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BACKGROUND 

In his article on generating identities for Pell triples, which involve the two Pell sequences, Serkland [5] 
modelled his arguments on those used by Hansen [1] for Fibonacci and Lucas sequences. Both articles suggest 
generalizations in a natural way. 

Consider the following pairs of sequences (1) and (2), and (3) and (4): 
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Fn+2 = Fn+1 + Fn 

L-n+2 = Ln+i + Ln 

Pn+2 = 2Pn+l +Pn 

Rn+2 = 2Rn+l + Rn 

rn+l + Fn-1 

Pn+1 +Pn-1 ~ Pn 

for which the recurrence relations 

(5) 

(6) 

(7) 

(8) 
and the summation relations 

(9) 
(10) 
hold. 

It is natural to examine pairs of sequences {An} and {Bn} similar to (1) and (2), and (3) and (4) having the 
properties: 

(i) A0 = 0, At = I An+2 = cAn+1 +c/An (c t 0, d t 0) 
(11) \ (ii) B0 =2, Bt = c, Bn+2 = cBn+1 +dBn 

[ (iii) An+1+An„i = Bn 

Thus, An = Fn and Bn=Ln\\c= 1,d = 1, while An =.'Pn and Bn =Rn\\c = 2, d = 1. 
Generally,/? is any integer. From (11) (i)-and (ii), we may deduce that when d = 1, 

(12) A_n = (-1)n+lAn 

(13) B_n = (-1)nBn 

(14) A-n+i+A^i =B,n : 

Result (14) may be readily derived from (11) (iii), (12) and (13). 
It looks as though d = 1 is a condition for property (11) (iii), which generalizes (9) and (10), to exist. We pro-

ceed to establish this fact. 
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GENERALIZATIONS 

The Binet forms for An and Bn are 

(15) An = *-=j-

(16) Bn = an+pn , 

where a,pare the (distinct) roots of x - ex- d = 0, so that 

(17) a = c—^-f p = c-=^~, a + P = c, a-p = D, D = ^IFTTd, ap = -d. 

From (11) (iii), (15) and (16), we have 
(an+l_pn+l) + (an-l_pn-l) = (a_pj(an+^) 

(oP'1 - pn'1)(ap + 1) = 0 on simplification 

afi+1 = 0 •: aT-i-P"'1 t 0 {Le.,atP) 

(18) d = 1 •: ap = -d by (17). 
Thus, the required condition \sd = 1 with c unrestricted. 
Consequently, there are infinitely many pairs of sequences {An} and {Bn} having the properties: 

[ (i) A0 = 0, At = 1, An+2 = cAn+1+An (c 1= 0) 
(11)' j (ii) B0 = 2, Bt - c, Bn+2 = cBn+1 + Bn 

[ (iii) An+1 +An_t = Bn . 

Their Binet forms (15) and (16) now involve 

(17)' a=c-^-f p =• c-=^\ a + P=c, a-p=D, D = ̂ ~cr+~~4, a$ = -1, 

where a,j3are now the roots of x2 - ex - 1 = 0. 
Some terms of these sequences are: 

n = -3 - 2 - 1 0 1 2 3 4 
(19) An - c2 + 1 -c 1 0 1 c c2+1 c3+2c 
(20) Bn - -(c3+3c) c2+2 -c 2 c c2 + 2 c3+3c c4+4c+2 -

Generating functions for these sequences are 

(21) £ Anx
n = x(1-cx-x2) MnA ~ A\ I — LA — A - / 

n=l 

(22) J2 Bnxn = (2-cx)(1-cx-x2)'1 

n=0 

The Theorems given in Serkland [5] follow directly for {An} and {/?„} by employing his methods, though 
in Theorems 1, 2, 3 use of the Binet forms (15) and (16) with (17)' produces the results without difficulty. 

Following Serkland's numbering [5] , we have these generalized theorems: 

Theorem 1. AnBm+An-iBm_i = Bm+n_1 

Theorem 2. AnAm + An_iAm„i = Am+n_t 

Theorem 3. BmBn+ Bm^B^t = Bm+n+Bm+n^2 = (°2 +4)Am+n^t 

q-l 
Theorem 4. ApAqBr = £ (Ak+1Bp+k+r„k - Ap+k+1Bq+r_k) 
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r-1 
Theorem 5. ApAqAr = ]P (Ap+q+r_kAk+i - Ap+h+1Aq+r,k) 

k=0 

p-1 
Theorems. ApBqBr = £ ((c2 + 4)Aq+r+k+1Ap_k - Bq+k+1Bp+r„k) 

k+o 

Theorem 7. BpBqBr= (c2 + 4) 
•p-2 
/2 (Aq+r+k+iBp_k - Ap+r_kBq+k+i) + cAp+q+r 

k=0 

- cBp+qBr+f. 

