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Many well known identities involving the first n terms of the Fibonacci sequence {Fj)™=o and the Lucas sequence 
U/I/So have extensions to the sequences {Fj+^JLo, {Lj+r^o, {Fjk)Y=o> and {Ljk}po> w n e r e r and k are f«*ed 
integers. Any such result may be considered as a special case of an identity related to sequences {F^+r}^ and 
{Ljk+r}f=o, ar |d hence it is with these latter sequences that we are principally concerned. Since the subscripts are 
linear functions of j, these identities are called linear Fibonacci and Lucas summations. 

A variety of techniques are used in deriving many of these summations. We begin by considering several basic re-
sults which are quickly deduced from the Binet definition of the terms of the given sequences. This approach is in-
troduced in [1] and [2 ] , with extensions via a difference equation route given in [3] .We have 

(0) Fjk+r = ̂ zf^ and Ljk+r = Jk+r + Vh+r, 
where ,_ _ 

a=l±£ and 0 = ^ . 
Note that a and j3 are the roots of the equation x2 - x - 1 = 0, and hencea + j3= 1 anda]3=-1 . Using the summa-
tion formula for the first n terms of a geometric progression, the following results are obtained: 

JL t nr Rr \ i rM+r ok+r. . „2k+r n2k+r % 

(D % Fjk+r=Fr + Fk+r + F2k+r + ... + Fn^^^)+(<L^^y{a . -J^ ) 
f nnk+r ntik+r x 

+ -+( a-7 ) 
1_ Snr(a(n+1)k - / \ »rltfn+1)k - M l F(n+l)k+r + <-1)k+lFnk+r + (-DrFk-r- Fr 

' v ?-i 1] Lk-i+(-nk+1 a-p I" 

Similarly, one may find 

(2) 

n 

(3) £ 
j=0 

n 

(4) X 

v _ _ _ _ . 

n 

H Ljk+r = 

(-J)jFjk+r = 

(-V'Lfr+r = 

L(n+l)k+r + (-U +lLnk+r + (-1)rLk-r- Lr 

Lk-1 + (-1)k+l 

(-VnFfn+l )k+r + (-1)n+kFnk+r + (-D'Fk-r + Fr 

Lk + 1+(-1)h 

(-VnLfn+1)k+r + (-Vn+kLnk+r + (-1)rLk-r + lr 

Lk + 1 + (-1)h 

These identities are used to simplify any summation expression that may be represented as a linear combination of 
Fibonacci and/or Lucas numbers. One direction to take is to observe by (0) that 

Fjk+rFju+v = ^ lLj(k+u)+(r+v) ~ (" ^JU V Lj(k-u)+(r-v)l 

Fjk+r Lju+v = Fj(k+u)+(r+v) + (-D]U+VFj(k-u)+(r~v) 
Ljk+rLju+v = Lj(k+u)+(r+v) + (-D3U "Lj(k-u)+(r-v) • 
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Identities (1) to (4) yield an expression for the sum of the firsts + 1 terms (0 <j <n) of each product given above. 
Let us explicitly consider only the second such product. 

n n n 
(5) J2 Fjk+rLju+v = J2 Fj(k+u)+(r+v) + (~1)V YJ (~^JUFj(k-u)-h(r-v) 

j-o j=0 3=0 

\k+u+l 
= F(n+l)(k+u)+(r+v) + (-1) U Fn(k+u)+(r+v) / " ^ VF(k+u)-(r+v) ~ Fr+v 

ik+u+1 lk+U+1 

+ < 

Lk+u-i + h i r w l Lk+u-i + (-u" 

(-VV[F(n+i)(k~u)+fr-v) + (-D ~U+ Fn(k-u)+(r-v) + (-l)r~VF(k-u)-(r-v) ~ Fr-yJ 

if u is even, 

m+k-ur 
hVV[(-DnF(n+1 )fk-u)+fr-v) + (~I)" UFn(h~u)+(r~v) + (-1)' VF(h-u)-(r-v) + Fr-yJ 

Lk„u + 1 + (-1)k~u 

iff/is odd. 
Specifying k, u, r, and v as particular integers leads the reader to a countable number of interesting special cases. 
The known (see [3] and [4]) generating functions for sequences [FJ^+^^Q and {LJ^+^ZQ are now used to find 

several additional classes of general linear Fibonacci and Lucas summation identities. We now list these generating 
functions for reference-with the first be derived from (0) to show a general approach to such calculations. 

(6) / f̂ .f* ,̂._, 
/ 

a-/3 
__£_ 

7 - akx 1- pkx 
(ar-&r) + (-ar8k+akBr)x 

a-B I 7-(ak+Pk)x + akpkx2 J 

(7) 

(8) 

(9) 

= Fr + (-1)rFk_rx = Fr + (Fk+r-FrLk)x 

1-Lhx + (-1)kx2 1-Lkx + (-1)kx2 

£ (-1)jF.k xl = Fr+(-1)r+lFk-rx = Fr + (FrLk-Fk+r)x 

J-0 

j=0 

1 + Lkx + (-1)hx2 1 + Lkx + (-1)hx2 

Lr + (-1)r+lLk-rx _ Lr + (Lk+r-LrLk)x 

1-Lkx + (-1)kx2 1-Lkx + (-1)kx2 

jr (-1)1 L%+ xj = Lr + <-1>rLk-rX = Lr + (LrLk-Lk+r)x 

j=0 ' + r 1 + Lkx + (-1)kx2 1 + Lkx + (-1)kx2 

The derivative of these generating functions leads to identities which are of interest in themselves, and these in turn 
yield additional summation results. We begin by differentiating both sides of (6) with respect to x. 

