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1. Let [x] denote the greatest integer less than or equal to the real number*. It is well known (see for 
example [4, p. 97] that 

an i : [f] - M-tM-t), 
r=1 

where (h,k) = 1. Indeed 

r i r=i r=1 s ' 
\ 

k-1 

= (h - v(k -v-Y. [f 
r=1 

and (1.1) follows immediately. 
For a later purpose we shall require the following extension of (1.1): 

k-1 

(1.2) £ [x + Jjf]= [kx] + V2(h - 1)(k - V . 
r=0 

For /7 = 7, (1.2) reduces to the familiar result [4, p. 97] 
k-1 

(1-3) £ [ x+'L]= [kx] . 
r=0 

To prove (1.2), put 
(1.4) <t>(x) = x - [x] , 

the fractional part of x. Then clearly 

(1.5) <j)(x + 1) = (j)(x) 

and, by (1.3), 
k-1 

(1.6) ] T 0 ( * + j-^j = kx + 1/2(k - 1) - [kx] - HM + 1Mk - 1). 

r=0 

It follows, using (1.5), that 
k-1 k-1 . 

Z [x+h{)=H \X+T-^{X+T)) = kx + y2h(k-1)-<t>(kx)-y2(k- 1) 
r=n r=n * I 

= [kx] +1/2(h- 1)(k- V. 
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E [j] +6hH[j] = (h-Wh-1)(k-1)(2k-1), 

The writer has recently proved [2] the following result: 

k-1 2
 h~1 

(1.7) 6k ^ r h n - * * ^ r ks 

r=1 " " " 5=7 

where (h,k) = 1. This formula can be proved rapidly in the following way. 
Put 

k-1 o k-1 
hr r - v - r hr" ^ - S l f ] -L[f]' 

We have 

E *2 (f) - £ ( * - [ * ] )2 - & A - '*»- «-? S ^ ?]•**«. 
r=0 r=0 r= 1 

Since, by (1.5), 

v 2 

r=0 A=0 r=0 
it follows that 

k-1 

6kS2(h,k) = 12h Y, r[j}~ (h2~ 1)(k~ 1>(2k~ 1>-

It is known [3, p. 9] that 
k-1 h-1 

(1.8) 12h £ r\j]+1MH s [ f ] = (h~ 1)(k~ D(8hk-h-k-l). 
r=1 '" s=1 

Thus 
6kS2(h,k) + 6hS2(k,h) = (h - 1)(k - l)(8hk - h - k - 1) - (h2 - 1)(k - 1)(2k - 1) 

-(k2- 1)(h-1)(2h-l) 
and (1.7) follows at once. 

Incidentally, (1.8) is equivalent to the reciprocity theorem for Dedekind sums [3, p. 4 ] : 
(1.9) s(h,k)+s(k,h) = - 1- + -± ( £ + + + k ' 

4 12 \ k where 
hk h ) 

k-1 

<i..« «-Jji(Hr]-?) 

2. Define 
k-1 n 

(2.1) Sn(h,k) = Y [ j ] (" = °> 1<2<~)' 
r=1 

Thus S-j(h,k) is evaluated by (1.1) while S2(h,k) satisfies (1.7). It is not difficult to show that a similar result 
holds for S3(h,k). We shall prove that 

(2.2) 4k(k- W3(h,k) + 4h(h - 1)S3(k,h) = (h - l)2(k- 1)2(2hk-h-k+1), 

where of course (h,k) = 1. 
To prove (2.2), take 
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w - £ [h^]3- Z[»-?]3- £ ( " - ' - [ i f 
r=1 r=1 r=1 ' 

= (h - 1)3(k - 1) - 3(h - I^S^h.k) + 3(h - 1)S2(h,k) - S3(h,k) , 

so that, by (1.1), 
(2.3) 2S3(h,k) = 3(h - l)S2(h,k) - 1Mh - l)3(k - 1), 

Thus 
4k(k- VS3(htk) = 6(h - 1)(k- l)kS2(h,k)-(h - 1)3(k- 1)2k, 

so that, by (1,7), 
4k(k - 1)S3(h,k) + 4h(h - l)S3(k,h) = (h - 1)(k - 1){6kS2(h,k) + 6hS2(k,h)} - (h - 1)2(k - 1)2(2hk - h - k) 

= (h - l)2(2h -1)(k - 1)2(2k -1)-(h- 1)2(k - 1)2(2hk - h - k) 

= (h- 1)2(k~ 1)2{(2h- 1)(2k- 1) - (2hk- h - k)\ 
= (h- 1)2(k- 1)2(2hk-h-k+1). 

