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As has been noted by Hoggatt [1], Pascal’s Triangle can be thought of as having been generated by column
generators. This provides insight into the row sums and rising diagonal sums of this triangle. Let {ai,o},io de-
note a real number sequence and consider the following array:

40,0 49,1 dg,2 493 - A9m
a0 41,1 44,2 413 = dm
a0 421 422 aziz - dam
a0 dn,1  @n2  @n3 an,m

which has the Pascal-like property {3]
g = {a,-_1,]-_1 a1, if i=j=1,
Y 0 if j>i=0.
Under these conditions, it follows readily that
i-1

@ = D, Akt

k=0
for all 7 and j such that/ >/ > 1. For the following assume that fx/ is the generating function for the sequence
{a0)iZ:-
Theorem 1. The generating function for the k™ column (k=0,1,2 ) in the above array is
arlx) = fx)lx/(1=x)I®.

Proof. Let
fix) = 60}0+31,0X+62’0X2+'“

oo
i=

denote the generating function for the zeroth column {a; o}.=;. Suppose that

DN =X ™ = 3 (a; )
i=0

for some positive integer m. Then by the comment preceding Theorem 1

(31', mt1M’

™

i
S

0 i—1 i
H) AT = x)] ™ = H /1= x )] T AT = x)] = Y ( > ak,m)x’ =
i=0 k=0 i
and the proof is complete by induction on m.
Theorem 2. The generating function for the row sums of the above array is

[Fc( 1= x)] /(1= 2x).
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Proof. Since gy (x) = fix)[x/(1— x)] k, the generating function for the row sums is
o o b
6ix) = Y gulx) = flx) ¥ ( A ) S )| 1| =g =
k=0 k=0 g g T- 2
1—-x
Theorem 3. The generating function for the rising diagonal sums of the above array is

[FONT = x)I AT = x = x?).
Proof. Consider the new array:

a0, 0 a 0 0 0
a1,0 a0, 1 0 0 0
ao a1 ap,2 0 0
azo 2,1 a2 a3 o

44,0 43,1 az,2 a3 40,4

fix)  xgilx) x2galx)  xg3(x) X4g4(x)

Note that the column generator for the K column (k=012 -) isxkgk {x). Furthermore the row sums of
this array are the rising diagonal sums of the original array. Thus the generating function for the rising diagonal
sums in the original array is

o oo k
o) = 3 sty = 0 3 | 7% ) - ) L=x—
k=0 k=0 T—x—x
Now if f(x) = 1/(1 — xJ, one has the usual Pascal Triangle and some of results in [1]. Moreover, if
fIx) = x[(1—=x)/(1=3x+x2)] +1 = (1= 2x)/(1 - 3x +x2),
then the theorems above can be used to answerProblem H-183 [4] in this Quarterly. Indeed, since
Hix) = 2F (h— ap)x
1—px+ qxz
is the generating function for the generalized Fibonacci sequence w,, = w, (a6, p,q) [2] , and
wy + [ws — (p? — 2g)wy]x
1—(p?- 2q)x +q°x?

O0lx) =

and
wy + [wo — - 2q)wy] x
1= (p? - 2q)x +q°x?
are the generating functions for the sequences {W2k+1}::1 and {WZk}Ij:‘t respectively, then questions similar

to H-183 can be answered readily by considering the generating functions xH(x) + 1, x0(x) + 1, and xE(x) + 1.
In particular, if one considers the sequence {a,-,o};o whereagg=7anda;g=Ly. 4 (fori=1,2 3, ), then
the array is

Eix) =

g O
TN O N -
.0 W -
N

—_
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the generating function for the zeroth column is
(1—2x+2x2 )01 - 3x +x?),
the generating function for the row sums is
(1= 3x+4x2 = 2% )11 - 5X+7XZ——2X3),
and the generating function for the rising diagonal sums is
(1= 3x +4x2)/(1 - 4x +3x% + 2x% — x¥).
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The term TRIBONACCI number was coined by Mark Keinberg

in [f]above.



