ON THE MULTIPLICATION OF RECURSIVE SEQUENCES

A. G.SHANNON
The New South Wales Institute of Technology, Broadway, Australia

1. INTRODUCTION

The object of this note is to generalize the results of Catlin [1] and Wyler [3] for the multiplication of re-
currences, They studied second-order recurrences whereas the aim here is to set up definitions for their arbi-
trary order analogues.

The work is also related to that of Peterson and Hoggatt [2]. They considered a type of multiplication of
series in their exposition of the characteristic numbers of Fibonacci-type sequences. In the last section of this
paper we see how a definition of a characteristic arises from the earlier definition of multiplication.

We define an arbitrary order recursive sequence {Wn} by the recurrence relation

;
(1.1) W, = 3 (-1)7 w5, n>r,
=1
in which the Pj are arbitrary integers, and there are suitable initial values, Wy, W5, ---, W,. (Suppose W,, = 0
forn <0.)
We shall need to consider some particular cases of these as well as some results associated with the product
sums of the roots, a;, of the associated auxiliary equation

T
(1.2) ay = 3 (-1)*pal
j=1
2. PRODUCT SUMS
We define the product sum
Stm = 2 05,4, @,
jFt
with Sy, = 1. For example, when r = 3,
S31 =ag+ay; and S33 = ajaz.
Some results we shall use now follow.
(2.1) Stm = Pm — St m-1.
Proof.
P —@tStym-1 = 3 @, Gj, GG — G 5 @, Gj = Gjp = D Gj, @,
jFt jFt
For example, when r = 3,

Py—a3S11 = ajaz+azaz+aza; —as(az+as) = azaz = Sqz.

(22) Str =0
27
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Proof. Pj = Sij+0asSt i1

r r r
i+1 —f i+1 - i+1 —j+1
> =)PalT = 30 (1S a3 (-1 S e
j=1 j=1 J=1
that is
r o_ r
a; = Sy +S8i0as
which yields the result.
We note out of interest that:

m

(2.3) Stm = 3 (~1"IPal, Py =1
=0

Proof. We use induction on m.

StO =1, St] = P1 —ay, ey,

m
2 P »
Stm = Pm —atStm-1 = Pm — @tPm_1 +a;Stm-2 = 2 (-1)™ ]Pja:n 1,

j=0
r-1 ) r-1 .
(2.4) 2 (~1SGA g = af 3 (~1)IS4A;, 0 >0
j=0 j=0

Proof. We use induction on n. When n is zero, the result is obvious. Suppose the result is true forn = 7,

2, ,k— 1 Then
r-1 . r-1 )
2 (=18 4Absrj = A+ 2 (~1)84jAbsr
j=0 j=1
r . r-1 .
= Z (_’}]+1Pj’4k+r—j+z (_I)JStjAk-H’—j
j=1 j=1
’ r-1 .
+
= (=P AR+ Y (—1)(St = Pi)Aksr
j=1
r-1 .
= (-1 S A+ (170 1 A
j=1
r-2 .
= (=1 asSs, 1Ak + 3 (=11 arSijArer i1
r-1 ) =0
=ar 3, (~1)S4Akir-i-1
=0
b r-1 .
=ai" Y (- 1)J84;A,_; (by the inductive hypothesis),
=0
and so the result follows. In particular, it follows that
r-1 . r-1 .
(2.5) 3 =184 Antr = ar 3 (~1)184Antrig .

=0 =0
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Result (2.4) is a generalization of Wyler’s:
Ap+1 —aiAy, = ag A1 —aqAp).
For ease of notation we shall write
r-1
2t An) = 20 (~1)IS4iAnery.
j=0
3. MATRIX RESULTS

We define matrices with rows /7 and columnsj, 7 </, j<r:

(3.1) wr) = [Wn+r—i+j],
— i+f . _JOoforn<O0
(3.2) M= (1), with P, = {900n <0
(3.3) SO = [(~1)"s,; ], with Sy, = 0 for n < 0,
(3.4) E = [S;j1] (Kronecker delta),
= [g.. ; (=17 gor i = 1
(3.5) Q = [gz], with g; ’{Si_1,j jlor 12

It follows from definitions (3.2), (3.3) and result (2.1) that
M= [(~1)9P ] = [~1)"98¢jq] — ali=17j i 4] = SV — a8 = (I-a,E)5(V.
It can be readily proved by induction on n that

(3.6) Wi = aw®.
Furthermore,
s(t)4(0) - [Z(t, A]-_,-)],

and so by using property (2.5), we find
S(UAIT- a,E) = [S;2 (0, Ar)] .

4. MULTIPLICATION
We can define a product {4, }{ 8,} of two of these sequences to be the sequence {C}, }:

(.1 ¢ = a(0yp(9),
It follows from result (2.4) that
(4.2) glmn) = gme(0)gn” = p(miyg(n).

We can see how these generalize Catlin and Wyler. Whenr=2:

W - () w-[5 ] e (b 5]

Result (4.2) becomes

Fm-f—nﬂ Com+n+3 - l_Am+2 Am+3~ T —Pq||Bn+2 Bu+3
_Cm+n+1 cm+n+2 ,Am+1 Am+2 0 1 Bn+1 Bn+2
_ |Am+2 Am+3 = P1Am+2| |Bu+z Bn+s

Am+1 Am+2_P1Am+1 Bn+1 Bn+2

from which we get, after equating corresponding matrix entries:
Conin+2 = Am+2Bn+2 = P2Am+1Bn+1,
Contnt1 = Am+1Bn+2* Am+28n+1 — P1Am+1Bn+1,
in which we have used the recurrence relation
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Am+3 = P1Am+2 — P2Am+1 .
These results agree with Catlin and Wyler.
Forr =23, we have

