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In [1] the author proves the following
Theorem. Letp be an odd prime and {Tn} be the sequence defined by
Tut1 = P+ 2)T,— (p+ 1)T,_¢

and the initial values T; = 0, T, = 7. Then {7, } is uniformly distributed (mod m) if and only if m is a power
of p.

The proof of the theorem rests on a lemma which states thatif p is an odd prime and 4 is a positive integer,
p + 1 belongs to the exponentpk (mod p*+1), The lemmais also proved in [1].

Since for each positive integer , 3 belongs to the exponent 2%-1(mod 2k+1), (see [2, §901), the lemma
and the theorem cannot be extended to the case p = 2. It is the object of this paper to find a sequence of inte-
gers which is uniformly distributed (mod m) if and only if m is a power of 2.

We will need the following

Lemma. For each positive integer &, 5 belongs to the exponent?k (mod 2k+2)_
Proof. See [2, §90].
Theorem. Thesequence {T,} defined by
Tut1 = 6T — 5T, 1
and the initial values 7; = 0 and T, = 7 is uniformly distributed (mod m) if and only if m is a power of 2.
Prooﬁ The formula of the Binet type for the terms of {Tn} is
To =511 n=123-".
To prove this, note that the zeros of the quadratic polynomial
x?—6x+5
associated with {7,,} are 5 and 1. Solving forc; and ¢ in
cy1-5+cy
cq1 -52+cz
we find ¢ = 7/20 and ¢ = — 1/4. Therefore

1}
-~ o

o= —F  n=123-,

which agrees with the result above. Similar derivations are discussed in [3].

PART 1. We show in this part of the proof that {Tn} is uniformly distributed (mod Zk) fork=1,23, .

First we prove that {7;: /=17, -, 27"} is acomplete residue system (mod Zk). Accordingly, suppose that

T, =T (mod2F)
where 7 <i,/'<2k_ Then
U571~ 1) = %571~ 1) (mod 2%)
or
571 = 51 (mod 2K72).
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Assuming / >/, we write
5i-1.5¢ - 5i-1 (mod2k+2),
where 0 <e < 2% — 1. Then )
5¢ = 1 (mod 2F*2 )

But by the lemma, 5 belongs to the exponent 2% (mod 2k+2), soe=0and/=/.
Next, we note thatas a (conser}euence ofthe lemma,

52 +i—1 = 5i~1 (mod 2k+2) i= 7’ 2, 3’

> k+2
- 7. + -
Ty, =Ti mod2¥%) j=123,..

Thus we see that the complete residue system (mod 2%) oceurs in the firstand all successive blocks of length
2k in {Tn} proving that { T }'is uniformly distributed (mod 2k,
PART 2. We prove in this part that { Tu } is not uniformly distributed (mod /m) unless m is a power of 2.
I1f {Tn} is uniformly distributed (mod m), it is uniformly distributed (mod ¢) for each prime divisor g of m.
We show that { T, } is not uniformly distributed (mod ¢) if g # 2.
Suppose first thatg = 5. Then
T+t = 6T, —8T,,_1 =T, (mod5).

Hence {7,,} (mod 6)is {0, 1,1, 1, -}.
Suppose finally that ¢ # 2 5. We show that

(1) T, =0 (modg)
and
(2) Tg+1 =1 (modg).

Note (1) is equivalent to

%(59° 1~ 1) = 0 (modgq)
or
3) 591 =7 (mod4q)
which is equivalent to the pair

571 =7 (mod4)

I

and
591 = 7 (modg)

both of which are elementary. Eq. (2) also reduces to (3). Equations (1) and (2) imply that the period of {7, }
(mod g) divides g — 7, so atleast one residue will not occur in the sequence. Therefore, the distribution of {7,,}
(mod g) is not uniform,
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