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INTRODUCTION 

The number of ^-combinations of j 1, 2, —, n \ with no two consecutive integers in a combination is 

(n-V) 
while the number of such restricted "circular" /r-combi nations, that is when 1 and n are also considered as con-
secutive integers, is 

n l n — k \ 
n - k \ k ) • 

These are two well known examples of restricted combinations given by Kaplansky [1943] as preliminary prob-
lems in his elegant solution of the "problSme des menages." Some other examples are given by Abramson 
[1971], Church [1966, 1968, 1971] and Moser and Abramson [1969a, b] . 

In this paper, generating functions and recurrence relations are given for a large class of restricted combina-
tions. This method seems to be a more unified approach than using combinatorial arguments such as those of 
Moser and Abramson [1969a] whose main result is obtained here in Section 7 as a special case of a more gen-
eral result. 

We take a /r-composition of an integer n to be an ordered sequence of non-negative integers 37, 52, —, a^, 
whose sum is n. A one-to-one correspondence between the /r-compositions of n with each summand a,- > 0 and 
the (k - /^-combinations of \ 1, 2, —, n — 1 r is obtained by representing the combinations and composi-
tions by binary sequences, see also Abramson and Moser [1976]. Hence there is a correspondence between re-
stricted combinations and restricted compositions. Also, there is a correspondence between "circular" combina-
tions and "circular" compositions. 

A ^-composition of n may be interpreted of course as an occupancy problem of distributingn like objects in 
k distinct cells, with a,- objects in cell i. Further a /r-composition, 57,^2, —, fy of n corresponds to an /7-combin-
tion, with repetitions allowed, from j 7, 2, —, k \ with the integer /appearing a-, times. Also since every bi-
nary sequence corresponds to a lattice path we have a 1:1 correspondence between lattice paths in a rectangular 
array and combinations. For example expression (2.3) of Church [1970] is case (L) of Section 3 here. Some re-
sults on combinations which have been obtained by Church and Gould [1967] by counting lattice paths have 
been generalized by Moser and Abramson [1969 b] and can also be derived using our approach here. 

Sections 1 to 5 deal with linear compositions and combinations and Sections 6 and 7 with circular composi-
tions and combinations. Throughout we take, as usual, 

!/(n - k)!k!, 0 < k < 
otherwise. 

1. RESTRICTED COMPOSITIONS 

A /r-composition of /7 

(1.1) ai+a2+'~ + ak = n, a; > 1, 

is an ordered sequence of k positive integers 5/, called the summands or parts satisfying (1.1) for fixed n and k. 

It is well known and easy to show the number of compositions (1.1) is ( n. ~ J ) . Let 
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(1.2) A = (AhA2, -,Ak), Aj = { a/7 < aj2 < ai3 < - } 
denote a given collection of A, not necessarily distinct, subsets A/, of 1 1 , 2,3, - }-. Denote by F(n, k; A) the 

number of compositions (1.1) satisfying the restrictions^- e A,-, i = 7, 2, - , k. That is 

(1.3) Ff/7,/r//U = 1 ] / . 
a;+----fa^.=/7 

ajZEAj 

The enumerator generating function as is well known, see Riordan [1958] provides a general method of 
findinq F(n, k; A). This is 
(1.4) £ F<">k>-A)*n = (xai1+xai2 + -Hxa21

+x
a22 + ~)~(x'k1+x'k2 + ~). 

n 

For example, in the case Aj = j 1, 2, 3, — i for all / 

£ F(n,k;A)xn = (x + x* + x* + ^)k = £ ( k + \ " 1 \ xi+k = £ ,' £ ~_ \ \ xn . 

n=1 1=0 n=1 

To each of the compositions (1.1) there corresponds a unique sequence of n - k 0#s and k- 7 1's: 

M r\ 0 0 0 - 0 1 000 -01 - 0 0 0 - 0 1 0 0 0 - 0 

* i - / s2 - 7 ak-<i- 1 ak-l 

Note that since a, > 1 in each part of (1.5) the 1 always appears except for the last part where we have a 
"missing" 1. Replacing the Ts by 0's and 0's by Ts in (1.5) we have a dual representation, 

( 1 R ) 1 1 1 - 1 0 1 1 1 - 1 0 - 1 1 1 - 1 0 1 1 1 - 1 
Vl ' < -> < -> < -> < > 

aj- 7 a2- 1 a/c-i-1 ak- 7 
corresponding to a unique sequence of n - k 1's and k - 7 0's. 