Of these theorems, we prove only the second part of Theorem 3 and all of Theorem 7 (taking the opportun-
ity to correct some typographical errors in the original). A neater form for the expression of Theorem 3 (second 
part) is 

Bn+l+Bn-l = (C2 +4)An 

which should be compared with 11 (iii). 

Proof of Theorem 3 (second part). 

Bm+n + Bm+n-2 = (Am-Hi+1 + Am+n-l) + (Am+n-l+ Am+n-3 ) by (11)' (iii) 

= (cAm+n+Am+n_1) + 2Am+n_1+Am+n_3 by (11)' (i) 

= c(cAm+n_i +Am+n„2) + 3Am+n^1 + Am+l%_3 by (11)' (i) 

= (c2 +3)Am+n_i + (cAm+n_2 + Am+n-3) 

= (c2+4)Am+n_1 by (11)* (i) . 

Proof of Theorem 7. 

BpBqBr = (Ap+i +Ap_i)BqBr by (11)' (iii) 

P 
= Ap+1BqBr+Ap.1BqBr= J2 ((c2 +4)Aq+r+k+1Ap„k+i - Bq+k+lBp+r-k+l> 

k=0 

P-2 
+ H ((c2 +4>Aq+r+k+lAp-k-l ~ Bq+k+lBp+r-k-l) by Theorem 6 

p-2 
J2 [fc2 + 4>Aq+r+k+l (Ap-k+1 + Ap-k-1 ) ~ Bq+h+l (Bp+r~k+l + Bp+r-k-1)] 

k=0 
+ (c2 +4)A2Ap+q+r-Bp+qBr+2 + (c2 + 4)A1Ap+q+r+1 - Bp+q+1Br+1 

P-2 
J2 (c2 +4)(Aq+r+k+lBp-k - Bq+k+iAp+r„k) 

k=0 
+ (c2 +4)(cAp+q+r + Ap+q+r+i)- (Bp+qBr+2 + Bp+q+lLBr+1) 

by (11)'(iii), (19), 
and Theorem 3 

(c2 +4) 
rP-2 

22 (Aq+r+k+iBp_k - Bq+k+iAp+r„k) + cAp+q+r + Ap+q+ri.-[ 
Lk=0 

- (cBp+qBy+i + Bp+qBr + Bp+q+iBr+-[) = 
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r p-2 
= (c2+4)\ Y, (Aq+r+k+l^p-k-^p+r~k^q+k+l) + cAp+q+r 

L fe=0 
- cBp+qBr+i by Theorem 3. 

Putting c = 7 in Theorems 1-7 we obtain the theorems of Hansen [1] for the Fibonacci-Lucas pair of se-
quences. With c = 2, the theorems of Serkland [5] for the two Pell sequences follow. The forms of Hansen's 
Theorem 5 and Serkland's Theorem 5 should be compared. 

The natural extension of the special cases considered by Hansen [1] and Serkland [5] occurs when c = 3. 
Call these sequences {Xn} and {Yn}, some terms of which are: 

... n=-3 - 2 - 1 0 1 2 3 4 5 6 ... 

(23) 

(24) 

xn 

Yn -

10 

• -36 

-3 

11 

1 

-3 

0 

2 

1 

3 

3 

11 

10 

36 

33 

119 

109 

393 

360 ... 

1298 -

Theorems 1-7, and the associated background details, readily apply with c = 3 (c2 + 4 = 13). Interested 
readers may construct other pairs of related sequences from the infinitely many possibilities manifested in (19) 
and (20). 

CONCLUDING REMARKS 

Examples of familiar pairs of sequences which are excluded from our considerations (i.e., for which d £ 1) are 
(a) the Fermat sequences {2n - 1), {2n + l) (c = 3, d = -2) 
(b) the Chebyshev sequences 

{Tn = 2cosn6}, [un = S]n("+
d

7)d] (c = 2 cos ft d = -1). 

(Obviously, in (a), 2n + 1 = (2n - 1) + 2, i.e., the two Fermat sequences are not independent of each other.) 
Comments on the excluded degenerate case which occurs when a = fi, i.e., D = ^/c2 +4d = O, may be found 

in Horadam [3 ] . 
Further information on the Pell sequences, as special cases of the sequence {Wn} for which 

W0 = a, Wi = b, Wn+2 = cWn+1+dWn 

(which generalizes (11) (i) and (ii)), is given in Horadam [4] . For a partition of {Wn} into Fibonacci-type and 
Lucas-type sequences the reader is referred to Hilton [2 ] , which is generalized to r -order sequences by Shan-
non [6] . 
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