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The following partition identity was proved in [1 ] : 

Theorem. If f(r,n) denotes the number of partitions of/7 of the form/7 = bo + b± + ~ - + bs, where for 
0 < / < s - 7, b{ > rb{+i, and g(r,n) denotes the number of partitions of/?, where each part is of the form 
1 + r + r2 + ••• + r{ for some / > 0, then f(r,n) = g(r,n). 

In this paper, we will give a generalization of this theorem. 
In [1 ] , the parts of the partitions were listed in non-increasing order. It will, however, be more convenient 

for our purposes to list them in non-decreasing order. 
The main result of this paper is given in the following theorem. 

Theorem 1. Letr?, r^, - b e integers. LetC0= 1 and, for/ > 1, l e t c ^ r ^ j - i + r2Ci-2 + "' + ri^o- Sup-
pose that, for all / > OfC{ > 0. For/> 0, \*\ti = co + — + Ci and define T={to,ti, t2, •••} .Then, for/7 > 0, 
the number, f(n), of compositions bo + — + bs of/7 in which b\ > r^b^i + r2b^2 + — +ribo for 1 < / < $ , is 
equal to the number, g(n), of partitions of A? with parts in T. 

Proof. Let n = aoto+ -' + asts be a partition of/7 counted by g(n), where as > 0. Define, forO < / <s, 

0<j<i 
aj+s-i cj 

Then 

E *>*-(= E E *njCj= E lak E cj)= E 
)<i<5 0</<<r 0<i<s-i 0<k<s\ 0<i<k I • 0<k< 

bQ+- + bs= X, bs_i= £ E *i+ft= 2L [ak E cj)= E \tk = n. 
0<i<s 0<i<s 0<j<s-i Q<k<s\ 0<[<k I 0<k<s 

Also, for 0 < / < $ , 

bi = E 3j+s.iCj + asCi > X aj+s-iCj > °-
0<j<i-l 0<j<i-l 

Therefore, bg + ••• + bs is a composition of /?. Moreover, for 1 < / < s, 

bi> E aj+s-icj = E (aj+s-i E rkCj-k]= E ( ^ E Bj+s-Pj-k) 
Kj<i l<j<i\ l.<k<j ) Kk<i\ fe</<{ ' 

= E ( rk E aj+s-(i-k)Cj )= E . rkbi-k • 
Kk<i\ 0<j<i-k / Kk<i 

Thus, bg + •• + bs is a composition of n counted by f(n). 
This constitutes a mapping 0 from the set of partitions counted by g(n) into the set of compositions count-

ed by f(n). It suffices to show that 0 is one-to-one and onto. 
If 0 is not one-to-one, then there exist distinct partitions a0t0 + •- + asts and a'0t0 + — + a's>ts> of/7 which 

yield the same composition. From the definition of 0, it follows thats = s'. Let/0 be the least/ > 0 such that 
as_i^aU- Then 
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as-io as-iocO b{Q~ 2 ^ as-(i(y-j)cj ~ b%Q— 2 ^ as-(i()~j)Cj ~ as-iQC0 a's-i()> 

a contradiction. Hence 0 is one-to-one. 
We will now show that 0is onto. L e t ^ o * — +bs be a composition counted by ffn). Define, for Q<i <s, 

3s-i = bi- X) rjbH • 
Kj<i 

We claim thataoto + — + asts is a partition counted by g(n) whose image under0is the composition bg + — + 
bs. 

Clearly, as = bg> 0. Also, for 1 < / < s, 

b{ > r1bi.1+- + rib0 = X) rjbi-j 
Kj<i 

so as_i > 0. Also, 

a0to + - + asts= X as-i**-i = 12 ( bi- X) rjbi-j]U-i = X) biU-i~ H ri-jbj*s-i 
0<i^s 0<i<s\ Kj<i I 0<i<s 0<j<i<s 

= £ bjtH- J2[bj X n-jts-i)= E bj(tH- £ rHtsA 
0<j<s 0<j<s\ j<i<s I 0<j<s \ j<i<s I 

= X bs„j(tj- £ rt.s+jts_A= X) bsJtj- X) ritj-i) • 
0<j<s \ s-j<i<s I Q<j<s \ Ki<j ) 

For 0<j<s, we have 

fj- Z) ntj-i = E ck- X (n X ck~i) 
Ki<j 0<k<j Ki<j\ i<k<j J 

£ [ck- X ^fe-i) = ^o^ X) f °k- X! ^fe-t ] • 
0<k 

By definition, 

eg = 1 and Ck = £ rick-i f°r ^ > U 

so 

*j- X) ri'r/-i " 1 a n d 30t0 + - + asts = YJ bs-j = n-
Ki<j 0<j<s 

Therefore, aQto + — + asts is a partition counted by g(n). 
We have 

E aj+s-icj = E , as~kCi-k = E ci~k[bk- E rjbk-j)= E ci-mbm 
0<j<i 0<k<i 0<k<i \ i</<fe / 0<m<i 

X Ci~krk-mbm=bi+ Y. bmlci„m- £ Ci„krk-m)=bi+ X) bm(ci_m- X) nc(i-m)-i) 
°^k<ju 0<m<i \ m<k<i I 0<m<i \ Kj<i~m I 
0<m<k J 
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Therefore, the image under 0 of the partition agto + ••• + asts is the composition b$ + ••• + bs, so the proof is 
complete. 