Ini „ . 2. RESTRICTED COMBINATIONS 
We call rintegers 

(2.1) x1 < x2 < •- < xr , 

chosen from j \,2,—,m\ an /--combination (choice, selection) of n. A part of (2.1) is a sequence of con-
secutive integers not contained in a longer sequence of consecutive integers. In a combination (2.1) a succession 
isapairx/, xt+^ withA,

/>/-A,/=- 7. It is easy to see that if a combination has/7 parts then it has r-g successions. 
For example 
(2.2) 1,3,4,5,8,9 

is a 6-combination of 10, with parts (1), (3. 4, 5), (8, 9) of lengths 1, 3, 2, respectively. To each combination 
(2.1) corresponds a unique sequence of r 1's and m - r 0's 

(2.3) t?i,e2, e3, -,em, 

4 1 if/belongs to the/--combination 
where e,- = i 

l 0 if / does not belong to the r-combination. 

For the combination (2.2) the corresponding sequence is 

(2.4) 1011100110. 
To a given restricted composition (1.1) corresponds by the use of (1.5) a unique (k - 7/-combination 

(2.5) x-j < x2 < - < Xk-1 

of n - 7 such that 
(2.6) *1 = ai, n-xk.1 = akf XJ+J-X,- = ai+1, i = 1,2,-,k-2. 
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Hence F(n, k; A) is the number of combinations (2.5) satisfying the restrictions 

(2.7) xr^A7f n-x/c-i e A/<, xi+1 -x; e AJ, i=1,2,~,k-2. 

For convenience, letting/? - 1 = m, k- 1 = r, F(m + 1, r+ 1;A) is the number of combinations (2.1) satisfying 

(2.8) XJ^AJ, n-xr^Ar+1/ xi+1-XjEAi/ i = 1,2,-, r-1, 

where 

(2.9) A = (A1,A2,-,Ar+1), A; = ian < ai2 < - I , i = 1,-,r+ 7 

are the given restrictions. 

3. EXAMPLES OF RESTRICTED COMPOSITIONS AND COMBINATIONS 

Denote by F(n, k; /?/, pi; h2, p2; —*'hk, Pk) the number of/r-compositions of/7 satisfying the restrictions 

(3.1) / < h; < aj < /?;, for fixed hj,pj, i = 1, -,k. 

Using the sieve formula or the enumerator generating function (1.4) with A,= i h,-, h;+ 1, h, + 2, ••-, p,- I , 

-Pij 

(3.2) F(n/k;h1/p1;-;hk/Pk)=^ n ' ^ k
1 " 1 ) 

k 

with h = hi + •- + hk and the summation 2 * taken over ally-combinations// < i2 < • • •</ / of i 7, 2, —, k^. 
We consider now some special cases. 

(A) The number of compositions (1.1) satisfying / < h; < a,; i = 7, —, k, is the case /?/ = n, i = 1, —, k of 
(3.2), 

F(n,k;hl,n;.-.;hk,n) = { n + k - 1 - h
k l - h 2 - ' - - - h k ) . 

(B) The number of compositions (1.1) satisfying 7 < a-, </?/, is the caseh;= 7 for all i, of (3.2) which is 

F(n,k;lPl;-;1,Pk) -( ^ J ) * £ t-V^ ( " " ^^^'f " " 

the summation S * taken over all /-combinations i\ < i2 < ••• < /} of k. 

(C) The number satisfying 1 <t<a,-<w for all / is the case h; = t, p; = w for all i, 

j-o 
while 

(D) the number satisfying / < f <a/ is ( 0 with w = /? or (A) wirh/?/= f, 

F(n,k;t,n;...;i,n) = ( " - " £ : > > - ' ) . 

(E) The number satisfying / < a,- < w is ( 0 with f = 7 or (B) with /7/ = w, 

f fc * 7, HT; •-; /, w) = £ '-"'' ( y* ) (" *'-/"" ' ) " 
A: 

/? — AT 
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£r- / / ( * ) (%?7' ) - ( , ,_%). 
Corresponding restricted combinations. We now give the corresponding restricted combinations to the above 

examples using the correspondence described in Section 2. The number of/--combinations (2.1) of m satisfying 
for fixed 7 <h,- <p,<m, i= 7, 2, —, r+ 1 the conditions 

(3.3) h? < xj < pi, m- (pr+i- 1) < xr < m- (hr+1 - 1) 
and 
(3.4) hj+1 < xj+1-Xj < pj+1, i = 1, 2, •», r- 7 

is equal to F(m + 1, r+ 7;hj,pj; •••;hr+u pr+ jl We consider now some special cases. 
(F) The number of r-combinations satisfying conditions (3.4) only is obtained by putting h 7 = hr+i = 7, 

