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DEFINITIONS 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 
Fn+2 = Fn+l + Fn> F0 = 0, F± = 1 and Ln+2 = Ln+t +Ln, LQ = 2, Li = 1. 

Also a and b designate the roots (1 + N/5)/2and (1 -sj5)/2, respectively, of x2 - x - 1=0. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-370 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, Pennsylvania. 

Solve the difference equation 
Un+2 ~ 5un+i + 6un - Fn. 

B-371 Proposed by Herta T. Freitag, Roanoke, Virginia. 
Let 

Fn k 

k = l j=l 

where Tj is the triangular number j(j + 1)/2. Does each of n = 5 (mod 15) and n = 10 (mod 15) imply that Sn = 0 
(mod 10)? Explain. 

B-372 Proposed by Herta T. Freitag, Roanoke, Virginia. 

LetSn be as in B-371. DaesSw = 0 (mod 10) imply that n is congruent to either 5 or 10 modulo 15? Explain. 

B-373 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California, and P. L Mana, Albuquerque, 
New Mexico. 

The sequence of Chebyshev polynomials is defined by 
C0 (x) = 1, C± (x) = x, and Cn (x) = 2xCn_1 (x) - Cn_2 M 

for n = 2, 3, —. Show that cos [ir/(2n + 1)] is a root of 

[Cn+l(x) + Cn(x)]/(x+1) = 0 
and use a particular case to show that 2 cos (W5) is a root of 

x2 - x - 1 = O. 

B-374 Proposed by Frederick Stern, San Jose State University, San Jose, California. 

Show both of the following: 
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nn+2 
Fn = — tf cos (TT/5))H . sin (ir/5) * sin (3TT/5) + fcos (3n/5))n - sin (3n/5) - sin (9n/S)J t 

Fn = (dll^l [(cos (27r/5))n . sin (2ir/5J - sin f07r/S7 + (cos f4vr/5>Mn . sin (4n/5) • sin r/^rr/W . 

B-375 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, California. 

Express 

2 n+l 4 
£ tfcos (kn/5)in • sin ^ T T / # . sin (3kir/5)] 

5 ^ 
in terms of Fibonacci number, Fw . 

SOLUTIONS 
TRIANGULAR CONVOLUTION 

B-346 Proposed by Verner E. Hoggatt, Jr., San Jose State University, San Jose, California. 

Establish a closed form for 
n 

£ F2kTn-k + Tn + 1, 
k=l 

where Ty, is the triangular number 

( f e+2) = (k + 2)(k+1)/2. 

Solution by George Berzsenyi, Lamar University, Beaumont, Texas. 

Using well-known generating functions one finds that 

E ( £ F2kTn-k + Tn + i\xn = £ ( £ f2fer„_fe) *" + £ r„*n
+£ *" 

n=0 \k=0 I n=0 \k=0 j n=0 n=0 

=(£ v U f : TnxA + i rnxn
+j: xn 

\n=0 I \n=0 * n=0 n=0 
1 1 1 
1 + i + —L. 1-3x+x2 (1-x)3 (1-x)3 1-x 

oo 

_ 2 - X _ \ ^ r jn 
7 " L* F2n+3* • 

1-3X+X* n=0 

Since for k = 0, F2h Tn„k ~ Or this implies that 
n 

2 F2k Tn-k + Tn~h1 = F2n+3 • 
k=l 

Also solved by Paul S. Bruckman, Herta T. Freitag, Ralph Garfield, Graham Lord, C. B. A. Peck, Bob Prielipp, A. G. 

Shannon, Gregory Wulczyn, and the proposer. 

A THIRD-ORDER ANALOGUE OF THE F'% 

B-347 Proposed by Verner E. Hoggatt, Jr., San Jose State University, San Jose, California. 

Let a, b, and c be the roots of x - x - x - 1 = 0. Show that 
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a - h b - c c - a 

is an Integer for n = 0, 1,2, •••. 

Solution by Graham Lord, Universite Laval, Quebec, Canada. 

For/7 = 0 , 1 , 2 and 3 the expression, E(n), above has the values 0,3, 2 and 5, for all integers and demonstrating the 
recursion relation when 

n = 0: E(n + 3) = E(n +2)+E(n + 1) + E(n). 

This latter equation is readily proven since a3 = a2 +a + 1, etc. That E(n) is an integer follows immediately, by in-
duction, from this recursion relation. 

Also solved by George Berzsenyi, Wray Brady, Clyde A. Bridger, Paul S. Bruckman, Bob Prielipp, A. G. Shannon, 

Gregory Wulczyn, David Zeitlin, and the proposer. 

