
THE TR1B0NACCI SEQUENCE 

APRIL SCOTT, TOM DEL ANEY, AND V. E. HOGGATT, JR. 
San Jose State University, San Jose, California 95192 

By definition, a Fibonacci sequence consists of numbers equal to the sum of the preceding two. Symbolically, 
this means that any term 

Fn = Fn_i + Fn_2. 

This definition can be expanded to define any term as the sum of the preceding three. 
It is the purpose of this paper to examine this new sequence that we will call the TRIBONACCI SEQUENCE 

(the name obviously resulting from " t r i " meaning three (3)). Therefore, let us define this new sequence as T 

and consisting of terms: 
Ti, T2, T3, T4, T5, -,Tn, - , 

where we will define 
Ti = 1, T2= 1, T3 = 2 

and any following term as 
Tn = Tn„i + Tn_2 + Tn_3 . 

For any further study of this sequence, it will be useful to know the generating Hinction of these numbers. To 
find this generating function, let the terms of the sequence be the coefficients of an infinite polynomial T(x) 

giving 
T(x) = T1 + T2x +T3x

2 + T4x
3 + - + TnX71'1 + .» . 

By multiplying this infinite polynomial first by -x, then by -x2 and finally by -x , and then collecting like 
terms and substituting in appropriate values of T±, T2, T3, — , we get the following: 

T(x) = Tx + T2x+ Tzx
2 + 1\x3 + Tsx

4 +.» 
-xT(x) = - 7 > - T2x

2 - T3x
3 - T,x4 - -

-x2T(x) = - T,x2 - T2x
3 -Tdx

4 - -
-x3 T(x) = - l\x3 - T,x3 - -

T(x)-xT(x)-x2T(x)-x3T(x) = Tx = 1 
T(x)(1-x-x2 -x3) = 1 

T(x) = 1 — 
1-x-x2-x3 

Therefore, we have found the generating function of the Tribonacci sequence as T(x) and can be verified by 
simple long division. 

This Tribonacci sequence can be further examined in a convolution array. The first column of this array will 
be defined as the coefficients of T(x). The second and subsequent columns can be found in two (2) ways: 

(1) The first method is by convolution* (thus giving the title of the array). By convolving the first column 
with itself, the second column will result; by convolving the first with the second, we will get the third; the first 
and third to get the fourth and so on. It will also be noticed that the even-numbered columns are actually 

Convolution: a folding upon itself. 
I t wi l l be recalled that a mathematical convolution is as follows: 

Given: Sequence 1 as5x , S2, 5 3 , S4, Ss, S6, ••• 
Sequence 2 asPit P2>P3, P4, P5,P6, - . 

To f ind the sixth term of the resulting sequence: 
(SJ(P6) + (SJ(PS) + (St)(PJ + (SJ(PJ + (S,)(Pt) + (SJ(PJ. 
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squares. That is to say, to get the second column the first is convolved with itself; to get the fourth, the second 
is convolved with itself; the third with itself to arrive at the sikth and so on. 

(2) The second method for deriving the same array clearly shows why the convolution array can also be 
called a power array. Recall that the first column is the Tribonacci sequence and is generated by the function 

7 
1-x •x2-x3 

To derive the second column, then, the first column generating function is squared. The third column is T (x), 
the fourth column is T (x) and so forth. Therefore we can represent the array as: 

Power of T(x) 

0 
Powers 

of 1 
X 

2 

1 2 3 4 5 6 7 8 

And our specific array as: 

II. 1 10 11 

f 1 
1 

2 

4 

7 

13-
: 

1 
2 

5 

12 

26 

56 
• 

1 
3 

9 

25 

63 

153 

1 
4 

14 

44 

125 

336 

1 

5 

20 

70 

220 
646 

1 

6 

27 

104 

1 

7 

35 
147 

1 

8 

44 

200 

1 

9 

54 

264 

1 

10 
1~T 
11 

This specific array can be found and verified in either of the two ways described above. 
A third more simple method of deriving this same array is by the use of a recursion pattern or template. To 

find this template pattern, one must recall the power array (method 2 of getting the convolution array). We 
then realize that: 