P1 = Pr+1 = m-
(G) The number of combinations satisfying 

hi < xi, 7 < xr < m - (hr+i - 1) and hj+1 < x,+ i - x,-, i = 7, ••-, r - 7 

is by using (A) equal to 
/ m + r + 1 — h 1 — fi2 — ••• — hr+f \ 

(H) The number satisfying hj+1 <Xj+i - x,, i = 1, —, r - 1 is (G) with /?/ = hr+i = 1, 
I m + r - 1 - h2 - ti3 hr\ 

(I) The number satisfying ^ 

x1 < p-j, xr > m - (pr+1 - J) and xi+1 - x,- < pj+1, i = 1, - , r- 7 

is equal to F(m + 1, r+ 1; 1,pi; •••; 7, Pr+j) while the number of combinations satisfying x,+ i - x,- <p,+ i 
i = 7, ••, r - 7, is given by the expression in (B) with n - 7 = m, k - 7 = r, and pi = pr+i = m. 

(J) The number satisfying 

(3.5) t < x-j < w, m - (w - 1) < xr < m - (w - 1) 
and 

t < x7>; - x, < w, i = 1, —, r - 1 

is given in (C) with n - 1 = m, k - 1 = r, 

r+1 
V 1 (-1)1 I r + 1 \ I m - (r + D(* ~ 1) +J(* ~ w - 1)\ 

(K) The number satisfying (3.5) only is equal to (3.2) with 

n - 7 = m, k - 1 = r, h-j = hr+i = 7 and p-j = pr+i = m, 

r-1 
V * (_f)J ( r - l \ lm- (r- 1)(t- 1)-j(1 +w-t)\ 

(L) The number satisfying t <x,+ ] - Xj, is (K) with w = m, or (H) with ti2 = hs = ••• = hr= t, is 

t m - ( r - l)(t- 1) \ 

while in the case t = 2, no two consecutive elements in a combination, the above reduces to the familiar number 

( " - ; * ' ) • 

(M) The number satisfyingx,+ i -Xj < w is (K) with t= 1, 
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T(-1)J'(r71)(m~riW 
1=0 ^ 7 N 

4. COMBINATIONS BY NUMBER AND LENGTH OF PARTS 

Using correspondence (1.6) the number of (n - /^-combinations of n - 7 with the length of each part less 
than or equal to w- 7 is given by the expression in case (E) of Section 3. Putting/7 = m + 7, k = m - r+ 7, the 
number of /--combinations of m with each part not greater than w- 1 \s equal to 

(4-°) £ (-J,i m-r+'t 
m — r + 1 \ I rn — iw 

i } \ m — r 
i=0 

More generally we consider the following' Given a set of q restrictions 

(4.1) A = (A;, - , Aq), Aj = | 2 < an < aj2 < - J , 
denote by Fq(n, k; A) the number of/r-compositions of n such that, 

(4.2 a) a,.G:Aj, j = 7, 2, —, q, for some ^-combination / ; < i2 < — < iq of | 7, 2, •••/: f . 

(4.2 b) a,- = I for the remaining k-q indices i. 
Then . 

(4.3) Fq(n,k;A) = ( J ) F(n-k + q,q;A) 
or 
(4.4) / ^ f o , Ar;/U = ( M Ffa - k, q; B), where £ = (Bu - , V -

£y- = | 7 < aj1 -1 < aj2- 1 < - \ , j = I -,Q. 
Let a /r-composition of n be given and suppose exactly q of the a-,, 

3i1fai2/-fajq/ / ; • < / 2 < - < i q , 

are each > 2. Using (1.6), to this /r-composition of n corresponds a unique (n - /^-combination of /? - 7 with 
exactly q parts, the length of the / part (reading from left ta right) being a-,. - 1, j = 1, 2, —, q. Hence 
Fq(n, k; A) is the number of (n - /^-combinations of (n - 1) with exactly q parts, the length of the/r /7 equal 
to aj e Aj, j = 7, —, q. 

For convenience putting k = m - r+ 7, n = m + 7, the number of /--combinations of m with the length of the 
jth part equal to aj e /4y is by substituting in (4.3) and (4.4), equal to 

(4.5) Fq(m+1,m-r+l;A) ={m~~q
r+1) F(r + q,q;A) 

or 
(4.6) F<//77 * 7, /77 - r + 7;/IJ = I m ~q

r + 1 I Ffr, ?/£A 5 given in (4.4). 

