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1. INTRODUCTION 
Some years ago, Carlitz [1] had asked the readers to show that 

(D E Fk2
n~k~1 = 2n-Fn+2 

0 

and 
n-1 

(2) E Lk2
n'k~1 =3(2n)-Ln+2f 

• 0 

where Fn and Ln are the/7 Fibonacci and Lucas numbers, Recently, King [2] generalized these results to ob-
tain the expressions: 

(3) y T yn-i<-l = (T0y + T.1)y
n - Tny - Tn^ 

o y2-y- i 
and 

(4) £ Tk2
n~k-1 = T2(2")-Tn+2* 

0 

where the generalized Fibonacci numbers Tn are defined by 
Tn

 = Tn-i + Tn.2t Tj = a, T2 = b. 

The purpose of this article is to generalize these results to sums of the form XFk(x)yn , HLk(x)yn~ , 
T,Hk(x)yn~ , where Fk(xj, Lk(x) and Hk(x) are, respectively, Fibonacci, Lucas and generalized Fibonacci 
Polynomials, and then finally to extend these results to r-bonacci polynomials. 

2. FIBONACCI AND LUCAS POLYNOMIALS AS COEFFICIENTS 
The Fibonacci polynomials Fn(x) are defined by [3] 

(5) Fn(x) =xFn-1(x) + Fn-2M 

with FQ(X) = 0, Ff(x) = 1. Now consider the sum 

S= E Fk(x)yn'k = yn-1+xyn-2+Y. lxFk-i<x) + Fk„2(x)lyn-k 

1 3 

- y'-1
+xyn-2 + xy-1 £ Fky"-k

+y'1 " f Fky
n~k 

2 1 

Hence, 
y"-1+xy-1 {S-FnM} + y'2 {S- F„_7My - Fn(x)} 

(y2-xy- 1)S = yn+1-yFn+1(x)- Fn(x). 
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Letting 
(6) Gn(x,y) = yn+1 -yFn+1(x)-Fn(x), 
we may write S as 

(7) S - £ f ^ " " * = f ^ - j , <?,fr,W * 0 . 

The Lucas polynomials /.^ W are defined by [3] 

(8) Ln(x) = xLn-jM + Ln^M 
with LQ(X) = 2, L-j(x) = x. 

It may be shown by induction or otherwise that 
Ln(x) = Fn+1(x) + Fn.1(x). 

Hence, 

Y. Lk(x)yn-« = £ Fk+1(x)yn-k
+Y. Fk-lW" = "£. Fk(x)yn+1'k ^ Fk(x)y 

1 1 1 2 0 

- £ W K " ^ - Z Fk(x)yn~1'k - F1(x)yn - ^±^^"^1 _ ,», 

using (7) 
= ^ * ^ ~ ^ ( ^ 2 ^ * FnM) - {Fn+lM + Fn-1M} 

Gi(x,y) 
Therefore 

(9) £ ^ f r^^ - ^ - ^ ^ ^ ^ ^ . 

By letting x = 1, y = 2 \n results in (7) and (9), we obtain 

(10) £ Fk2
n'k = 2n+1 - Fn+3 = 2".F3- Fn+3 

1 
and 

(11) £ Lk2
n~k = 2n+2-Ln+3 = 2"-L3-Ln+3 

1 

which are the results of Carlitz [1 ] . Further, by letting A- = y = 2 in (7) we get 
n 

(12) £ Pk2
n'k = Pn+2-2

n+1 = Pn+2-2n.P2 , 
1 

where Pn is the nth Pell number. 

3. GENERALIZED FIBONACCI POLYNOMIALS AS COEFFICIENTS 

Let us define the generalized Fibonacci polynomials Hn(x) as 

(13) Hn(x) = xHn.1(x) + Hn.2M 

with Hg(x) and Hj(x) arbitrary. It is obvious that the polynomials Fn(x) are obtained by lettingHQ(X) = 0, 
Hi(x)= 7, while the Lucas polynomials Ln(x) are obtained by letting HQ(X) = 2 and Hf(x)= 1. In fact, it can 
be established that Hn(x) is related to Fn(x) by the relation 

Hn(x) = H1 (x)Fn (x) + H0 (x)Fn-1 (x). 
Hence, 
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Z Hk(x)yn'k = H7(x) Z Fk(x)yn~k + H0(x) Z i=k-l(x)yn~k 

1 1 1 

- »1M G0^ +H0M Z FkV"-l~k, using (7) 

= H 1 (x,Gn <X>V) + H0MGn- y (x,y) 
Gi(x,y) 

The right-hand side may be simplified to show that 

(14) Z Hk(x)yn~k = Hl(x)y"+]^ + H0(x)yn~yHn+1(x)-Hn(x) 

1 y2 -xy - 1 

Some special cases of interest obtainable from (14) are, 
n n 

Z Hk(x).xn'k = Hn+2(x)-xnH2(x), Z HkM = 1- lHn+1(x) + Hn(x)-H1(x)-HQ(x)l, 
1 1 

n 
Z (-Dk+1Hk(x) = t f(-Vn+1 {Hn+1(x)-Hn(x)} + {H7(x)-H0(x)}] . 
1 

It should be noted that by letting x = 7, HQ(X) = a and H j(x) = b in (13), we generate the generalized Fibonacci 
numbers Hn defined earlier by Horadam [4] . From (14) it is seen that for these generalized Fibonacci numbers 