7 

generates the first column 

T(x) = 

T2M-

1- 2 3 • xz -xJ 

1~x-x2-x3 

generates the second column and 
7 

T3(x) 
1-x-x* 

generates the third column or, we can rewrite this as: 

Tn(x) 
1- •x2-x3 

which itself can be rewritten as 
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Tn(x) = 
1-x-x2 -x3 

1 

Tn(x) 1 

• X - X" - X 

rn~l/ 

n-1 

1-X 2 3 • xz - xJ 

L(x) 

By multiplying both sides of this equation by (1 - x - x2 - x3) we will get: 

(a) Tn(x) = xTn(x)+x2Tn(x) + x3Tn(x)+Tn-1(x) 

or by collecting all the Tn(x) terms, we get: 

(b) T^Hx) = Tn(x)-xTn(x)-x2Tn(x)-x3Tn(x). 
Jh In words, this means that the n column is equal t o * times itself plus x times itself plus* times itself plus 

the previous column. For a specific example, let us examine T4(x). 
Therefore: 

Tn(x) = T4(x) = 1 + 4x+14x2+ 44x3 + 125x4 + -
Tn-i{x) = TJ(X) = T3, l+3x + 9x2 + 25x3 + 63x4 + • 

By substituting this in Eq. (b) above: 

T4(xJ - xT4(x) - x2T4(x) - x3 T4(x) = T3(x) 

T4(x) = 

-xT4(x) = 

-x2T4(x) = 

-x3T4(x) = 

j + 4x+ 14x2 

- x -

-
4x2-

x2 -

+ 44x3 

- Ux3 -
4x3 -

-x3 -

+ 125x4+-

- 44x4--

Ux4 -
4x4 - ». 

- 1 + 3x+ 9x2 + 25x3+ 63x4--
which indeed is T (x). 

What we would like to do, however, is apply this method to a specific element in any column or row, rather 
than to entire columns. Let us again refer to the equation 

Tn(x) = xTn(x) + x2Tn(x) + x3 Tn(x) + T n~Hx) 

and a specific element in the column. To translate this equation, refer to Array 1 on the previous page, and re-
member what each item in the array represents. Pictorially, then, the equation means the following (we will 
consider each element in the equation separately): 

Tn(x): the specific element in a row and column that we are interested in. We will call itX. 
the element in the same column but up one row. The multiplier x has the effect of shifting it 
down one row. We will call this U. 
the element in the same column but up two rows. The x has the effect of shifting it down two 
rows. We will call this V. 
the element in the same column but up three rows, shifted down by the factor of x , Call this W. 
the element in the same row but the previous column. Call thisZ. 

Therefore, by this pattern we can find any element in the array through the use of a single template. The tem-
plate (from the above equation) is: 

X=U+V+W+Y 

xTn(x): 

x2Tn(x): 

x3Tn(x): 
T^fx): 

Y 

W I 
V 

U 

\x 
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This template, then, because it is so general, will help to see relationships between other convolution arrays and 
numerator polynomial arrays which will be discussed now. 

As we have seen, we know of a function that when expanded, will yield an infinite polynomial whose co-
efficients correspond to the Tribonacci numbers. We also know that this function, namely 

1 

1-x-x2-x3 

when squared and expanded will yield the coefficients of the second column of the convolution array. We have 
seen that this function can also be cubed and expanded to give the entries in the third column of the array, and 
so on. 

Suppose we wish to find a function or series of functions that will generate the rows of this convolution array. 
Let us, then, consider the first row (actually called the zero row, since rows correspond to the powers of x 

in the polynomials and the "f irst" row is the row of constants) of the array as coefficients of the infinite poly-
nomial R(x), giving 

R(x) = 1 +x + x2 +x3 + - . 
By mutliplying R(x) by -x and adding to R(x), the following is obtained: 

R(x) = 1 + x + x2 +x3 +x4 + -

-xR(x) = - x - x2 - x3 - x4 - -

(1-x)R(x) = 1 

RM = —1— . 
1- x 

Thus, 1/(1 - x) will generate an infinite polynomial whose coefficients correspond to the zero™ row of the 
Tribonacci array. It is also true that the function (1/(1 - x))2 will generate the first row of the array. However, 
(1/(1 - x))3 does not generate the second row. 