For fixed 7 <h,< p-, < /7? and reading the parts from left to right it follows that the number of /--combinations 
of m having exactly q parts (or r - q successions) and satisfying the restrictions, 

(4.7) hj < length of the ith part < /?/, / = h~-,q, 
is equal to 
(4.8) (m~q

r+1)F(r/q;hhp1;-;hq/pql 

We consider now some special cases of (4.7). The number of combinations with exactly q parts such that the 
length of each part is greater or equal to t and less than or equal to w is the number (4.8) with h; = t, p\ = w for 
all /, 

l=o x 

q\ I r - q(t- 1) +j(t- w - 1) - 1 

while the number with each part > t is equal to 
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(4.10) ( m~q
r+1 ) C _ < f _ 7 ; ~ / ) -

and the number with each part < w is 

(4-11) (v+^£'-"'(')('«'-'"') • 
j=0 

Summing (4.11) over all q > 7 and using Vandermonde's Theorem, the number of combinations with each part 
< w (and no restriction on the number of parts) is equal to 

m-r+1 
(4.12) Y* (_f)j f m-r+ 1 \ /m-j(w+ 1)\ 

j=0 * ' 

in agreement with (4.0) where each part is < w - /. 
Thus we may enumerate a large class of restricted combinations using the above method. One fu rther example 

is that each part is of even (odd) length while another is that the length is a multiple of a fixed number. 

5. RECURRENCE RELATIONS 

Denote k restrictions A /,-••, Ak by 

(5.1) Ak = (A1f -,Ak), Aj = | 0 < an < ai2 < - } , i=1,-,k, 
Then 

(5.2) F(n,k;Ak)= E / = E E = E F(n - ak, k- 1; Ak~1). 
ai+-+ak=n ak^Ak aj+-+ak-j=n-ak ak^Ak 

aj&Aj ak<n ak<n 

For the particular restrictions 7 < h; < a,- < /?/, i.e., 

(5.3) Aj = | hhhj+ 1,-,pj ) , i = 1,-,k, 
we have 

(5.4) F(n, k;Ak) = J^ F(n -aktk- 7/Ak~1) 

hk<ak<pk 

= F(n-hk,k- l;Ak~1)+ E F<n ~ 1-i>k- 1; Ak~1) 

hk<J<Pk-1 

= F(n-hkfk- l;Ak-1) + F(n- l,k;Ak)- F(n - 1-pk,k- 1;Ak'1)f 

(F(ntk;Ak) = 0, n<0) 

with F(n, k; A ) the same as F(n, k; pi, h-i; •••;pk/ hk) of (3.2). In the ca$eh, = t andp, = n, the number of 
compositions with each part of length not less than t,denoted by F(n,k; > t) is 

n-(k-1)t 

(5.5) F(n, k; > t) = ^ F(n - j, k- 1; > t) = F(n - t , k - l ; > t) + F(n - /, k; > t). 

j=t 

Denoting by F(n, k; < w) the number when 1 <a,< w, and using (5.4) with /?/ = / and p; = w for all i, 
w 

(5.6) F(n,k;<w) = V F(n-j,k- 1;<w) = F(n - 1, k-1; <w) +F(n- 1, k; <w)-F(n - 1-w, k- l;<w). 

j=1 
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If we wish to consider compositions of n with given restrictions but with the number of parts not specified, 
then of course we simply sum over k. That is 

n 

(5.7) Gin;A) = £ F(n,k;Ak). 

k=1 
The generating function is 

£ G(n;A)xn = £ (x*11
 +x°12

+ -)(xa21
 +x

a22 + •••) -(xak1
 + x

ak2
 + • • • ) . 

n k 

For example, the number of compositions of n with each part not less than f, is by summing the expression in 
(D) of Section 3 over all k, 

(5.8) G(n;>t)=Y. ("'"Hi ^ ' ) 
k=1 

and satisfies the relation 
(5.9) Gfn; > t) = G(n - t; >t)+ G(n - 1; > t). 

