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The following partition identity was proved in [1]:

Theorem. |f f{r,n) denotes the number of partitions of n of the formn = hg + by + - + b, where for
0 </ <s—1, b >rbj+y, and glr,n) denotes the number of partitions of n, where each part is of the form
1+r+r2+..+riforsome/ > 0, then fr,n) = glr,n).

In this paper, we will give a generalization of this theorem,

In [1], the parts of the partitions were listed in non-increasing order. It will, however, be more convenient
for our purposes to list them in non-decreasing order.

The main result of this paper is given in the following theorem.

Theorem 1. Letry, rp, - be integers. Letcg=1and, fori > 1,letc; =rqci 1 + rocip + - * ricg. Sup-
pose that, for all i > 0, ¢; > 0. Fori> 0, lett;=cq+ - +c; and define T={¢tg, t;, t5, -} . Then, forn > 0,
the number, f(n), of compositions by + -+ b of n inwhich b; > ryb;_ g +robj_g+ - +rbg for 1<i<s, is
equal to the number, gfn), of partitions of 7 with parts in 7,

Proof. Letn = agtg+ -+ agt; be apartition of 7 counted by g(n), where a; > 0. Define, for 0 <i<s,

b; = Z Fits—i Cj -

0sjsi
Then
bo+-+bg = Z be ;= Z Z a4iCj = Z (ak Z L‘j)= Z ayle = n.
0<i<s 0<i<s 0<<s-1 0<k<s 0<j<k 0<k<s
Also, for0<i/<s,
b; = Z Bj#s-iCj * asC; > Z aj+s-i¢; > 0.
o<sj<i-1 osj<i-1

Therefore, b + -+ + b is acomposition of n. Moreover, for 1 </ <s,

bi > 3 aps-ici = 2. <aj+s-z‘ 2 ’k%k) gy < DY "J‘+S~icf~k>

1<j<i 1Kj<i 1£k<] 1<k<i kgii

= 2 (rk 2 3j+s—(i—k)5j>: 2. kbik .

1<k<i 0<j<i-k 1<ks<i

Thus, bg + -+ b, is a composition of n counted by fn).

This constitutes a mapping ¢ from the set of partitions counted by gfn) into the set of compositions count-
ed by fn). It suffices to show that ¢ is one-to-one and onto.

If ¢ is not one-to-one, then there exist distinct partitions a,t, + - + agt; and ajt, + -+ + agrter 0fn which
yield the same composition. From the definition of ¢, it follows thats =s” Let/, be the least/ > 0 such that
as_; # a¢_;. Then

23



0<k<i 0<m<i
0<m<k
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ds-ip = as-igf0 = bi,— D as(ip-j)fj = big— > a-(ig-j)6j = ds-igf0 = ds-ig,
SN iSj<i,
acontradiction. Hence ¢ is one-to-one.
We will now show that ¢ is onto. Let by + - + b be a composition counted by #p). Define, for 0 </ <5,

a-i = bi— 25 ribij.

1<j<i

We claim thatagtg + - + a,t, is apartition counted by g(n) whose image under ¢ is the composition b + - +
bs.

Clearly, a;, =bo > 0. Also, for 1 </ <5,

bi > ribig+-*rhg = 3 ribi
1<j<i
s0 a_; > 0. Also,

agtot-tagty= Y auitei= 9, (bi— 2 fjbi-j)ts-i= > bitei- 2, Fijbits—

0<i<s 0<i<s 1<j<i 0<i<s 0<j<i<s

= 2 bitei— X (bj 2 ’i—jts-i)= 2 bj(fs-j— 2 fi-jts-i)
0<j<s o<j<s\  j<iss 0<j<s j<i<s

-z bs_j (tj~ 2 ’i—s+jts—i)= 2 bs-j(l‘j— > fﬂj-i)
0<f<s s-j<i<s 0<j<s 1<i<j

For 0 </ <s, we have

- 2 ntri= 2 ck- 3 (fi > Ck-i)

1<i<j 0<k<;j 1<igj\ i<k<j

= Z (L‘k — Z r,'ck_,-> =cot Z CL— Z liCl—i ).
0<k<j 1<i<k 1<k<j 1<i<k
By definition,

co=1 and ¢ = Z ricp-; for k=1,

1<i<k

$0
ti— Z ritig = 1 and agtg*--tagts = z bs-j = n.

1<i<j 0<j<s
Therefore, agtg + -+ as t; is apartition counted by gfn).
We have

Y @it = Y, ackCik = D, Ci-k (bk— 2 fjbk-j)= 2 Cimbm

0<j<i 0<k<i 0<k<i 1<j<k 0<m<i

- Z Cikle-mbm = b; + Z b <L‘,’_m — E ci_krk_m) =pb; + E b <L'i-m‘ E ’jc(i—m)—j) = b;

m<k<i 0<m<i 1<j<i-m
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Therefore, the image under ¢ of the partition agt( + --- + a5 ¢, is the composition b + - + b, so the proof is
complete.