As a result, the row generating function must be generalized to give all the rows. Let us call, then, the numer-
ator of this function rn(x), giving: 

(1-x)n+l 

The numerators then for row 0 and row 1 are simply equal to 1. For row 2, we will find r2(x) by simple alge-
bra as follows: 

- ^ l - / = 2 + 5x + 9x2+ 14x3 + 20x4 + -
(1-x)3 

r2(x) = (2 + 5x + 9x2+14x3 + 20x4 + -)(1-x)3 

r2(x) = (2 + 5x + 9x2+14x3 + 20x4 + -)(1 - 3x+3x2 -x3) 

r2(x) = "2 + 5x + 9x2+ 14x3 + 20x4 + -

-6x-15x2-27x3 - 42x4--

6x2+15x3 + 27x4 + -

- 2x3 - 5x4 -••• 

r2(x) = 2-x 
and 

R2(x) = 2 

(1-x)3 
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In a similar manner, we can find r3 (x), r^M and so on. These polynomials henceforth will be known as the 
numerator polynomials. A listing of these is as follows: 

roM = 

nix) = 
r2(x) = 

r3(x) = 

r4(x) = 

r5(x) = 

1 

1 

2-

4-

7-

13-

X 

4x + 

9x + 

22x + 

x2 

3x2 

12x2- -2x3 

etc. If one were to take the time and calculate this data, it would soon be realized that there is a considerable 
amount of arithmetic involved. The rnrx) numerator polynomial is obtained by expanding (1 - x)n+1 and us-
ing it to multiply ah infinite polynomial. It turns out, that when this is done and like terms are collected, all 
but a finite number of terms result in zero. Nevertheless, it is quite a time-consuming task. 

The coefficients of these polynomials can themselves be formed into an array similar to our original convolu-
tion array. Like the original convolution array, this array can also be formed in several methods. The first 
method we have already examined: finding rn(x). The other method is by also developing a template pattern. 
This template can be found as follows: 

We know that if we let Rn(x) (where n = 0, 7, 2, 3, 4, ••• ) denote the rows of the Tribonacci convolution 
array, then 

Rn M = 

Similarly: Rn+l M = 

Rn+2M = 

Rn+3(x) = 

rn(x> 
(1-x)n+l 

rn+l M 
(1-x)n+2 

rn+2 M 
(1-x)n+3 

rn+3 M 
(1-x)n+4 

Also looking at the row polynomial in terms of the pattern discussed 

Rn+3 M = xRn+3 (x) + Rn+2 (x) + Rn+1 (x) + Rn (x) 
X = (Y + U + V + W) 

By simple substitution: 
fnf3(x) = xrn+3(x) + rn+2(x) _ rn+1 (x) rn(x) 

(1-xr4 (1-x)n+4 (1-x)n+3 (1-x)n+2 (1-x)n+l 

By simple algebra: 
rn+3 M (j__x) = rn+2(x) + rn+1 (x) + rn(x) 

(1-x)n+4 (1-x)n+3 (1-x)n+2 (l-x)n+1 

rn+3 M = rn+2(x) + rn+1 (x) + rn(x) 
(1-x)n+3 (1-x)n+3 (l-x)n+2 (l-x)n+1 

rn+3 M = rn+2 (x) + (1- x)rn+1 (x) + (1 - x)2rn (x) 
= rn+2 (x) + rn+1 (x) - xrn+1 (x) + rn (x) - 2xrn (x) + x 2rn (x). 