In the case t = 2, G(n; > 2) is the (n - Vth Fibonacci number, since G(n; > 2) = 1 or each of n = 2,3. The 
number with each part of length not greater than w < n is by summing the expression of (E) in Section 3 over 
all AT, 

n-w k 

(5.10) G(n;<„}=<£ £ <-V> ( ) ) ( " ~^~ ' ) 
k=1 j=0 

and satisfies the relation 
w 

(5.11) G(n; < w) = ^ Gfn - i; < w) = 2G(n - 1; <w)- G(n- 1 - w; < w). 

i=1 

In the case w = 2, \ n~\ 
12} 

and the above relation reduces to G(n; < 2) = G(n - 1; < 2) + Gfn - 2; < 2), G(n;<2) being the fn + Vth 

Fibonacci number since G(n;<2)= l)l2forn= 1,2, respectively. 
We may obtain relations for the number counting restricted combinations by considering the number 

F(n, k; Ak) which counts the corresponding restricted compositions. 

6. CIRCULAR COMPOSITIONS AND COMBINATIONS 

A (linear) composition (1.1) can be seen as a display of the integers 7, 2, —, n in a line, with k- 1 "dividers," 
no two dividers adjacent, which yield the k parts: 
(6.1) 1,2, -,a1/a1 + 1, aj+2, -,a1+a2/-/a1 + - + ak-1+ 1, -,n. 

The length of the ith part (from left to right) is equal to a,-. For example the 4-composition of 9 

(6.2) 2 + 3 + 1 + 3 = 9 
is seen as 
(6.3) 12/345/6/789. 

Analogously, a circular ^-composition of n is a display of 7, 2, •••, n in a circle with k "dividers," no two di-
viders adjacent, yielding k parts each of length greater or equal to 1. We may illustrate a circular /r-composition 
of /? as 
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a1 a2 ak 

(6*4 ) b,b+1, - , n-1,n, 7,2, »., c/c+1,c+2, .», c + a2/-/b - ak, - , b-2,b-V 

1st part 2nd part •••• kth part 

placed on a circle In a clockwise direction with the integer 1 always belonging to the first part, i.e., 

c > I c + n - (b- V = ai, a,- > I 
Clearly the number of circular ^-compositions (6.4) is equal to 

ai+-~+ak~n 
For example, 

(6.5) 

or written as 
(6.6) 

9 ' / 
» 2 
1 3 

y s 

67891/2345/, 

9 ' 2 
^> 3 
8 4 

' . . V 

91234/5678/, 

\ ' 2 
9 3 
• 4 

7 1 5 6 1 

12345/6789/, 

recpectively, are three of the f ^ J circular 2-compositions of 9. 
To each circular composition (6.4) there corresponds a unique sequence placed on a circle in a clockwise 

direction, # 

(6.7) 000 - 01/000 - 0 1 / - / 0 0 0 - 0 1 / 

of n - k 0's and k Vs with theO or 1 in the first part corresponding to the integer 1 of the composition marked 
by " * . " Replacing the Ts by 0's and 0's by Vs in (6.7) we have a dual representation of the composition, 

(6.8) 11? 10/111 •••10/- /111 ..-10/ 

of n - k 1's and k 0's. We will call (6.7) and (6.8) ''circular" sequences. For example, the circular sequences 
corresponding to each of (6.6), respectively, by use of (6.7) are 

00001/0001/, 00001/0001/, 00001/0001/, 
and by use of (6.8) are, respectively, 

11110/1110/, 1 Tl 10/1110/, Tl 110/1110/-

As earlier, consider the restrictions 

A = (A1f -Ak K Ai = \ l < 3/7 < aj2 < •• \ , i = h - , k, 

where each A; is some given subset of | 1, 2, 3, — r . Denote by C(n, k; A) the number of circular composi-
tions (6.4) with a; e A,-, i= 1, - , k. That is 

C{n,k;A) = ] T at-. 
Bi+-"+ak-n 

aj^Aj 
Then the generating function is, 

£ C(n,k;A)xn = (ai1x
a11 + a12x

a12 + -Hx*21 + x*22 + -Hx*31
 + / 3 2 + •••)••• (xak1 +x°k2

 + • • • ) . 

n 

Checking for the case A,- = <1,2, 3, — r for all i, 
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J^C(n,k;A)xn = (x +2x2 + 3x3 + -Hx+x2+x3 + -)k~1 = x(1 - x)'2xk'1(1 - xf 

n=k 

An example of the use of the above generating function is obtained by taking A,- = I hj, hj + 1, h,+ 2, — 11 

i = 7, —, k and letting h = h-j + - + hj<, 

V C(n, k; A) = (h ,xh 1 Hh 1 + 1)xh 1+1 + •• •) U (x"' + / / + ' + •••) 