We will now determine when Theorem 1 is a partition identity. This occurs if and only if, forevery/7 > 0, all 
compositions counted by f(n) are partitions. Since CQ+C i + ••- + C{ is a composition counted by f(t{), a neces-
sary condition is thatr^ <c^ < c2 < — . We now show that this condition is also sufficient. 

Theorem 2. Suppose the hypotheses of Theorem 1 are satisfied, and, in addition, CQ < c± < c2 < — -
Then, for A7 > 0, the number of partitions b$ + — + bs of/7 in which b-x> r^b^i + — + r{bQ, for 1 < / < $ , is 
equal to the number of partitions of n with parts in T. 

Proof. It suffices to show that all compositions counted by f(n) are partitions. Suppose bg + ••• + bs is 
such a composition. Let 1 < k < s. We will show, by induction on i, that, for 1 < / < k, 

bu-bk-l > kj-Ci-.i)bk-i+ £ bjVrk~j+ X (cz-c^ikk^s. ) • 
0<j<k-i \ i<z<i I 

Applying this with i = k gives 
bk-bk-i > (ck-ck-i)bo > 0, 

which will complete the proof. 
We have 

bk-bk-i> lL bjrk-j-b^i = <Ci-c0)bk-i+ J2 bjrk-j > 
0<j<k 0<j<k-l 

so the inequality holds fo r /= 1. Suppose it holds for/ = m - 1, where 2<m <k. Then 

bk - bk-l > (cm-l - cm~2)bk-m+l + H bj\ rk-j' + H, fee - ce-i>fe-/-£ ] 
0<j<k-m+l * i<£<m~l / 

> (cm_i - cm„2) f S bjrk-j-m+i )+ 2 bj[ rk_j + £ fcc - c^tir^A 
\0<j<k-m+l J 0<j<k-m+l \ i< f i<m- i / 

X bj ( rk~j + X fcfi - cc-i ^fe-/-e ) = bk-m lrm+ J^ fcfi ~ C%~1 fcm-s. ) 

X) bj ( rk-j + X fcc - cz-tJrk-j-si ) 
j<k-m \ K C < m / 

But 

SO 

£fe - Afe-i > fcm - Cm-i ^fe-m + X bj I r^j + X fcfi ~ Cz-lH^j-S. ) , 
0<j<k-m \ KQ<m I 

and the inequality holds for/ = /77. This completes the induction and the proof. 
The following is an important corollary of Theorem 2. 

Corollary. Suppose ri, r2, ••• are non-negative integers with r\ > 1. Define fas above. Then, for/7 > 0, 
the number of partitions Z?o ^ -• v- Z?s 0f/7 in which b{> r^bi-i +- + rtfo, for 1 < / < $ , is equal to the num-
ber of partitions of n with parts in T. 

Proof. For/> 7, c{ = rxc^i+ r2c^2 +— +fiCQ> ci-i, and Theorem 2 applies. 

0<j 

+ 
0<j 
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We will now illustrate Theorems 1 and 2 and the corollary to Theorem 2 by some examples. 
EXAMPLE 1. In the corollary, let/^ = /-> 1 and T2 = r3

 = - = 0< Then, for/ > 0, c{ = rl and t{ = 1 + r + ••• 
+ r\ Hence, for /7 > 0, the number ofpartitions bg + — + bs of A? in which b{ > rb^i for 1 < / < s is equal to 
the number of partitions of /7 with parts of the form 1 + r+ ••• + rl for/> 0. This is the result of [1]. 

EXAMPLE 2. In the corollary, let r± = r2 = 1 and o = r4 = ••• = 0. Then, for i> 0,ci= F{+i and t{ = F{+3 

- I.Thus, 
T = {F3-1,F4-1,~) = {1 ,2 ,4 ,7 ,12 , . - } . 

For/7 > 0, the number of partitions of n in which each part is greater than or equâ  to the sum of the two pre-
ceding parts is equal to the number of partitions of A? in which each part is 1 less than a Fibonacci number. 

EXAMPLE 3. In the Corollary, let rt = r2 = ••• = 1.Thenc0= 1 and, for/ > 1,ci=2i~1. Hence t{ = 2\ for 
/ > 0, and 7"= {1, 2,4, 8, •••). For/7 > 0, the number of partitions of/? in which each partis greaterthan or 
equal to the sum of all preceding parts is equal to the number of partitions of/7 into powers of 2. 

EXAMPLE 4. In Theorem 2, let rt = -2, r2 = -1,r3=r4 = ••• = 0. Then, for/ > Q, c{ =i + 1 and 
, - 0+1)0 + 2) 

so r = {1, 3, 6, 10, 15 , - } . For/7 > 0, the number of partitionsbg + — + bs of/7 in which b\ > 2bg and, for 
2 <i <s, b{ > 2b(_i --b{~2 's e c I u a ' t 0 t n e number of partitions of n into triangular numbers. 

EXAMPLE 5. In Theorem 1 Jetr l = (-1)i+lFi+2, for/> hlhenc0
= 1, c 1= 2, c2 = c3 =- = I so t0^1 

and tj = i+2ior/> 1. Hence, T= \ 1 , 3,4, 5, 6, •••}. For/7 > 0, the number of compositions bg+ - + bs of n 
in which 

b{ > 2b{.t - 3bi_2 + 5bi„3 + -. + (- 1)i+lFi+2b0, 
for i < i <s, is equal to the number of partitions of n with no part equal to 2. 
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