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1. INTRODUCTION

The rows of Pascal’s triangle with even subscripts have a middle term

2n il n - n 2
n
A= () - z (i) (n 74) - z (%)
since
{Z) = (n—r-lk) ’
for 0 < k < n. We shall now derive the generating function
w - 5 A 3 ()

n=0 n=0
From

o <[ 2] = 22

one easily gets
(n+1)Au+1 = 2(2n+1)A,.

2. GENERATING FUNCTION
From

Alx) = 5 Apx™ = Ag+ 3 Apsrx™*
n=0 n=0
so that by differention

xAx) = x Z (n+1)Au+1x" = Z nAux™.
n=0 n=0
From tne relation
(n+1)A,+1 = 2(2n + 1)A,
then

Alx) = 5 0+ DAusgx™ = 3 2020+ 1)A,x" = 2( > 2nA X"+ Y Anx")
n=0 n=0 n=0 n=0
so that
Alx) = 2(2xA’(x) + Alx)).

Solving for A 7xJ, one gets, upon dividing by A(x),
41
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Alx) . 2
Alx)  (1-4x)

from which it follows that
InA(x) = =% In(1—-4x)+InC.

Thus
c
Alx) = ,
VT —4x
but Ag = A(0) = 1 implies C = 1, so-that
7 = n
Alx) = = ¥ A",
Vi-4& 3

3. CATALAN NUMBERS
Suppose you know that the Catalan numbers have the form
_ 1 (2n _
cn—m(n): 00—01
and wish to derive the generating function
Cix) = Y, Cox™.

n=0
Recall that

I
™M
h-N
Y
>
I
I
M
2R
x
3
It
-~

Alx)

Then
Cix) = 3, —7—(2"),\(” = L oauxm.
Thus, if we integrate the series for A(x), term-by-term,

[.L:Z ;_-I_Li_AnXﬂ‘f'I_f_C*.

\/7 —4x n=0

But
OX_ _ _y/T=4dx = xClx) +C*,
V1 —4x

which implies £* = —%. This can be salved for
_1=/1-4x
Cix) o .

We now show how to derive the central sequence for the trinomial triangle.

4. THE TRINOMIAL TRIANGLE — CENTRAL TERM

Consider the triangular array 1
1 1 1
1 2 3 2 1
1 3 6 7 6 3 1
x y z

[FEB.
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where w = x +y + z shows the relation between the elements of the array. It is induced by the expansion of

(1+x+x2)" n=20123,-"
Let

2n n
(14x 425" = 5 Bux™ = 5 (R)x*M1 40
m=0 k=0
= (pM1#a0m 4 (7)1 400" D7 et () 100 R 4
The coefficient §3,, is the central term and is given by

s 18 R A L) R i [P

wherea = [n/2]. The §3,, may be written in several forms
[nl2]

b T (1) k) - Z (e (") - /Z] (%)

since

) n—k) - n! (n—Fk) _ n! (2k)! - ( )(Zk)
k ( kitn —k)! kifn—2k)]  (2k)!(n— 2k)Ik!R! 2RI\ E
We now derive the central term generating function,

Thus
oo ) [mi2] ) oo ke v )
Bix) = % Bux™ = 2 ( > (;,1)(2:))»«"‘ - ( 2 (7] ) )
m=0 m=0 \ k=0 k=0 \ m=2k
since
(2";)—0 if 0<m<2k
Thus
e [2k] m . <= [2k x2k
—%‘) (k)mi__:o (z@x _lz:o (k)<(7 X)2k+1)
since
Xk _ ~ n n
( x}k+1 - VE) (k)x
But
_ 2k\ R 7
Alx) (%) Wi
so that
_ 1 2 _ 1 1 _ 7
B(Xl';-,(A(”fX)z) S 1-x B

This completes the derivation.
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Thus, A(x/J, the generating function for central term of the evenly subscripted rows of Pascal’s triangle, is related by
a transformation to the central term generating function for the trinomial triangle

2
Blx) = 71— 4 ( X )
X (1-x)?
Much more can be done with this but that is another paper and is covered in Rondeau [2] and Anaya [1]. It should
be noted that the generating function Bfx/) could also have been derived by Lagrange’s Theorem as in [6].
Sequence 456, in [4], is the Catalan sequence for the Trinomial Triangle 1,1,2,4,9,21,--, G}, .. This sequence
C. can be obtained from the regular Catalan 1,1,2,5, 14,42, - if we truncate the first term, by repeated differenc-

ing. {See [1].) A

2, 1 2 5 14 42 .. (, Catalan Numbers
AC, % 1 3 9 28
AzC, /(;‘ 2 6 19
AcC, % 4 13
AL, %, 9

The Catalan generating function Cfx/ is

o = S~ no_ 1=/1-4x
Cix) ,E; Cox o

_Cl)—1 _ +— 1-2x—JT-
CZ(X) = __(_)L): 1 = Z Cn+1)(n — 2x 27 4x
n=0 2x
Let C;(x) be the generating function for Catalan numbers for the Trinomial Triangle. This is
7 X _ [y 4%

wy) = 1 p2f_x V- _1 | _1+x 1+x
C*tx) 7+xc (7+x) 1+x 2 x2

(1+x)?

