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Consider a sequence of GF numbers, [wn(b,c; P.Q)}^. For b =c= 1, L Taylor [1] has proved the follow-
ing theorem. 

Theorem. The only sequences which possess the property that upon division by a (non-zero) member of 
that sequence, the members of the sequence leave least +ve, or -ve residues which are either zero or equal in 
absolute value to a member of the original sequence are the Fibonacci and Lucas sequences. 

Our objective is to consider the extension of this theorem to GF sequences by a different approach, and show 
that a class of sequences can be constructed to satisfy the property of this theorem in a restricted sense, i.e., for 
a particular member only. For convenience, wn(b,l; 0,1), wn(b,1; 2,b), wn(b,1; P,Q) shall be designated by 
un> vn, Hnr respectively. 

Let Hk+r = (-l)r~ Hk.r (mod H k). Assume without loss of generality, k to be +ve. We distinguish 2 cases: 
(A)0<r<k, and (B) r>k. 

(A) Evidently, the members leave least residues which are either zero or equal in absolute value to a member 
of the original sequence. 

(B) Allow | / /_5+ ; | < \Hk\ < \H.S\. Let 

(D H2k+S - (-Vk+S'1H.S (mod Hk), H2k+S+1 = (-Vk+sH.s.j (mod Hk). 

Clearly, the property of above-cited theorem holds for {Hp}^, iff 

(_1)k+s-lH_s _ HQ ( m o d Hj<)i a n d (-Dk+sH-s-i = HQ + 1 (mod Hk), 

for some c such that -s + 1 < e < 2k. Denote the period of { Hn (mod Hk)} Q by k(Hk). Rewrite the given 

sequence as { Hp'}™^, where H'n' = Hn. Set k' = k + t, s' = s - t, and 2'=£ + t. Then, it is easy to show that 

k(Hk) = 2k + s-z, k(H'k>) = 2k'+ s'- c', and k(Hk) = k(H'k-). 

We assert that ^ / / ^ ' ^ is even, for f = ^ - z)/2 obtains s'= si', k(H'k') = 2k', and the substitution ois-s. = 2t + 1 
leads to s' - si' = 1, k(H'k') = 2k'+ 1, which is a contradiction. Hence, it is sufficient to examine the following 
system of congruences, viz., 

(2) H'2k- = H'0 (mod H'k-\ H'2k+1 = H', (mod H'k>). 

These congruences imply 

(3) H2k+t = Ht = (-Vk+t~1H^(mo6Hk) = (-l)k~1 {Ht- (2Q - bP)ut } (mod Hk ) 

= (-1)k~1{Pvt-Ht}(m^Hk). 

Therefore, (i) P = 0, Q = 1, and (\\) P = 2, Q = b, furnish readily the desired sequences, and they are the only 
sequences for which the property of L. Taylor's theorem holds. For the restripted case, by using the well known 
formula Hn = Pun-i + Qun, it is possible to express H.s = HQ (mod Hk), and //_s_; =H%+1 (mod Hk) as two 
simultaneous equations in P, Q, and obtain their solution for given s, si, and k. In particular, the latter case may 
be handled by using k(H'k') = k(uk'), where H'k' is selected arbitrarily to satisfy k'= k(uk')/2 and 

Hk- = Puk-„i + Quk, 
determines/3 and Q. 

Example: H'g = 19, k(H'9) =18, P = 9, Q = -5. 
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It is well known that, among the Fibonacci numbers Fn, given by 

F-i = 1 = F2, Fn+1 * Fn + Fn-i, 
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Fn + 1 is composite for each n > 4, while Fn - / is composite for/7 > 7. It is easily shown that Fn ± 1 is also 
composite for any n, since 

Fn± 1 = Fn-2Fn+2, Fn + / = Fn+1Fn^1 . 

Here, we raise the question of when F™ ± 1 is composite. 
First, if k£0 (mod 3), then Fk is odd, F™ is odd, and F™± 7 is even and hence composite. Now, suppose we 

deal with F™k ± I Since An - Bn always has (A - B) as a factor, we see that F™k - 1m is composite except 
when (A- B)= 1; that is, for k= 1. Thus, 

Theorem 1. F™ - 1 is composite, k ± 3. 

We return to F™k + I For/77 odd, then Am + Bm is known to have the factor (A + B), so that F™k + 1m has 
the factor (F^k + 11 and hence is composite. If m is even, every even m except powers of 2 can be written in 
the form (2j + 1)2' = m, so that 

F3k+1m = (F2
3k)

2i+1 + (12)2i+1. 

which, from the known factors of Am + Bm, m odd, must have (Fjk + 1) as a factor, and hence, F™k + /is 
composite. . 

This leaves only the case F™k + /, where m = 2'. When k= 1, we have the Fermat primes,?2 + /, prime for 
/ = 0, 1, 2, 3, 4 but composite for / = 5, 6. It is an unsolved problem whether or not 22' + 1 has other prime 
values. We note in passing that, when k = 2,F6=8 = 23, and 8m ± 1 = (23 ) ^ ± 1 = (2m ) 3 ± 7 is always com-
posite, since A 3 ± B is always factorable. It is th ought that Fg + 1 is a prime. 

Since F3k=Q (mod 10),Ar=0(mod 5 ) , / ^ , + / = 102'-t+1. 

Since F?/, = 6 (mod 10), i> 2, k^ 0 (mod 5), F2' + 1 has the form 10t + 7, k4ft (mod 5). We can sum-
marize these remarks as 

Theorem 2. F™ + 1 is composite, k ?3s, F™k + 1 is composite, m =f 2'. 

It is worthwhile to note the actual factors in at least one case. Since 

Fk+2Fk-2-F2k = (~Vk+1 

Fk+lFk-l~ Fk = (-V 

moving Fk to the right-hand side and then multiplying yields 

We now note that 
Fk-2Fk-lFk+lFk+2 ~ Fk-1. 

Fk-Fk = Fk-2Fk-iFkFk+iFk+2 

which causes one to ask if this is divisible by 5!. The answer is yes, if k ^3 (mod 6), but if k = 3 (mod 6), then 
only 30 can be guaranteed as a divisor. 