This proves (2.2). 
If we apply the same method to S4(h,k), we get 

w;--E 7 ( />- / - [ f - r ] ) 4 

= (h- 1)4(k -V- 4(h - I^Sjfrk) + 6(h - V2S2(h,k) - 4(h - l)S3(h,k)+S4(h,k), 

which reduces to 
4S3(h,k) - 6(h - l)S2(h,k) + (h- 1)3(k -1) = 0 

in agreement with (2.3). 
Generally, for arbitrary positive n, 

S„(k,k) = t , ( h- 7- [tjffj" = £ (-tJi('?)(h-triSi(h.k). 

In particular, we have 
2/7-/-7 

S2n+i(h,k)= E (-1)' (^/^(h-D^-^SjdiM 
r~o 

so that 
2n 

(2.4) 2S2n+1(h,k) = -Mn- 1)(h-l)2n+1(k- D + Y, (-Vj ( 2n + 1) (h - 1)2n~i+1 Sj(h, k). 

Similarly, 
2n 

S2n(h,k) = £ (-Vn ( f ) (h - 1)2n-JSj(h,k), 
j=0 

which reduces to 
2n-1 

(2.5) -(n - 1)(h - 1)2n-1(k -D+Y, (~DJ ( 2n ) ft " 1)2n~HSi(h,k) = 0. 
F2 W ; 

For example, for n = 2, (2.4) becomes 
2S5{h,k) = - | (h - 1)5(k - 1)+ 10(h - l)3S2(h,k) - 10(h - l)2S3(h,k) + 5S4(h,k), 

while, forA7 =3, (2.5) becomes 
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-2(h - 1)5(k -1)+ 15(h - 1)3S2(h,k) - 20(h - 1)2S3(h,k) 

+ 15(h - DS4(h,k)-6S5(h,k) = 0. 

Combining these two formulas we get 
1Mh - 1)3(k- 1)-3(h - 1)S2(h,k) + 2S3(h,k) = 0, 

which is the same as (2.3). 
St seems plausible \\\z\$n(h,k) satisfies a relation similar to (1.7) and (2.2) for every n > 2. However we are 

unable to prove this. 
3. Consider the sum 

ki./(f) •£(¥-&})'•%(? f->z (*)'[*] **£'* m2 

r=0 r=0 ' r=1 r=1 r=1 

Since 

we get 

k-1 

E 
r=1 

k-1 

r=1 

k-1 k-1 k-1 

r=0 r=0 r=0 

r=1 

Now put 
k-1 j 

(3-D hm.k>- E '• ' '[x] , sj = s a / . 

±?(%)'±y(rr)'±(i)3'if'-'* 
(3.2) S3(h.k)- TlS12(h,k)+3\s2i(h,k)- Jj-(k - l)2(h3 - 1) = 0. 

k k2 4k 
In the next place, 

k-1 . \ k-1 
S2,l(h,k) = E (k-r)2lh-1-[!£]\=-lk(k-1)(2k-1)(h-1)- £ ^ " ^ [ T ] 

r=1 \ i ,= / 

= 1-k(k- 1)(2k - 1)(h - 1) - - 7 (h - 1)(k -l)k2 + 2kS 1 7 )h.k) - S2 7 (h,k), 
6 2 ' 

