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H-267 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California. 

Show that 

1 (knx)n 

satisfies S(x) = 

H-268 Proposed by L Carlitz, 

Put 

*-" kn + 1 n! 
n=0 

Duke University, Durham, 

n 

SnM = Y, 
k=0 

North Carolina. 

S(n,k)xk, 

where S(n,k) denotes the Stirling number of the second kind defined by 

n 
x" = 2 T s(n>k)x(x- 1)'"(*-k+ V. 

k=0 
Show that 

xSn(K)=T (~1)H {"ASj^ (x) 

ho 

More generally evaluate the coefficients c(n,k,j) in the expansion 

n+k 

xkSn(x) = V c(n' k>J>SJ(x) (k<n > 0>-
1=0 

SOLUTIONS 
SYSTEMATIC WORK 

H-244 Proposed by L Carlitz and T. Vaughan, Durham, North Carolina and Greensboro, North Carolina. 

Solve the system of equations 
466 
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y-7 n 

(*) xj = aj + naj ^ xt + ajXj + \aj ^ xt (j = 1,2,-, n) 
t=i t=j+1 

forx = xi +X2 + — + xn, where ak £ 0 (k = 1,2, —, n) and X ^ JU. 
Solution by the Proposer. 

For/= 1, (*) reduces to 
Xi = al+alxl+\ax(x - xx), 

so that 
( 1-d-Xla^x, = axOx+1). 

For/= 2, (*) becomes 
x2 = a2 +iia2xx +a2x2 +Xa2(x-xl -x2), 

so that 
( 7 - (1 -X)a2)x2 = a2(\x + 1) - a2(\-ix)xx . 

Hence 
(1-(1- \)a,)(1 -(1- X)a2)x2 = a2(l-(1- v)ax)fkx + 1). 

Similarly, for/= 3, 
x3 = a3 + lxa3(xl + x2) + a3x3 +\a3(x-x1 -x2 -x3). 

After a little manipulation we get 
( / - ( / - Waj)(7 - (1 - 70a2)(l - (1 - X)a3)x3 = a3(l - (1 - v)a){l - (1 - ix)a2 )(\x+1). 

The general formula 
(1) f.Mf.M-fkMxk = akfi(iit'»fk-1(ii)(\x+1) (1 < k < n), 
where 

fk(\)-1-(1-\)ak, 
is now easily proved by induction on k. 

Returning to (*), we take/ = fl. Thus 
xn = an + ixan(x-xn) + anxn , 

so that 
{l-(1-li)an)Xn(ixx+D. 

For/ = /7- /we get 
xn^1 = an-i + lian-<i(x -xn - xn-<i) + an^1xn.1 + \an^1xn. 

This gives 
(l-(1- ii)an)(l -(1- j ^ - f K - * = 3/1-/(7 ~(1- ^an)(ixx + 1). 

Similarly, for/ = /7 -2, 

(1-(1- H)an){l -(1- ix)an^){l -(1- n)an-2)xn-2 = an-2^ - (1 ~ ^)an)(l - (1 - \)an^)(nx + 11 

The general formula 
(2) fntiLih-idi) -fn-k+ifoixn-k+i = a„-k+ifnOO ~fn-k+2M(lxx+1) (1 < k < n) 

is easily proved by induction. 
In (2) replace k by n - k + 1: 

(3) fn(n)fn-lM"fkMxk = akfn(\)-fk+100(vx+D (1 < k < n). 

Comparing (3) with (1) we get 

fl (VJ - fk-1M (\X + 1) = a, -!n^l—fJ<±lM^. (nx + 1). 
dkl^W2lk~m kfnMn-lM~fk(») 
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Since ak £ 0, it follows that 
Fn(ii)(\x+1) = Fn(\)(iix+1), 

where 
(5) Fn(\) = n fk(\) = n (l-(1-\)ak). 

k=1 k=1 % 

Solving (4) for*, we get 
(6) x _ Fn(X)-Fn(fi) 

Since, by (6), 

x+1 = 

\Fn(n)-iiFn(\) 

f\-fi)Fn(X) 
\Fn(n)-nFn(\) 

Hence (1) gives 

(7) x, = a, ^ M ^ - ^ n M (1 < k <n) 

where 
k 

Fk(X) = n fk(\) (1 < k < n). 
J=1 

PRODUCTIVE IDENTITY 
H-245 Proposed by P. B rue km an, University of Illinois at Chicago, Chicago, Illinois. 

Prove the identity n_1 

A x*kik-» V " <1+xr> 

where 
M„ = f 7 - xjf 7 - x2)(1 - x3) »• f 7 - *";, /? = 7, 2, •••; M^ = 7. 

Solution by the Proposer. 

Lemma 1. If 
^ v%n(n+1) n 

A(w,x) = n (1+xrw), then /4/W,^ = lL "71 w • 
r=1 n 'x'n 

n=0 
Proof. In a previously submitted proposed problem for this section [H-236], the author established the 

following identity: 
0 0 2 

(2) f(z,y) = iff (1+y2r~1z) = £ /TT Z" • 

Letting y = x 2, z = wx 2 in this identity, we find that the lemma is established, with A(w,x) = f(wx 2, x 2). 

Lemma 2. If 

B(w,x) = fi (1-xrw)~1, then B(w,x) = Y r~r w"' 
r=1 ~ M„ 

n=0 
Proof. This is equivalent to identity (7) in the above-mentioned problem. Now, consider the product 

F(w,x) = A(w,x)B(w,x), 
which is also equal to 

00 7 +xrw 
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We observe that 

F(wXfX) = n I+J£1IL = n I ± ^ L = LZXKF(WfX)m 
r=1 1-xr+1W r=2 1-xrw 7 +XW 

Now suppose 

F(w,x) = Yl dn(x)wn. 
n=0 

We then have 

(1-xw)Y, 6n(x)wn = (1+xw) J2 On(x)(xw)n, 
n=0 n=0 

which yields the recursion 

0„(x) = ^ilU^ll. On-tM, n = 1,2, - . 
1-xn 

Since F(0,x) = 7 = 6Q(x), we readily obtain, by induction, that 

gnM = 2x!UjJLxJ(lJ^(Ltx^h, n _- l2,..., with SJxi - /. 

Hence, 

„n-1 i 
(3) 

However, since 

F(WfX) = n ^J^L = 1+2Y ^il^hAlJJ^l wn m 
r=1 l-xrw " ^ {x)n 

F(w,x) = A(w,x)B(w,x) = Y --71 w" ' Y TT w" > 
n=0 n=0 

we also obtain the formula 
00 

(4) F(w,x) = Yl w" Y 
n

 xM(k+1) xn-k 

(x)k (x)n.k 
n=0 k=0 

Comparing coefficients of w in (3) and (4), we obtain for n = 1, 2, •••, 

2xn(1+x)~(1+xn-1) = y xn+Vzk(k-1) 

Mn ri MkMn-k 
k=0 

Upon dividing each side by x11, we find that (1) is established. 

Also solved by P. Tracy and A. Shannon. 

F!B,LUC,ETAL 

H-246 Proposed by L Car/itz, Duke University, Durham, North Carolina. 

Put 
m n 

F(m,n) = Y Y Fi+'F™-i+iFi+"-iFi i+jrm-i+j' i+n-j rm-i+n-j 
i=0 1=0 

^m'n^ " Yd Y Li+jLm-i+jt-i+n-jLm-i+n-j -
i=0 j=€ 

[Continued on page 473.] 