= ih1-h,x+x)xhHi-xr2xh-hUi-xrlk-1> 

= (h,-h1x+x)xhY.{kV)x' 
i=0 

i=0 

- h h _L\^h1k-hi+ 1 / k + i+ 1 \ ¥h+i+l 

i=0 

_ T - ^ h-jk + n - h (k+n-h\ n 
LJ k+n-h \ k ) * ' 
n=h 

and hence the number of compositions (6.4) with 1<hj<alf i=1,—,k\s 

(6.9) ^ r r * ) . ».->,+•••+**. 
We now consider a more general example which includes as a special case (6.9). Given / < hj <p,<m, the 

number of circular compositions (6.4) satisfying hj < a; <Pi, i= 1,2, —, k is 
P1 

(6.10) C(n,k;h1,p1;-;hk,Pk) = £ a1 = £ j , £ / 
ai+-~+ak=n aj=hj a2+"'+ak=n~a1 
hj<aj<pj hj<aj<pj 

P1 
= S aiF(n- ai,k~ 1>'h2,P2>'~'>'hk,Pk)/ 

aj=h1 

where Ffa, k;h2, P2r - /^Ar, PAT^ is given by (3.2). Using the identity 

/ c n \ V ; I x+k-2-i \ _ tx+k-m \ x+km-m ( x + k-n- 1 \ x + (n + 1)(k- 1) 
(6-11» L ' ( * - 2 ) - ( * ) T 7 ^ T - ( * ) x+*-»-r 

/=A77 
/ x+k-m \ , I x+k-m- 1 \ , it I x+k-n- 1\ fx+k-n-2\ 

and (3.2), (6.10) reduces to 
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C(n,k;h1,p1;-,hkPk) 

k-1 

(6.12) 

where 

Z (-iliy*\ ( x + k ~ h i \ x+khi~hi ( x+k -PI- 1 \ x + (k- D(1 +PI) 1 
{'U \ \ k ) x+k-hi \ k ) x + k - P l - l J 

j=0 U ' ' J 

f^M)^[(x+k
k^) + {x+k

k\
hr1)«i-i)-(x+k

k
pi~1)- {x+k

k
p-Y2)pi}< 

h = h<i + - + hk, x = n-h+hf-j- (pjj-hjj) (Ph-hj.) for J > 0, 

x = n - h +h-j fo r /=0and the summation 2 is taken over all/combinations 

/ / < i2 < •• < // of \2, 3, - , k\ . 

We consider now some of the many special cases of (6.12). The number of circular compositions satisfying: 

(A) hj Oj, i= 7, 2, —, /r is (6.12) with/7/ = /7 for all i, is the first term of second last expression fo r /= ft 
n-h+khj i n-h+k \ 

' n-h+k \ k ) 
in agreement with (6.9), 
(B) aj < ph i= 7, - , A-is (6.12) with hf = / f o r all/; 

Z (-ite'U*)-(*-*>)- ('-XT')pt] 
1=0 l" J 

j=0 

where y = n - (pj1 + ••• + p,-J, the summation 2 * taken over all/-combinations// < •••</) of | 2, ••-, k\ for 
j> 1 and y = n when/= ft 
( 0 h-j <aj <pi and t<aj<wfori = 2, 3, ••-, £ is (6.12) with hj = t, p,- = w, 1 = 2, - , k, 

k-1 
V* (-l)j (k ~ 1 ) ( n - ( k - Dt'+k-hj -j(1 + w - t ) \ n - ( k - Dft-hj) -](1 + w - t) 

j=0 \ / / t V k ) n_ (k_ J)t+k_hj_j(7 + w_ t) 

I n - (k - 1)(t- 1)-pj-j(1 +w-t) \ n- (k- 1)(t- 1 -pj)-j(l +w-t) 1 
* k / n- (k- l)(t- D-p-i-jd + w- t) J 

k~1 r 
= y * (-i)j ik" M ( n ~ ( ! < - 1)(t~ i)-j(i+w-t)-hi + i\ 

i=o 

+ (n-(k-1)(t-1)-j(1 + w-t)-hj\ fh _ JJ 

( n- (k - 1)(t- 1)-j(1 +w-t)-p1.\ , l n - (k - 1)(t- 1)-j(1 +w-t)-p1 - 1 \ _ 1 
\ k ) + { k-1 j p1 j 

(D) t<a/< wis case (C) with hj = t, pj = w, 
(E) t < aj for all i, is case (D) with w = n or case (A) with hj = t for all i, 

n_ in- kit- 1) \ 
~n-k(t- 1) \ k ) " 