PENTAGON RATIO 

B-348 Proposed by Sidney Kravitz, Dover, New Jersey. 

Let Pf, •••, Ps be the vertices of a regular pentagon and let Qi be the intersection of segments Pi+1Pi+3 and 
Pi+2^1+4 (subscripts taken modulo 5). Find the ratio of lengths Qi Q2/P1P2 • 

Solution by Charles W. Trigg, San Diego, California. 

Extend P4P3 and P4P5 to meet P1P2 extended in A and B, respectively. Draw P2P5. 

All diagonals of a regular pentagon of side e are equal, say, to d. Each diagonal is parallel to the side of the penta-
gon with which it has no common point. So, AP3P5P2 is a rhombus. It follows that AP3 = AP2 = d = BPi = BP5. 

From similar triangles, 

e/d = P4P3/P3P5 = P4A/AB = (e+d)/(e+2d), 

$o,d2 -ed-e2 = % and d= fyjs + Ve/2. 
Then, __ __ 

Q1Q2/P1P2 = P4Q1/P4P2 = P4P3/P4A = e/(e+d) = 2/(3+ s/5) = (3-sj5)/2 = 0.382 = f. 
Furthermore, _ 

Q1Q2/P3P5 = (OHOL2/P1P2HP1P2/P3P5) = (3-s/5)/(sJ5 + 1) = y/5-2 = 0.236=-i3~ F
2
3s/5 =-$3. 

Also solved by George Berzsenyi, Wray Brady, Paul S. Bruckman, Herta T. Freitag, Ralph Garfield, Dinh The' Hung, 
C. B. A. Peck, and the Proposer. 

GENERATING TWINS 

B-349 Proposed by Richard M. Grass!, University of New Mexico, Albuquerque, New Mexico. 

Let ao, alf a 2, - b e the sequence 1,1,2, 2,3, 3 f - , i.e., \ztan be the greatest integer in 1 +(/?/2). Give a recur-
sion formula for<?n and express the generating function 

E anx" 
n=0 

as a quotient of polynomials. 

Solution by George Berzsenyi, Lamar University, Beaumont, Texas. 

Since the sequence of integers satisfies the relation xn = 2xn_1 - xn_2, the given sequence obviously satisfies the 
recursion fo rmula^ = 2an_2 - an-4> The corresponding generating function is 

x + 1 

which may be proven by multiplying 
x4 -2x2 + 1 
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E a^n 
n=Q 

4 2 
by A- - 2x + 1 and utilizing the above recurrence relation. 

Also solved by Wray Brady, Paul S. Bruckman, Herta T. Freitag, Ralph Garfield, Graham Lord, David Zeitlin, and 
the Proposer. 

CUBES AND TRIPLE SUMS OF SQUARES 

B-350 Proposed by Richard M. Grassl, University of New Mexico, Albuquerque, New Mexico. 

letan be as in B-349. Find a closed form for 
n 

E an-ktek+k) 
k=0 

in the case (a) in which n is even and the case (b) in which n is odd. 

Solution by Graham Lord, Universite Laval, Quebec, Canada. 

A closed form for the sum in case (a) is (n +2)3/8, and in case (b) (n + 1)(n2 +5n + 6)/8. The proofs of these two 
are similar, only that of case (a) is given. With n = 2m, 

n m m-1 
E an-k(ak+k)= E [1+m-z]{[1 + z] + * « } + £ H+m - e - %]{[1 +* + %] + 2i + /} 
k=o e=o c=o 

m m-1 
= £ {1+m-9.)(1+3*)+Y, (m-2)(2 + 3iL) 

0 0 

m m 
= (3m + 1)(m + 1) + 6m ]£ z-6 E ^ = (m + V3• 

o o 
Also solved by George Berzsenyi, Paul S. Bruckman, Herta T. Freitag, and the Proposer. 

NON-FIBONACCI PRIMES 

B-351 Proposed by George Berzsenyi, Lamar University, Beaumont, Texas. 

Prove that F4 = 3 is the only Fibonacci number that is a prime congruent to 3 modulo 4. 

Solution by Graham Lord, Universite Laval, Quebec, Canada. 

As Fn = 3 (mod 4) IFF n = 6m + 4 =2k, then such an Fn factors ffelfe, and so Fn is a prime IFF Fj, = 1, that is 
IFF/1 = 4. 

Also solved by Paul S. Bruckman, Michael Bruzinsky, Herta T. Freitag, Dinh The' Hung, Bob Prie/ipp, Gordon 
Sin nam on, Lawrence Somer, and the Proposer. 