=X = JT+xHT=3x] _ 1—x—+J1-2x—3x?
22 2?2

We can also get £*{x) from regular Catalan number generator by another transformation related to summation Webs

2. Catalan Numbers —
101 0 2 0 5 0 14
> 1 1.1 2 2 5 5 14
%. 2 2 3 4 710
» 4 5 7 1117
Z 9 12 18

%, 21 30
"’\ 51

Cix?) = 1=/l =4x?

2x?

CHx) = 7 el )Z =7—x—\/7—2x—3x2
1T—x \17—x 22

o¥

Here the Catalan number generator is

This is the same transformation we saw earlier.
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5. B(x) FROM THE DIFFERENCE EQUATION

In Riordan [3, p. 741, they give the recurrence for the numbers 3,,, the central terms in the rows of a trinomial
triangle. This is

nBy = (2n— 1)1 +3(n—1),_2.
We shall now derive this.
We will start with the well known generating function for the Legendre Polynomials

—7= = Z Pn(t})(n.
JI=2xt+x%  n=0

We introduce a phantom parameter ¢ in the generating function for B(x).
Bix,t) = _’_ =3 M, (tx™,

, J1=2xt—3x? n=0
where clearly B(x,7) = B(x) and M,,(1) = B,, .

Let _ .
xy = —i\/3x and t; = \%,
then
‘: n _ 7 _ 7 _ = n
L M, (t)x" = = = Z Pn(t1)X1.
n=0 J1=2xt=3x%  J1-2xst;+x? =0

It L
= ng P, (f) (~i/3x)" .
We note M,,(7) = 3,,, then _ _
By = (—i/3)"P,(i//3).
The Legendre Polynomials obey the recurrence relation
nP,(x) = (2n — 1)xP,_1(x) — (n — 1)P,_2(x)

forn = 0, with Py(x) = 1 and P;(x) = x. From Py(x) = 1, then

Bo = (-in/3)%Po(i/J3) = 1
and from P; (x) = x, then B; = (—ix/3 )(i/A/3) = 1. Thus directly substituting P,, (x/, with x = i/</3 the recurrence

relation becomes _ 7 — L=
nP,(i/j3) = (2n 1) NG Pn-1(i/NJ3) = (n = 1)Py_2(iA/3)

and
n(—/3i)"P,(i//3) = (2n — 1)(—/3i)" \7’5— 1 (iN/3) = (0 = 1)(=in/3)"Py_2(i//3 ).
Since
Bn = ("i\/é.)npn(i/\/j),
this yields

nBy = (2n = 1)By_1 +3(n — 1)By,
with 8p =1, 87 = 1 as was to be shown.
We note in passing that
lim  Bnrt

N 5 oo

=3.

n

. 6. FROM THE RECURRENCE TO THE GENERATING FUNCTION
We now go from the recurrence relation
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(n+2)By42 = (20 +3)Bp+1 +3(n+ 1)By,
with Bp = 87 = 1, back to the generating function.

Let
Bix) = Zw: Bux",
then i
xBx) = i nB.x" |
n=0

3xB'(x) + 3B(x) = i 3(n +1)B,x".
Further "

xB(x) —0-Bg — xB1 = i nB,x"
N n=2

(B'(x)— 1)/x = i (n+2)B,12x"
Noxt. n=0

Blx) = 1+x 3 Bne1x", BMx) = 3 Bursx™ + 3 nBursx”,
) n=0 n=0

BT S e, 200 = 3 e
n=0

Thus, from the recurrence relation, we may write

B I(X,f =1 _ 2p7x) + BIX } 1+ 3xB'(x) + 3B(x)
or

BN —2x—3x%) = (3x+ 1)B(x), B} - _3x+1
B(X) 7"2X“3X2

Integrating, In B(x) = =% In (1 — 2x - 3x) +In C. Thus
B/X) = 4_____— ‘
J1=2x - 3x?

and since B(0) = By = 1, it follows that £ = 7. This concludes the discussion.
REFERENCES

FEB. 1978

1. Janet E. Anaya, “Web Sequences and Multisecting the Column Generating Functions of Pascal’s Triangle,” Un-

published Master's Thesis, San Jose State University, May, 1977.

2. Michel Rondeau, “The Generating Functions for the Vertical Columns of the (& + 1)-Nomial Triangles,” Unpub-

lished Master’s Thesis, San Jose State University, December, 1973.
John Riordan, Combinatorial Identities, John Wiley and Sons, New York, N.Y., 1968, p. 74.

Earl D. Rainville, Special Functions, McMillan Co., New York, N. Y., 1960.

L2

Dec. 1975, pp. 357—-368.
Fodohotoiokok

N. J. A. Sloane, Handbook of Integer Sequences, The Academic Press, New York, N.Y., 1973.

V. E. Hoggatt, Jr., and Paul S. Bruckman, ““H-Convolution Transform,” The Fibonacci Quarterly, Vol. 13, No. 4,



