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H-278 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California.

Show
5F, ——
SR =<3, 1,6>
n e

n—1
(Continued fraction notation, cyclic part under bar).

H-279 Proposed by G. Wulczyn, Bucknell University, Lewisburg, Pennsylvania,
Establish the F-L identities:
(a) Fﬁ+6r_ (Lqr+ ”(Fn4+4r— Fﬁ+2r/— Fn4 = ForFarForFant12e

4 4 4
(b) Filvgres# (Larez = F ) grin = Frigss) = Fit = Faret Fare2F6re3 Fant2ee6 -
H-280 Proposed by S. Bruckman, Concord, California.

Prove the congruences

(1) Fz.n = 2™ (mod 2"*3) ;
(2) Lyogn = 24222 (mod 22", p = 1,23, .
SOLUTIONS

SUM-ARY CONCLUSION
H-264 Proposed by L. Carlitz, Duke University, Durham, North Carolina,

Show that
~ [s+i + i+ 1 ~ [r+i + i+ 1
s+i\fm+n—s—i _ r+i\fm+n—r—i
ZO(I)( n—s )_'O(i)( m-—r )
i= i=
Solution by P. Bruckman, Concord, Calif,
Let
M-t . .
(1) O(mnrs) = 20 (s;“z)(m+n;i;1+1) ’
i=
and
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oo m n
(2) Flwxyz) = 35 35 3 0lmnrshw™x"y'z" .
m,n=0 r=0 s=0
Then
Flwxy,z) = 3. 0lm+r,n+s,r,sw™x""y72
m,n,1,s=0
il m . .
R CI L
m,n,t,s=0 i=0
_ Z (S:i)(m+rn+"+1)WmHXn/Wy}r(XZ)S
m,n,t,s,i=0
_ Z (75:1)(—141 :Lr—Z)Wm(_X}n(Wy)r(Xz)S(_W)i
m,m,r,s,i=0 :
= X (1=w =) R wy ) (xz2)
m,r,s=0
el -2 w \"[ wx \"[_xz_\*
= (1-w)(1-x) > (7—X) (7—x) (7_W)
m,r,s=0 ; . i
= (1—w) 1 (1-x)? I—L) (7— L"V—) (7— Xz )
1—-x 1—x \ T-w,
or
(3) Flw,x,y,2) = (1-w—x)"1—x—wy) 1 —w=-xz)71.
From (3), the following symmetry relation is evident:
4) Flwx,y,z) = Fixwzy).
Hence,
©co m n
(5) Flwxyz) = 3 3 % 0(m,n,rs)x™w"z"y* .
m,n=0 r=0 s=0
In the last expression, we may make the following substitutions:
(6) m—=N, n-M r-S s—R.

Then
oo N M
Flwxy,z) = 2. > ONM,S,R)xNwMSyR
N,M=0 $=0 R=0

Now reversing the orders of summation and converting capital letters to small letters again, we obtain:

oo m n
(7 Flwxyz) = 3 3 3 0lmmsriw™x"y'z*
m,n=0 r=0 s=0
Now comparing coefficients of (2) and (7), treating F as a function of each of its variables, in order, we
conclude

(8) 6(m,n,rs) = 0(nm,sr) Q.E.D.
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Also solved by D. Beverage and the Proposer.
ANOTHER CONGRUENCE

H-265 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California.

Show that

F2303 ket = 0 (mod 3%), where & > 1.

Solution by L. Carlitz, Duke University, Durham, North Carolina.

Let p be an odd prime, p # 5 and let m be a positive integer such that p|F,,. We shall prove that
(*) ket =0 (modp®) (k= 1,2,3, ).

m
Proof of (*). We have (Binet representation)

n gn pn n
Fn=aa:ﬁ’ Fon = L=

pn a—ﬁ ’
so that
F pn _ g-n
_Fm - —p7 (@ —B™P~1 (modp).
n n n
a”—p
Thus
(*) Lon = (a-@P1FLT (modp).
n
Now assume that (*) holds up to and including the value &. By (**),
Fog
—MP_ (g B)P~1FP~L, = 0 (modp),
Fok1 mp
mp

