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Let a= (1 + sj§ )/2 and consider the set of sequences 

S = { (1 , 1, 2, 3, 5, 8, 13, •••), 
(2, 4, 6,10,16,26, 4 2 , - ) , 
(4, 7,11,18,29,47, 7 6 , - ) , 
(6, 9 ,15 ,24 ,39 ,63 ,102, - ) , 
( 7 , 1 2 , 1 9 , 3 1 , 5 0 , 8 1 , 1 3 1 , - ) , - } , 

where a sequenceU = (UQ, U%, 112, •-) is in S iff it satisfies the conditions 

(1) uo, u\, U2, — are positive integers 

(2) u satisfies the Fibonacci difference equat ion^ = Un-l+un-2 (n = 2,3,4,—) 

(3) there does not exist an integer* such that \ax-ui\ < Yz 

(4) \aut -U2\ < 34. 

Note that, for given u± , there must exist an integer U2 satisfying (4), because of the irrationality of a. 
For/7 = 0 ,1 ,2 , - le t 5M = {un : U(ES}. It has been conjectured by Kenneth B. Stolarsky that for any u^S, 

the value of U2 - u^ equals the value of either v^ or V2 for some veS. Since 1/2 = UQ + UI, this is equivalent 
to saying that SQ C SI U S2. In this paper we prove the stronger result, that So = Si u S2 . 

Lemma 7. If UGS then for all n= 1,2, -

(5) aUn/2 < laun-i-un] < a2~n/2 
and 
(6) aUn!/2 < \a2un_i-un+1\ < a2~n/2. 

Proof. We first show that, for any u, there is a constant C such that for all n = 1,2, -

(7) C = an\aun.! - un\ . 

If Cn denotes the value of C given by (7) we have 

Cn+1 = an+1 \aun - un+11 = an \a2un- aun+1 \ 
= an\(a+ 1)un - aun+1 \ = an\a(un+1 - un) - un\ 
= an\cwn^ -un\ = Cn. 

From (4) we see that C = a2\au\ -U2\ < o?/2; also we see that C = a\auo - ui | < a/2 since \OLUQ- U\ \ 
cannot equal Vz because it is irrational, and cannot be less than ]4 by (3). Combining these inequalities we ob-
tain (5). To prove (6) we simply note that 

\a2un_t - un+1 \= \(a+ 1)un„i -un- un-i \ = \aun_i - un\ . 

Lemma 2. 
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is the set of positive integers. 

Proof. If there were positive integers not in this union, let y be the lowest of these. Since y is not a mem-
ber of Si, there exists an integer* such that \ax - y\ < Vz. Sincex is a positive integer less than y, it must lie 
in u™=iSn and therefore x = un for somet/eS and n a positive integer. Since \aun - y\ < V2, \aun - un+i | 
< 1/2 it follows that y - un+i e Sn+i. 

Lemma 3. So c Si u S2 . 
Proof. If this result did not hold, because of Lemma 2, there would exist */,i/e,S and/? > 2 such thatun = 

VQ. By (2) we then find 
V2 - un+2 = (vt + v0) - (un+i + un) = vi- un+t 

so that 
\(a- 1)(vi -un+1)\ = \favi -V2>-(aun+i - un+2>\ < 1/2 + 1/2a~n < %(1 + a~3), 

where we have used Lemma 1 to bound \avi - V2 | and \aun+i - un | and made use of the fact that n > 3. 
Since a = 2 a - 3 we find 

\n-un+i\ < ^ • L(1+2a-3) = 1 

so that vi = un+i. Using Lemma 1 again we find that 

¥2 < \avo -vA = \aun - un+i I < a1~n/2 < 1A, 
a contradiction. 

Lemma 4. Si c So. 

Proof Let s = +1 if aui - u2 > 0 and —1 otherwise. 
By Lemma 1, we have 

Let y = u2 + s so that 

a-1 

?j- < stout - u2) < Y2. 

1-< -sfaui-y) < 7 - 5 L . 

which implies that 
\„„ „\ . i a 1 _ 1 a'1 _ - a- 1 _ a 2a-3 ^ a \aut-y\ < 1- — - 1- — - 1- — - — < -

If there were an x such that \ax - y | < 34, it would follow that 

\aui -ax\ < 

which implies 

a+1 _ a2 

\ui-x\ < | < 7 

so that ui = x and U2 = y which is impossible since \u2~ y\ = 1- Hence, no such x exists and therefore y = vi 
for some i / e& Thus \aui - Vf | < (a/2). We now find 

\ul ~~vo\ = \ul~v2 + vi\ < \ui — a" Vi\ + | a" vi -V2 + vi\ = (a- 1) \aui -vi\ + \avj_ - 1/2 \ 
(a- 1)a + L = 7 

2 2 
so that £/̂  = vo^S. 

Lemma 5. S2 c So. 

Proof. Let s = +1 if a U2~ U4 > 0 and - 1 otherwise. By Lemma 1, we have 
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so that \\y = U4 +s then 

Since 

it follows that 

Vy<s(a2u2-u4) < ?y 

7 - ^ < -s(a2u2-y} < T-~ 

«±>Q and / - «£= ! 
\a2u2-y\ < f 

2 
If there were an integer w such that | a w-y\ < Yi it would follow that 

implying that w = U2 and that y = 1/4, contradicting the fact that \y - U4 \ = 1. On the other hand, there is an 
integer* = y - U2 such that | a * - y | < 14 since 

\ax-Y\ = \(a-Vy-au2\ = (a- V\y - a2u2\ < a(a~ V = \ • 

The existence of x (and the non-existence of w) satisfying these conditions, implies that y = V2 for some I/<E& 
Thus, 

\a2u2-v2\ < J -
We now find 

\u2-v0\= \u2 + v1-v2\ < \v2a~2-u2\ + \v2(1 -a~2)-Vi\ 

= a2(\v2-a2U2\ + \v2a-a2v1\) < ^j- + ̂ - = a'1 < 1 

so that U2 = VQ e So . 
Combining the results of Lemmas 3, 4, 5 we have 

Theorem. So =• St u S2 . 

A GOLDEN DOUBLE CROSTiC: SOLUTION 

MABJORIE BICKNELL-JOHNSON 
Wilcox High School, Santa Clara, California 95051 

"Geometry has two great treasures: one is the theorem of Pythagoras; the other, the division of a line into extreme 
and mean ratio. The first we may compare to a measure of gold; the second we may name a precious jewel." 
J. Kepler. Quotation given in The Divine Proportion by Huntley (Dover, New York, 1970, p. 23). 