(F) a;<w for all/ is case (D) with t= 1 or case (B) with/?/= w. 
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k-1 
V* (-l)i ( k 7 1 ) \ In -jw\ _ I n - w(j + 1) \ n - w(j + 1) + wk 1 
l=o n w J 

= U) *£ t-v'i (V) rk
iw) * (",:!) (n7w) ^ 7 ^ ] 

1=1 

i=0 

and in the case w = 2 another expression is 
1 ( k \ 
k \ n - k ) •' 

see case (E) of Section 3. 
To obtain recurrence relations we proceed as follows. Let Ak = (A1, —, Ak). Then for k > 2, 

(6.13) C(n,k;Ak) = £ a;= £ 5 ] a 7 = X ) C(n - ak, k-1; Ak'1). 

aj+.~+ak=n a^Ak ai+~'+ak-i=n-ak ak^Ak 
a;^A; ak<n ak<n 

This is the same as that for the linear case (5.2) with different initial values. For the particular restrictions 
/ < / ? / < a,- < pi, i.e., 

Aj = \hi,hj+ I -,Pi}, i = 1, - , kr 

we have 

(6.14) C(n,k;Ak) = £ C(n -ak, k- 1;Ak^) 

hk<ak<Pk 

= C(n -hk,k- 1; A k"1) + £ Gin - 1 - j, k - 1; A k~1) 

hk<J<Pk-1 

= C(n -hk, k- 1; Ak~1) + C(n - 1, k; Ak) - C(n - 1 - pk, k- 1;Ak~1), 

(C(n, k; Ak) = 0, n < 0). 

The number of circular compositions with each a; > t, denoted by C(n, k;> t) and given by the expression in 
case (E) above satisfies the relation 
(6.15) C(n, k; > t) = C(n-t,k- 1; > t) + C(n - /, k; > t). 

Denoting by C(n, k; > w) the number when 1 <a,<w then the expression is given in case (F) above and satis-
fies the relation 

w 

(6.16) C(n,k;<w) = ^ C(n - j, k- 1; <w) 

J=1 

= C(n- 1, k- 1; <w) + C(n - 7, k; < w) - C(n - l-w,k- 1; < w). 

Summing (6.15) over all k the number of circular compositions with each part not less than t is 

m 
k=0 
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and 
(6.18) D(n;>t) = D(n - t;> t) + D(n - 1;>t). 

In the case t = 2, the above relation reduces to 
D(n;>2) = D(n - 2;> 2) + D(n - 1;>2) 

and D(n; > 2) is the Lucas number having values 1, 3 for/7 = 1, 2, respectively. Summing (6.16) over all k the 
number D(n; < w) of circular compositions with each part not greater than w is 

(6.19) D(n;<w)=Y. F E ^ ( i) C 7 -7 ') 
k=7 i=0 

and satisfies the relation 
w 

(6.20) D(n; < w) = ] T D(n - j ; < w>/. 
/=/ 

In the case w=2, D(n; > 2) is also the Lucas number with D(n; > 2) having values 1, 3 for/7 = 7, 2, respectively. 
Given a set of q restrictions 

A = (Au -,Aq), Aj ={ 2 < ap < aj2 < - j , 
denote by Cq(n, k;A) the number ofcircular compositions (6.4) such that 

(a) a,- G Aj, j = 1, 2, —, q for some ^-combination 
/y < i2 < • • < iq of 17, 2, ..., Ar}», 

(b) 5 / = 7 for the remaining k - q indicesi. 

Then by partitioning the compositions into those with ai = 7 and a7 > 7 

(6.21) Cq(n,k;A) = (k ~ 1 ) F(n-~ k + q, q;A)+ [kqZ\) C(n-k + q,q;A) 

= [k~1) F(n-k,q;B) + [kqZ] ) C(n - k, q; B)+[^z]) F(n - k, q; B) 

= (J) F(n-k,q;B)+ [kqZ]) C(n - k, q; B), 
where 

B = (Bh-,Bq), Bj = {Kap- 7 <aj2- /<•••}• , j=1,-,q 

and F(n, k; A) is the number of restricted (linear) compositions discussed earlier. 