From this information and remembering the procedure for converting this equation to a template pattern, the 
following template for the array of coefficients of the numerator polynomial is 
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[' w u 
T 

V 

z 1 
Y 

X . 

rn(x) 

rn-lM 

rn-2M 

fn-3 M 

X = Y + Z+V+W- T-2U 
We have already discussed a specific Tribonacci sequence and its related convolution and numerator poly-

nomial arrays. Our goal in this portion is to generalize our conclusions from the specific case. We would like to 
examine and investigate the general case and see if any generalized conclusions can be reached. 

Two (2) general Tribonacci sequences exist: 1, \,p, 2 + p, — or \,p, q, 1 + p + q, •••. Since the second is more 
general, we will use it for further investigation. The sequence, then, is as follows: 

l,p,q, 1 + p + q, 1 + 2p + 2q, ~ , 

where each term is defined as the sum of the previous three. 
As in the specific case, a generating function can also be found for the general case. Again, let the terms of 

the sequence be coefficients of an infinite polynomial, giving: 

Gfx) = 1+px + qx2+ f1 + p+q)x3 + (1 + 2p + 2q)x4 + - . 

By multiplying by -x, -x and -x and collecting like terms, we get: 

Gfx) = 1 + px + qx2 + (1 +p + q)x3 + (1 + 2p+2q)x4 + • 

-xG(x) = 

-x2G(x) = 

-x3G(x) = 

- x - px qx 

px3 

(1+p+q) x^ 

q*
4 

px 

(1-x-x2- x3)G(x) = 1 + (p- 1)x+(q-p- 1)x2 

Gfx) 1 + (p- 1)x + (q-p- 1)x< 

1 - x- xz -xJ 

where Gfx) defines the generalized generating function and "p" is the second term in the sequence and "q" is 
the third. 

Again, using the specific case as an example, we can expand the sequence into a convolution array. The first 
column is given and defined as the generalized sequence, with the generating function of 

Gfx) = 1+fp- 1)x + (0-p- 1)X< 

1 •x2-x3 

The subsequent columns can be found by convolution or by giving appropriate powers of the generating func-
tion (as discussed earlier in the specific case). By either method, the resulting array is shown in the table on the 
following page. The columns represent the power of the generating function and the rows are the corresponding 
powers of x. Therefore, we are guaranteed a way of generating this array—by either convolution or raising the 
generating function to a power-two rather tedious, time-consuming methods. If we could find a template pat-
tern for this generalized convolution array, it could be used for any Tribonacci sequence. 

To find this template pattern, recall that the generating function for the first column is 

1 + fp- 1)x + (q-p- 1)x2 

1-x- -x2-x3 

Ah For any n column, the generating function is: 
Gn(x) = f 1 + (P~ Dx + (q-p- Dx' 

\ 1-x-

2\n 

•x2-x3 
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Powers of G(x) 

0 

1 

2 

Powers 
of 
x 

1 

1 

p 

q 

p+q+1 

\2p+2q+ 1 

\3p + 4q+2 

\6p + 7q+4 

2 

1 ] 
2p 

p2 + 2q 

2p+2q + 
2pq + 8 

2p2 + 6p+q2 

+ 4p + 2pq+2 

4p2 +6p + 
2q2+ Wq 
+ 6pq+4 

3 

1 

3p 

3p2 +3q 

p3+3p+3q 
+ 6pq+3 

6p2 + 12p + 
3q2 +6q + 
3p q +6pq 

' 

4 

1 

4p 

6p2 + 4q 

4p3+4p+4q 
+ 12pq + 4 

p4 + 12p2 + 
20p+6q2 + 
8q+ 12p2q 
+ 12pq + 4 

5 

1 

5p 

Wp2 + 5q 

6 

1 

6p 

15p2 + 6q 

or 
Gn(x) -( 1 + (P ~ Vx + (Q ~ p - 1)x2\ll + (p - 1)x + (q - p - Dx1 

\ 1-x-x2-x3 J\ 1-x-x2-x3 

n-l 

which can be rewritten as: 

*(x) = 1+(P- Dx + (g-p- 1)x2
 Gn-1 (x). 