We will now determine when Theorem 1 is a partition identity. This occurs if and only if, forevery n > 0, all
compositions counted by f(n) are partitions. Since ¢ +¢ ; + - +¢; is a composition counted by #¢;), a neces-
sary condition is that cp < ¢4 < ¢ < --. We now show that this condition is also sufficient.

Theorem 2. Suppose the hypotheses of Theorem 1 are satisfied, and, in addition, cp < ¢; <cp <--.
Then, for n > 0, the number of partitions by + .-+ bs of n in which b; > ryb;_; +-+r;bg, for 1 <i<s, is
equal to the number of partitions of » with parts in 7.

Proof. It suffices to show that all compositions counted by f/n) are partitions. Suppose by + - + b is
such a composition. Let 1 < k <s. We will show, by induction on j, that, for 1</ <k

b= b1 > (c;—cioghbop-i+ bj<rk.j+ Y (co—co-tre-j-e )
0<j<k-i 1<0<i
Applying this with / = k gives
bp—brq > (cp—ce-1)bg > 0,
which will complete the proof.
We have

bp—bp1 > 2. bimj—bpq=(ci—cobpg+ 2o binj,
0<j<k 0<j<k-1

so the inequality holds for/ = 1. Suppose it holds for/=m — 1, where 2 <m < k. Then

bp—bi_1 > (cm-1— Cm-2Wk-m+1+ 2 b (fk-j + 2 feo—co-1)ri-jg )

0<j<k-m+1 1<0 <m-1
> (-1~ Cm-2) ( Z birkj-m+1 )+ E b; (fk_j + Z (co— CQ—I)fk—j-Q
0<j<k-m+1 0<j<k-m+1 1<9e<m-1

= 2 bj(’k-j"' > leg—co_tIrijg >= Bl-m (fm + 2 Meo- 0;2-1/fm~sz>

0<j<k-m 1<9<m 1<9<m

+ Z b]' <I’k.]'+ Z (co— L‘Q-1)/’k_j_Q ) .

0<j<k-m 1<0<m
But
fm+ 2, leg—cot)rme = Do Cormo— 2. Co-ifm9 = Cm—Cm-1,
1<e<m 0<<m 1<2<m
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bp—br-1 > (Cm— Cmep Bl + Z []j' (I’k_j+ Z (L‘Q—CQ_jll'k_]'_Q ) ,
0<j<k-m 1<9<m

and the inequality holds for/ = m. This completes the induction and the proof.
The following is an important corollary of Theorem 2.

Corollmy. Suppose ry, rp, -+ are non-negative integers with r; > 1. Define T as above. Then, forn > 0,
the number of partitions b + - + bg of n in which b; > ryb;_q + -+ r;bg, for 1 <i <s, is equal to the num-
ber of partitions of n with partsin 7.

Proof. Fori>1,¢c;=rycig+racip++r;co>ciq, and Theorem 2 applies.
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We will now illustrate Theorems 1 and 2 and the corollary to Theorem 2 by some examples.

EXAMPLE 1. In thecorollary,letry=r> 1and rp=r3 == 0, Then, for/ >, ci=ri and t; =7+r+-
+r'. Hence, for 7 > 0, the number of partitions by + -+ bg ofn in which b; > rb;_1 for 1 </ <s is equal to
the number of partitions of n with parts of the form 1+ r+ ...+ r* fori > 0. This is the result of [1].

EXAMPLE 2. In the corollary, letry=rpy=1andrz =rg=--=0.Then, fori>0,¢c;= F+7 and t; = F;+3
— 1. Thus,

T={F-1F-1-)={1247112.-}.
Forn > 0, the number of partitions of 7 in which each part is greater than or equal to the sum of the two pre-
ceding parts is equal to the number of partitions of » in which each partis 1 less than a Fbonacci number.

EXAMPLE 3. In the Corollary, letry=ry=--=1.Thencg=1and, fori> 7,c; = 2L Hence t; = 2° for
i>0,and T = {1, 2,4,8, } Forn > 0, the number of partitions of n in which each part is greater than or
equal to the sum of all preceding parts is equal to the number of partitions of n into powers of 2.

EXAMPLE 4. InTheorem 2,letry=-2,rp=—1,r3=r4=--=0. Then, fori>0,¢c; =i+ 1 and
# = (i+1)(i+2)
1 2 ’

so T = {1, 3,6,10, 15, } . Forn > 0, the number of partitions b + --- + b of n in which 64 > 2b and, for
2<i<s, b;>2b;_;— b;_pisequal to the number ofpartitions of n into triangular numbers.

EXAMPLE 5. InTheorem 1, letry=(—7)"1F; 5 fori> 1. Thencg=1,c1=2,cp=c3=-=1,s0tg=1
and t;=/+2 fori > 1. Hence, T = {1, 3,4,5,6, } Forn >0, the number of compaositions b + -+ + bg of n
in which .

bi > 2b; 1 —3bi_3+5bi3+-+(—1)" 1 Fiaby,
for 1 </ <s, isequal to the number of partitions of » with no part equa to 2.
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