0 Ws Ws Ws 1 -P; Py Py —Py P3
w - wy wy; wyl, m=0 1 -], a=|1 0 0
Wy Wy Ws 0 0 1 0 17 0

Result (4.2) now becames

Coints  Cmin+d  Cmin+s
Comint2 Cmints Cmin+4
§m+n+1 Crmn+2  Cmin+s |

Am+3  Am+d—P1Am+s Am+s —P1Am14+P2Ams3| [Buts Burq Burs
Am+2 Am+3—P1Am+2 Am+4 —P1Ams3 1 P2Ams2 | (But2  Bn+z  Buigq
Amt1 Am+2—P1Am+1 Am+3 = P2Am+2+P2Am+1| |But1 Bu+2  Bu+s

from which we obtain, for example,

Conin+3 = Am+3Bu+3 + Am+4Bn+2 — P1Am+3Bn+2 + P3Am+2Bn+1 .
We further obtain

r-1 r—1 r-1
(4.3) Y (—1)I84Crj = 3 (~1)ShAry 3 (~1)184iB,; .
j=0 i=0 =0

Proof. We premultiply each side of definition (4.1) by s,
sWc® = (Va0 = (VA% - a,E)SVB) = 5211, A1 )58,

or

2t Co)  Z(t,Cy) - Tt Cryq)

E(t,C_J} 2(1‘,0_2} E(t,fr_z)

I=t,c1,) =c,) - fCol
= Ag) 0 - 0|[Z(89) =By -~ Z(tB.q)
Z(tAy) 0 - O0||Z(tB4) 2(t,B,) -~ Z( B8, 3
StAi,) 0 - O0||Z(tB;y,) Z(B.) -~ Z(tBy)

and so, -

B(t,Co) = Z(t, Ag) Z(t, By),
as required. When r =2, t = 7, result (4.3) becomes
(Cr—ayCy) = Ay —azA;)(By —asBy)
as in Wyler and Catlin. Whenr=3,t=1:
(C3—(az+a3)Ca+apazCy) = (A3 —(ap+a3)Az+ara3A1)(B3 —(az +a3)B2 +aza381).
Using property (2.4), we get

r~1 r-1 r-1 r-1
2 (=1 SiAmii 2 (=1)84Busrj = a3 (~1)'SAn; 30 (~1)154Br.
i=0 j=0 i=0 j=0

r-1 r—1

= AT 184Gy = X (=18 Contntr
j=0 =0
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as a generalization of Wyler’s:
Conint2 — Q1 Comintt = a3 A2 —a1A1)B2 —a1B1) = (Ams2 — @1Am+1)(Buiz — @1Bpit).

5. NORMS AND DUALS
As in Catlin, we can define norms and duals. We define the norm or characteristic of {I#,,} as

r r-1
(5.1) v,y = T1 X (~1)syW,j .
t=1 j=0
For example, for the “basic” sequences {US,,, } which satisfy the recurrence relation (1.1) but have initial
conditions

Usn = S, n=12-,r,
we have
r r-1 . r
N{Us,n} = “ Z ('"7)]Stjus,r—j = n (—7)r—$3t,r—s ;
t=1 j=0 t=1

in particular, /V{U,,n } = 1. (The "“basic” properties are seen in
r
w, = Z Us,nWs ,
s=1

for instance.)

(5.2) N{A ) N8, = MA, ) B,) .

Proof.
r r-1 . r-1 . r r-1 .

NAIN{B,Y = TT 2 (~1)'S5Ar; 20 (=184, = T1 20 (=1)84C,5 = N{Cn} = N{A,}{B,}.
t=1 i=0 =0 t=1 j=0

As

Z(t,Co) = Z(t Ag)Z(t, By)
is related to c(0)=p (O)MB(O), S0 is
N{Cy} = N{A}N{Bn}
related to |C(0)| =|A(0)]|B(0)}.
When r =2, we have in fact that

/V{W,,,}= ‘%f II:VV:‘ = Wg—W1W3 = Wy —aiW )Wy —asWy).

Furthermore, from definition (5.1) we have that

r r-1 r r-1 . r r-1 .
v,y = PETT 22 (-1)38iW,y = TT of 20 (=1)98Woy = T1 20 (=1)1S4iWinsrj
t=1 j=0 t=1 j=0 t=1 j=0

as a generalization of Wyler's: ,
W2,y = Wari Wi = PIN{W, }.
We can compare this with

win)| = @™ ||w(%)| in Eq.(3.6)
=PI,
Similarly, we can form a dual as in Catlin. Given the recursive sequence {Wn} , we form its dual {W,;‘}from

the initial values
Wn, n=12-,r:
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r-1
(5.3) vx*=<[— ) (ET)k>£v
k=1

where w= [Wy, Wy, -, W,]T,

and £ is the nilpotent matrix of order r defined in (3.4). For example, when r =2,

[wil 1 o)fw]
w3 |7 -1 1)|\Wy)
and J .

Wi =Wy, W;=W;—Wy,

as in Catlin. Whenr = 3,
- ar N

wi 17 0 0 |(Wy

WZ* =|-1 1 0\\\Wy| ,

wi | |1 =1 1 |{Ws
and so on. Essentially, what has been done here is to illustrate how the work for the second-order recurrences
can be extended to any order. It may interest others to develop the algebra further by considering the canoni-
cal forms of elements in various extension fields and rings.

Another line of approach is to consider the treatment here as a generalization of Simson's (second-order) re-

lation:

A2, = AnAnsz = PEN{A,)

or, since NV{F, } =1, ,
Fn+1 _FnFn+2 = (_7)11
for the Fibonacci numbers.
Gratitude is expressed to Paul A. Catlin of Ohio State University, Columbus, for criticisms of an earlier

draft and copies of some relevant unpublished material.
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