so that 1 1 9 

(3.3) S2,i (h.k) -kSt1 (h,k) + j? k(k~ 1)<2k~ 1){h - V - j f o - D<k~ 1>k • 

Similarly 
k-1 , 2 k-1 

Si,2(h.k)=Y. (k-r)[h-1-[j\) = %k(k-D<h-U2-2(h-1)Y. (k~r,[^] 

k-1 2 

+ _ £ (k - r) [ ̂  J = Mfk - 1)(h - 1)2 - k(k - 1)(h - 1)2 

r=1 

+ 2(h - 1)Sh 7 (h,k) + kS2(h,k) - Sh2(h,k), 

so that 

(3.4) Sh2(h,k) = 1/2kS2(hfk) + (h - l)S1f1(h,k) - %k(k - 1 )(h - 1)2. 

By (1.8) 

12hSh7(h,k) + 12kSh 1 (k,h) = (h - 1)(k- 1)(8hk-h-k-1). 



82 SOME SUMS CONTAINING THE GREATEST INTEGER FUNCTION [FEB. 

Thus (3.3) yields 
12h2S2,1 (h,k) + 12k2S2,1 (k,h) = hk(h - 1)(k- 1)(8hk-h- k- 1)- 6h2k2(h - 1)(k- 1) 

+ k(k- 1)(2k- l)h2(h- 1) + h(h- 1)(2h- 1)k2(k- 1). 
Simplifying, we get 

(3.5) 12h2S2,i(h,k) + 12k2S2,i(k,h) = hk(h - 1)(k- 1)(6hk-2h -2k- 1). 

However, comparing (3.4) with (1.7) and (1.8), it does not seem likely that S]2(h,k) satisfies any relation 
similar to (3.5). 

4. We consider next the double sum 

k— 1 2 

(4.1) R(h1f h2; k) = £ [ hll^i ] ((h lh2f k)= 1)m 
r,s=0 

We have 

(4.2) } l W ^ s ) - x(±!^-\hL^]pJ.Rl_lfi2 + /i3r 
r,s=0 r,s=0 ' k 

where 
k-1 

I
Rl = L (hir + h2s)2 

r,s=0 

ris=0 

R3 = R(h1fh2,k). 

Clearly 
(4.3) R1 =

 1-h2k2(k- 1)(2k- 1)+ lh7h2k
2(k- 1)2+ ^h2

2k
2(k- 1)(2k- 1). 

In the next place, by (1.2), 

k-1 , . k-1 

2 r[ k) = £ r{hir + 12<h2- 1>(k~ 1>} = j*>ik(k- D(2k- V+ \ (h2- 1)k(k- 1)2. 
r,s=0 r=0 

Similarly 
k-1 , , 

2 ' [ / T 1 ] =\h2k(k- 1)(2k- 1)+ J- (h,- 1)k(k- 1)2, 
r,s=0 

so that 

(4.4) R2 =
 1- h2k(k- 1)(2k- 1)+ J- (2h 1h2-h1- h2)k(k- I)2 + 1- h2

2k(k- 1)(2k- 1). 

On the other hand, in view of (1.5), 

<«> £ V ( - ^ ) - £V(f-') = * £V(£) = *z (L)2= t(k- 1)m- v. 
r,s=0 r,s=0 t=0 t=*0 

Hence, by (4.2), (4.3), (4.4), (4.5), we have 
1- (k- l)(2k- 1) = tfi2(k- 1)(2k- 1)+ 1-hih2(k- 1)2+ \h2

2(k- l)(2k- 1) 

- jjrffk- V(2k- 1)- 1-2<2h1h2-h1-h2)(k- V2- J -^ f f t - V(2k- V + R(hhh2;k). 
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Simplifying, we get 

(4.6) R(hhh2;k)= l(h* + h%)(k- 1)(2k- 1)+ 1-(h1h2-h1 - h2)(k- 1)2+ 1-(k- 1)(2k- 1). 
o z o 

Next, put 

(4.7) R(h1,h2.h3;k)= Z [h-lr-+Jl2LtM] ((hlh2h3rk)= V. 
res, t=0 

Then, exactly as above 

k-1 
y $2 \hir + h2s + h3t^ = 

r,s, t=0 

1 = Y" ( h1r + h2S + h3t \h1r + h2s + h3tVY 

r,s,t=0 \ I 

4 R1~ TR2+R3 

where 

fj = ] T (hjr + h2s+h3t)
2, R2 = J^ (h 1r + h2s + h3t) 

r,s, t=0 r,s, t=0 

rh^r +h2s +h3t i 

I ~k J ' 

Clearly 

(4.8) 

R3 = R(h1fh2,h3;k). 