1-x-x2 -x3 

By multiplying both sides of the equation by 1-x-x -x we will get: 

Gn(x)(1-x-x2-x3) = (T+(p- 1)x + (q-p- 1)x2)Gn'l(x) 

Gn(x)-xGn(x)-x2Gn(x)-x3Gn(x) = Gn^(x) + (p- DxG71"1 (x) + (q - p - 1)x2Gn~1(xi 

G^fx) = xGn(x) + x2Gn(x) + x3Gn(x)+ Gn~1(x) + (p - 1)xGn'l(x) + 

+ (q-p- Vx2Gn~1(x) 
Let us represent this symbolically as: 

X = Y+U+V+W+(p- l)Z + (q-p- 1)Q. 

Then, as we discussed earlier, this can be translated pictorally to give our template for the generalized Tribonac-
ci sequence: 

\(q-p- 1)Q 

(p - VZ 

w 

l/l 
u\ 
Y\ 

x\ 

Naturally, in extending this discussion, we can also discuss the numerator polynomials that will generate the 
rows of the \,pf q, — array. Again, by sheer arithmetic, we can generate the numerator polynomials: 
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r0(x) = 1 • • 

ri (x) = p 

r2(x) = q + (p2- q)x 

rpM = (p + q+1) + (-2p- 2q-2pq±- 2)x + (p2 +p+q- 2pq + 1)x2 

r4(x) = (2p+2q + 1) + (2p2' - 4p +q2 - 6q + 2pq - 3)x + (-4p2 + 2p - 2q2 + 6q+3p2q - 4pq + 3)x2 

+ (p4+2p2+2pq-3p2q-2q- 1)x3 

etc. 
Using the same method utilized in discussing the specific case, we can determine a pattern for the coefficients 

of these numerator polynomials. 
First let us translate the pattern for the columns to pattern for the rows. This gives us: 

Rn-2M 

Ryi-lM 

Rn(x) 

Rn+i M 

V 

w 

u 
z 
Y 

X 

Tn-l (x) 

X = Y + Z + U + W+(p-2)V 

xRn+1 (x) + Rn(x) + Rn_t (x) +(p- 2)xRn,1 (x) + Rn,2M 

or 
Rn+l (X)(1 -

We still have the relation that 
x) = RnM + Rn„i(x)(1 + (p-

rn(x) 

2)x) + Rn_2(x). 

By substituting: 
rn+l M 

(1-x)n+2 
(1-x) 

RnM = 

rn(x) 

(1-x)n+l 

(1-x) n+l (1-x)n 
(1 + (p-2)x) + rn-2(*) 

n-l (1-x) 

rn+1 (x) = rn(x) + (1- x)(rn^ (x))(1 + (p - 2)x) + (1 - x)zrn.2(x) 

rn+l M = rn (x) + rn^ (x) + (p - 3)xrn^ (x) + (2 - p)x 2rn_1 (x) + rn„2 (x) - 2xrn,2 (x) + x 2rn„2 (x). 

This yields a pattern for the array of the numerator polynomials: 

rn-2(x) 
rn-lM 

rnM 
rn+i (x) 

N 

M(2-p) 
(-2)T 

(p- 3)V 

U 
Z 

Y 

X 

X = Y + Z+U + (p-3)V+(2-p)M-2T+N. 

There are some interesting features of these numerator polynomials. First of all, this pattern does not hold 
for the entire array. To use the pattern to get the (p2 +q) coefficient of the* term of the r2(x) polynomial, 
some "special" terms must be added to the top of the array. Rather than discuss this at length, it will suffice to 
say that if one were interested in generating this array one could generate the first three rows by the method of 
equating coefficients and then utilize the pattern derived. 

It can also be noted that the sum of the coefficients of each numerator polynomial sums to a power of/?, the 
second element of the Tribonacci sequence. Specifically, the sum of the coefficients of the rn numerator poly-
nomial is/?n. (Note that the sum of the coefficients for the numerator polynomials of the 1,1,2, ••• Tribonacci 
array is always 1. This is logical since the second element of the array is 1 and 1 n is always 1.) 


