C-// ( J ) ( T ) ( 2 * \) 

* M / » I : ^ ( ; ) ( ; : ? ) 2 . 
£=0 

For/7 = 2m + 1, (2.4) gives no information about 7"0^m * / j ; indeed each sum on the right vanishes. For/7 =2/77, 
however, (2.4) becomes 
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2m 

k=0 

2m 
+ 

k=0 
It is known [3, p. 243] that 

2m 

(2.5) 2T0(2m) = -2 £ (-Vk ( * " ) ( 2m+
k
1) ( 2m

k
+

+] ) 

2m 0 

k=0 

U,D; 4* \ k 1\ k M k+1 f m!m!(m + D! 
k~u 

and 
2m 0 

l?i\ V * / i)k ( 2m \ (2m+ 2 Y = (-D™ 2(3m+2)! 
U'/} Z^{ 1} { k ) [ k+1 I ( u m!m!(m+1)!(2m + 1) ' 

k=0 x 

Substituting from (2.6) and (2.7) in (2.5), we get 

as. ram - <-ir !$£&* • 
Therefore by (2.3) and (1.8) 

(2.9) S? (2m) = (-1)m - — 7 - ^ — 7 r . 
' m!m!(m - 1)!(2m + 1) 

Finally, by (1.6) and (2.9), 
(2.10) A(2m) = -2(-1)m I M l ^ l L . 

(ml)3 (2m + 1) 
This completes the evaluation of the sum A(2m). Note that we have not evaluated 5j (2m + 1). 

3. For completeness we give a simple proof of (1.8), (2.6) and (2.7). We assume Saalschutz's theorem [2, p. 9]: 

C\ i) V * (-nk(a)k(h)k = (c-a)n(c-b)n 

L> k!(c)k(d)k (C)n(c-a-b)n ' 
k=0 

where 
(a)k = a(a+l)-(a + k- 1), (a)0 = 1 

and 
(3.2) c+d = -n + a + b+ 7. 
We rewrite (3.1) in the following way: 

H o\ v ^ H)r(a+j)r(b + c-a+1)r = (a - b)j(a - c)j 
1 ' 2-# r!(b + l)r(c + 1)r (b + l)j(c + 1)j 

the condition (3.2) is automatically satisfied. Multiplying both sides of (3.3) by (a)jX^/j! and summing over/, it fol-
lows that 

E (a)i(a-b)j(a-ch J = V (ill J V <-Or(a+J)r(b + c-a+1)r 

m+1)/(F+J7T 4-* il *-* r!(b+1)r(c+1)r 
1=0 1=0 r=0 

OO OO CO 

E , ., (a)2r(b + c-a + 1)r , ^ (a + 2r)j •• _ ^ / „ r (a)2r(b+c-a+ 1)r , a.2r 

' " r!(b+1)r(c+1)r * ^ jl X - l ^ ' - 1 ' rl(b+1)r(c+Vr 
r=0 j=0 r=0 
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Mow take a = -n and we get 

(34) V (-ntj(-n-b)j(-n-cij / _ A r (~n)2r(b+c+n - 1)r , 
K6A> 2 ^ ji(b + 1)j(c + 1)j

 x - L, ( 1J r!(b + Vr(c +1)r
 { 

For/7 = 2m and x = 1, (3.4) reduces to 

{ b l ^ j!(b+1)j(c + 1)j { U m!(b + 1)m(c+1)m 

Now let b,c be non-negative integers. Then (3.5) yields 

2m 

(3-6) E <-»m ( T ) ( 2 m / ? / C ) ( 2m]+cC ) 
/=o 

/ _ f j m (2m)!(3m +b + c)!(2m +b+ c)l 
f m!(m+b)(m+c)!(2m+b)!(2m+c)! 

ForZ? = c = 0weget (1.8);for/? = 0, £ = /we get (2.6);for;& = c = / we get (2.7). 
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[Continued from Page 214.] 

i '•• '•¥• 
as n -+ °°. Since this limiting value is an irrational number, the sequence (un) is u.d. mod 1. 

REMARK. Let/7 and q be non-negative integers. Then the sequence 
p, q, p + q, p+2q, 2p+3q, '" 

or(Hn),n = 1,2, - w i t h 

Hn= qFn-1+pFn-2 (n>3), H1 = p, H2 = q 

possesses the property shown in Theorem 1. For if \/n = log H n , we have 

Vn+1-Vn ~* \ log — j ^ -

as n -» oo. 

Theorem 2. Let/?, q, p* and q* be non-negative integers. Let (Hn) be the sequence 

p, q, p+q, p + 2q, 2p+3q, -

and (H%) the sequence 

/?*, (7* A?* + <7*, p* + 2q*, 2p* + 3q*, - . 

[Continued on Page 276.] 