7. CIRCULAR COMBINATIONS 
A circular k-combi'nation ofn is a set of k integers 

(7.1) x1 < x2 < - < xk 

chosen from the integers 7, 2, —, A? displayed in a circle. That is we consider 7 and /7 to be consecutive. For 
example the circular 6-combination 1, 3, 4, 5, 8, 9 of 9 has parts (891) and (345) each of length 3 while the 
same (linear) 6-combination has parts (1)„ (345), (89). Of course, the number (n) of (linear) £-combina-
tions of n is equal to the number of circular Ar-combinations of n. A succession here is a pair*/, x,+ i with 
Xi+1 ~ *i= 1 with nf 1 also considered a succession. As before if a combination (7.1) has <7 parts it has Ar — q 
successions. As before to each circular combination (7.1) corresponds a unique sequence of A- 1's and n - k 0's. 
(7.2) h>e2, - / * / ? 
with 

[1 if / is in the combination, 
*/ =\ 

tO if / is not in the combination. 
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We shall think of the sequence (7.2) placed on a circle in a clockwise direction. Hence the "circular" sequence 
(7.2) corresponds to the circular sequence (6.7) by agreeing to let ^ 7 correspond to the element of (6.7) marked 
by a *. To a circular composition (6.4) corresponds a unique circular combination (7.2) with 

n - (xk-x-j) = a-j 

Xj+i~ Xj = a/ for / = 1,2, ••-, k- 1. 

Thus the number of combinations (7.1) satisfying the restrictions 

/ I - ^ - X / J G / 1 / and x/+1 -x,- e A,- for / = 1,2, ~, k- 1, 

where the A,- are given by (6.7), is simply the number £77?, k; A) of Section 6. For example the number of com-
binations satisfying 

hi<n-(xf<-xi)<pi and t < x,+ 7 - x; < w for / = 7, 2, —, k- 1 

is the expression of case (C) of Section 6 and is in agreement with Moser and Abramson [1969 a, expression (14) 
for£,i ,*ft . w;h1,p1)]. 

Using the dual representation (6.8) and (7.2) we have a one-one correspondence between the circular com-
positions (6.4) and circular (n- W-combi nations of n. For example the number of circular (n - /^-combinations 
of n with each part of length not greater than w - 1 is the number of circular compositions with a; < w given 
in case (F) of Section 6. Putting n = m and k = m - r the number of circular ^-combinations of m is 

m-r 

™ ^VL '-"'CVMm-'r,-,') 
i=0 

in agreement with Moser and Abramson [1969 a, expression (29)]. 
More generally the number of circular /--combinations of m having exactly q parts, or r- q successions, the 

length of the jth part (reading in a clockwise direction with the first part that part containing the smallest inte-
ger greater than or equal to 1) equal to ay- /, ay e Aj, j = 1,2, —, q \sCq(m,m - r; A) given by (6.21). 

Fonexample letting A,= \ t + 1, t + 2, ••• I for all / the number of circular /--combinations of m with exactly 
q parts and with each part of length not less than t is by using (6„21), (D) of Section 3 and (E) of Section 6, 

(7.4) Cq(m,m-r;A) = ( m ~ r ) F{r, q; B) + [m ~!_~ 1 ) C(r, q; B) 

_ (m-r\lr-q(t-1)-1\,(m-r-1\( r-q(t- 1) \ r 
\ q ) \ q-1 ) \ q-1 ) \ q ) r-qTF=V 

= tm - r \ / r-q(t- 1) - 1 \ m 
\ q j \ q-1 ) m — r 

The number with exactly q parts each of length not greater than w is obtained by taking B,= | /, 2, ~, w j 
for all / and using (E) of Section 3 and (F) of Section 6, 

(7.5) Cq(m,m-r;A)=(m-r)F(r.q;B)+[m-^1)c(r,q;B) 

1=0 

i=0 

Summing (7.5) over all q we obtain the number of circular combinations of m with each part of length not 
greater than w. 

m-r 

^E^tvic";^-') 
i=0 



452 RESTRICTED COMBINATIONS AND COMPOSITIONS DEC. 1976 

in agreement with (7.3) where a part is of length not greater than w - 1. 
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******* 

ODE TO PASCAL'S TRIANGLE 

Pascal. . . Pascal, you genius, you, 
Constructed a triangle of powers of two. 
Coefficients, and powers of eleven, by base ten, 
A more useful aid, there's never been. 
Head, tail, tail, head, 
Answers from your rows are read. 
Combinations and expectations, to my delight, 
Can also be proved wrong or right. 
With a little less effort and a little more ease, 
I might have gotten thru this course in a breeze. 
So, Pascal... Pascal, you rascal you. 
Why did you limit it to powers of two? 

. . . Bob Jones 
Southern Baptist College 
Blytheville, AR 72315 

[See p. 455 for "Response."] 