(15) E Hky^ - ^HlfylzJ^y^n 
1 y 2 - y - i 

and <? 
n 

(16) Z Hk2
n~k = (2b+a)2n - Hn+3 = 2n-H3-Hn+3 

1 

which are the results obtained by King [2] . 
4. r-BONACCI POLYNOMIALS AS COEFFICIENTS 

The /--bonacci polynomials Fp(x) have been defined by Hoggatt and Bicknell [5] as 

Fir!r-2)M = ••• = Fl%) = F(
0

r,M = 0, F<r>(x) = 1, F<2
r>(x) = xr~1, 

and 

(17) F(
n

rlr(x) = xr~1 F(
n

rir^(x) +xr-2F(
n

rlr_2(x) +.» + F(
n

r)(x) . 

Let us now consider 

/ - £ F^Mvn~k • 

(18) F(
k
r,(x) = Rk 

Denoting for the sake of convenience 

(18) 

we have, 
/ = Riy

n~1 +xr-1R1y
n-2 + txl"1R2

 + xr'2Fli)yn'3+-+(x'"1Rr-i+x'"2Rr_2 + - + xR1)y
n-r 

+ £ (xr~7Rk^ +x
r~2Rk-2 + -+Rk„r)y

n-k = R1Y"-1 +xr-1f1 [Riy
n~1 +R2V

n~2 + -+ Rr-iy
n~r+11 

+ xr-2y-2[R1y
n-1 + R2y

n-2
 + - + Rr-2y

n-"2l 
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+ xy-('-1>[Riy°-
1] +xr-\-1 Y, Rky"-k +xr-2y-2 E *&"* 

Hence, 

Thus, 

r r-1 

+ ... + xy-(r-1) "'£' Rky
n-k+y~rj: Rky

n'k . 
2 1 

lyr = Riyn+r~1 + (xyr1 £ Rky"-k + (xyr2 JT Rky
n~k 

1 1 

n-r+1 n-r 

+ -+xv E Rkv
n~k + i: Rky

n'k 

1 1 

= Riy
n+r-1 + Hxyf-1 + (xy)1"2 + - + (xy) + till 

-(xyr
iRn-(Xyr

2 £ Rky
n'k--

- (xy) E RkY°-k - E Rky
n'k • 

n-r+2 n-r+1 

l\yr-E (xyA - R1y
n+r-1-yr-1(xr-1Rn+xr-2Rn„1 + -+Rn.r+1) 

- yr~2(xr-2Rn +xr~3Rn-i + -+Rn-r+2) 

-yr-3(xr~3Rn +xr~4Rn^ + -+Rn-r+3) 

-•••-y(xRn + Rn-iS-Rn • 
Denoting now 

G<n
r)(x,y) = yn+r-1 - F^My'-1 - yr~2 . (x^F^M ^ ^ F ^ M + ••• +F(

n
r]r+2(x)J 

(19) - yr-3[xr~3F(r>(x)+x
r-4F<fl,(x) + - + F<n

rlr+3(x)] 

ylxF^M + F<
n

rl1 (x)J - Fl
n
r)(x) 

we have 

(20) / = £ F<r>(x)-yn-k
 ILLJM} 

1 G\r)(x,y) ' 

The above result for r-bonacci polynomials may be considered as a generalization of the result (7) for Fibonacci 
polynomials. 

Let us now see if we can obtain for the r-bonacci numbers [5], a result corresponding to (10) for Fibonacci 
numbers; it may be noted that the r-bonacci numbers F'n

r' we obtained by lettingx= 7 in (17). We have from 
(20) that 

(2D E 4r)-2"-k - ^ - ^ -
/ G(jr,(1,2) 

Now we have from (19), 
2n+r-1 _ G(r)(w = 2^-2^ + 2r-2[F<r) + ... + ^ j +2^3[F(r) + ... + fjrj^j + ... + 

+ 2IFM + F^1+FM = 
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- f - 2 F ^ +2r-2fF<%] + f-
3[F^ + •••+ F<n

rlr+3] + - + 2[F<n
r> + F&J + F^ 

- f~3lF^+2 + F<?>,] + 2^3[F<n% + Fjfj, + F<r> + ••• + F^+3] + 2^[F<n'> +... + FJll^l 

+ -+2[F^ + F^]+F^ 
- 2-3[F<n% + F<n% + f W , y +2^1F<« + - + FlfJ^J + 2[F<„'> + F^J + F? . 

Continuing the process, the above may be reduced as 
2n+r'1 _ rJrUl ?) = ?r-rfF(r) +... + F(r) 1 = F(r) z un a,zj z Lrn+r-i- -1- tn+1j rn+r+1 

G(
n

r>(1,2) = 

G\r)(l2) 

nri+r-

= 2r-

= 2'-

1-F 

r-1 

-E 
0 

n+r+1 

2k 

Hence, 

(22) 

Also 

(23) 
= 2' -

1-2 
Therefore from (21), (22) and (23) we get 

n 

Z r(r) 9n-k _ 9n+r-1 p(r) _ 9n p(r) r(r) 
rk ' z " z ~ tn+r+1 ~ z mtr+1 rn+r+1 • 

1 

The above result may be considered as a generalization, for the r-bonacci numbers, of the result of Carlitz [1] 
for the Fibonacci numbers. 
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