Ri = \k3(k- 1)(2k- D^h2+1-k3(k- 1)2Y* hi/12 , 

where the sums on the right denote symmetric functions. 
By (1.2), 

E r\^^f^) = kT,r[hlr + h2s+l(h3-V(k-1)} 
r,s, t=0 r,s=0 

= Ujk2(k- V(2k- D- \ lh2+h3- 1)k2(k- V2. 

It follows that 

(4.9) R2 = \k2(k- 1)(2k- 1)J^h2+ ^{2j2h7h2-J^h1 )k2(k-V2. 

Thus 

£ ^{hilJ^lM.) = i k ( k _ 1)(2k_ vZh2+ i M-,,2%,,,,,, 
r,s, t=0 

-2 [1- k(k- 1)(2k- VJ2h2+ jk(k- V2 ( < ? £ / ? 7h2- ]Th7 )) +R(hhh2,h3; k) 

(4.10) - - lk(k-1)(2k- D^h^- \k(k-1)2Y,hih2+
1- k(k- D2J^hi 

+ R(h1fh2,h3;k). 

On the other hand 

k-1 

r,s, t=0 

2 / h 7 r + h 2 s + h 3 t 
k-1 k-1 k-1 

) - E ^ ( " ^ ) =k2 E ^ (£) - E r2 = \ k(k- 1)(2k- 1, k > L^ ^ \ k ) *-< r K k J ^ ' 6 
r,s, t=0 r=0 r=0 
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Comparison with (4.10) gives 

(4.11) R(h1,h2,h3;k) = \k(k- V(2k - Vj^h^ + | k(k - V2^2hih2 

- lk(k- V2J^h1 - tk(k-1)(2k-1). 

It will now be clear how to evaluate 
k—1 2 

(4.12) m1.-,hn;k)= £ [ h L l l ^ R ^ ((hlh2...hnfk)= j, 
n=o 

for any n. 
The writer has proved [1] that the sunn 

a-1 

(4.13) S(b,c;a) = ] £ rs [££*££] 
r,s=1 

satisfies 
(4.14) S(1,b;a) = 4a4b- 10a2b + a4 + 8a2b - 2ab-a2 , 

where (a,b) = I The proof of (4.14) is rather complicated. 
5. Summary. For the convenience of the reader, we restate the main results proved above. 

k-1 2
 h~1 2 

(5.1) 6k £ [h-f] +6h J^ [jf] = (h- 1)(2h- l)(k- 1)(2k-l). 
r=1 s=1 

k-1 3 h-1 3 

(5.2) 4k(k-l) "£ [|£] +4h(h-1) £ [kj] 
r=1 s=1 

= (h - l)2(k - 1)2(2hk -h-k+1) . 

k-1 h-1 

(5.3) 12h2 £ r2 [ ^ ] + 12k2 J2 s2 [ ^ ] - hk(h- l)(k- 1)(6hk- 2b - 2k + 1). 
r=1 > s=1 

k— 1 2 

(5.4) ^ [ — - p - ] = 1-E(h2
1 + h2)(k-1H2k-1)+1-(h1h2-h1-h2)(k-1)2+l-(k-1)(2k-1) . • 

r,s=0 

(5 . 5 ) £ [lllLtAlLt!l^]
2^m.]m..u{j:h2,lhLk(k,])2{j:h^ 2 A / ) _ 

r,s, t=0 

In (5.1), (5.2), (5.3) it is assumed that ft,W= 7; in (5.4), (hjh2,k) = 1; in (5.5), (b7h2b3,k)= I 
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