F p=0(modpF 1 ¢).
) mp mp
Hence, by the inductive hypothesis,

F =0 (modp®*),
mp

This evidently completes the proof.
Itis known that the smallest positive m such that p|F,,, is a divisor of Vz(pz — 1). It follows that
Fr =0 (modp¥), M = %(p? - 1)p*1, &k > 7).
Indeed, if p =+1 (mod 5), then
Fr=0 (modp®) (M= (p—1)p*1 k> 7).
In particular we have .
F4'3k,1 = 0 (mod 3%).
Also solved by P. Bruckman and D. Beverage.
IDENTIFY!
H-266 Proposed by G. Berzsenyi, Lamar University, Beaumont, Texas.
Find all identities of the form
., .
E (Z)Frk = 5"Fn
k=0
with positive integral , s and ¢.
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Solution by P, Bruckman, Concord, California

: n o1 - n T rky _ rmo_ " n
" ki‘:()(k>Frk‘J? kz;(k)fak—ﬁk)- 7+a)ﬁﬂ+6/

If this expression is to equal s"F,;;, for some natural triplet (r,s,¢), it must hold for a// non-negative n. The
case n = 0 yields no information, merely confirming the trivial identity 0 = 0. The cases7 = 1, 2 and 3 yield,
respectively:

(2) Fr = sF
(3) 2F, +Fy = $%Fps;
) 3F, +3Fp,+F3, = s7F3y.

Using {2) and (3), we obtain:
2F,+F,l, = s°Fily = sF, Ly,
or, since r > 0,
(5) Lr+2 = .S‘Lt .
Finally, using (2), (4) and the identity:
Fim = Fulld —(=1)7),
we have:
3F +3F, L+ FL? —(=1)7) = SPFill 2 — (=1)') = s2F L2 - (-1)%);
dividing throughout by F, and using the result of (5), we obtain:
3+3L,+ L7~ (1) = (L, +2)? ~s?(-1)",
or upon simplification:
(6) T+(-1)7+ L, = s?(-1)".
We consider two mutually exclusive and exhaustive cases:
CASE | : riseven
From (5) and (6),
Ly+2 =s2(-1)F = sl ;
hence, since s > 0,

§ = (—HtLt.
Since also t and £, > 0, thus ¢ is even, and s = L4, Then by (2),
‘FT = LtFt = th,

which implies r = 2r. We have shown that the triplet (4m, L,,,, 2m) is a solution of the desired identity for
n=0,1,2, 3. It remains to verify this as a solution for all n. Substituting 7 = 4m in the right member of (1),
that expression becomes:
1 4dm dm ) _ ] 2 2 2m " 2 2m a2 -
{1+ a?)" (14 6%) } = NG A G mb = LY Fomn

which is of the desired form, withs = L, t =2m. Hence,

{7 frst) = (4m, L gy, 2m), m=123,
is a sequence of solutions, the only ones yielded by this case.

CASE Il : ris odd

From (6},

L, = s?-1)t.
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Hence, ¢ must be evenand L, = s, Substituting this result in (5), we obtain: sL; — §% = 2, which implies sz,
andsos=1or2.

SUBCASEA :s=1
Thus, L, = 72=1 and r = 7. Thus, by (2), F1 = 1= F;. Since t must be even, thus t = 2. Hence, (1,1,2) is
another possible solution, Since

\7-;{(7+a)”—(7+ﬁ)”} = \—f;_‘ (a?" _ B2} = Fp = 1"Fsy,

thus (1,1,2) is a valid solution, the only one yielded by this subcase.
SUBCASEB :s5=2

Then L, =22 =4,s0r=3. Thus, by (2), F3 = 2 =2F;. As in Subcase A above, = 2. This yields the pos-
sible solution (3,2,2). Now

(1+d°) = 2a+2 = 242,

similarly, (7+8°) = 28%. Hence,
1
N

which shows that (3,2,2) is indeed a valid solution, the only one yielded by this subcase.
Therefore, all solutions (r,s,t) of the desired identity are given by (7), and also by (1,1,2) and (3,2,2).

{(1+a7)" —(1+87)") = 20 (a2 %) = 27F,,
V&

Also solved by the Propaoser.

Late Acknowledgements:
P. Bruckman solved H-258, H-259, H-262, H-263.
S. Singh solved H-263,
Jololololokk
[Continued from page 87.]

Proof.  From Corollary 2 and [4, p. 205] we have s(p2) = s(p) if and only if f(p2) = f(p) if and only if
O (p-1)/2(5/9) = 2k(3/2) (mod p).
From Wall’s remark we note that ¢ ;,_1)/2(5/9)#2k(3/2) (mod p) for all primes p such that 5 < p < 10,000.
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