d_ 
dx 

H, Fjk+rx> 
j=0 

d_ 
dx 

Fr + (-1)rFk_rx 

1-Lkx + (-1)kx2 

so 
\ 
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E (J+1)FQ+l)h+rxJ = 
j=0 

d_ 
dx 

1-Lkx + (-1)*x-k„2 dx 

(-VrFk,rx 

1-Lkx + (-1)kx2 

Fr U+2(-1)k+lx (~DrFk-r 1-(-l)kx2 

1-Lkx + (-1)kx2 1-Lkx + (-1)kx2 1-Lhx + (-1)kx2 1-Lkx + (-1)kx2 

E ^i&xJ.i L(j+1)kxJ 
j=0 t k j=0 

by special cases of (6) and (8), 

+ £ (-^rFk-rF(j+l)k xj 

j=o Fk 
-1 + 

2 - Ly,x 

1~Lkx + (-1)kx2 

tr+li 
= E E Z ^ L(H+1)kxn E ('1> F

F
k~rF(i+1,k *j 

j=0 s=0 k j=0 k 

by convolution of the series and by (8), 
j=0 Fk j=0 

E 
j=0 

(-1)r+ Fk-rF(j+i)k Y* FyFfs+DkL^s+py, M (-1)rFk-rF(s+i)kLfj-s)k 
Fk n Fk ^ Fk 

& S=Q * s=() « 
By equating the corresponding coefficients of the above series, the identity 

(10) 

is found, which in turn yields 

ti+DF(j+l)k+r = f-y~^r+lFk-rF(j+i)k + Yi F(s+l)k[FrL(j-s+l)k +(-DrFk-rL(j-s)k]\ 

(11) £ ti+VF(j+l)k+r = 4- E 1 (-1>r+lFh~rF(j+i)k+Y, F(s+1)k[FrL(H+1)k+hl)rF^rL(H)kl 
j=0 k j=0 I s=0 J 

Performing the same operations as above on identities (7), (8), and (9) yields results similar to (10) and (11). These 
results related to (8) are as follows: 

(12) (i+DL(j+1)k+r = ^<(-VrLk„rF(j+1)k + £ •F(s+l)h[LrL(H+l)h + (-1)^hk.rL(hs)k]\ 

and 
n 1 n f J r+l 

(13) E (i+1)L(j+l)k+r= r E l (-1>rLk-rF(j+l)k + Y* F(s+l)k[LrL(j-s+l)k+(-1)r ^-k-r^(j-s)kJ 
j=0 k j=0 I s=0 

Taking higher order derivatives of (6), (7), (8), and (9) leads the reader to additional summation identities that are 
similar in form to those listed above. Further, numerous special cases of each identity given may be quickly deduced. 

The relationships between binomial coefficients and terms of sequences {Fjk+r}l=o ar |d {^jk+r}j==o t a ^ e t n e f ° r m 

of rather simple but elegant summation identities. To begin we return to definition (0). 

(14) Fjk+r 
gJkar-3ikBr . (a2- fPkar- (B2 - f)jk6r _ 

a-0 a-p 
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2 {j})(a)2t+r(-7Pk-f - 2 {^)m2t+r(~Vjt jk 

*=0 

f=0 f=0 
a-p 

a2t+r_p2t+r 

a - 0 

t=0 t=0 

\\j = 2j', then an even more elementary summation results. 

(15) F2fk+r - raVV-tfVV __ (a+vfij-W+V*? „ g ( ^ 
t=0 

For the Lucas numbers, the corresponding results are 

(16) Ljk+r = E ( f y - / ^ 2 f + r = E ( f ) r - / ^ E Q k • 5 + f 
£=0 *=0 5=0 

and 

(17) 
t=0 

Taking the view that a summation identity is "improved" by reducing the number of addends (even if the addends 
become more complicated), we now consider several methods of approach in an attempt to find additional "im-
proved" results Sinking binomial coefficients and Fibonacci and Lucas numbers. 

The column generators of the columns in the left-justified Pascal Triangle shown below are most useful in this en-
deavor, as was first shown by V. E. Hoggatt, Jr., in [5] 

(l) (") (3) (3) "... 
2 '3 

x x x Column Generators 
1-x (1-x)2 (1-x)3 (1-x)4 

That is, defining the binomial coefficient (n) = 0 for/7 < /we observe 
00 00 00 00 . 0 0 

7^ - £ *" = E UK, -f-2 - E «*" - E (>" -^¥l - E (,>". i>* 
n=0 n=0 (1-xr n=0 n=0 (1 ~ x)^1

 n=0 3 

Hence, °° / °° °° °° n 
2 FMr — ^ = E Fjk+r E (,>" = E E ( " ) ^ ^ " . 
y=0 (1-X)J j=Q n=0 n=0 j=0 

By identity (6), 



1978] GENERAL IDENTITIES FOR LINEAR FIBONACCI AND LUCAS SUMMATIONS 125 

\m-s /m — s \/_iis-l[ m 

E W - 'r+t-trF^ 
j=0 7-Lkx + (-1)kx2 

and thus, we also have 

y. F xi = _ J _ Fr + (-1)rFk-r(x/1-x) = Fr + [-Fr + (-1)rFk_r]x 

M
 Mr (1-x)i+l 1~x 1-Lk(x/1-x) + (-1)k(x/l-x)2 1-[2 + Lk]x + [1 + Lk + (-1)klx2' 

There are two cases of the above identity to consider: 
(i) k even. Then 

| ^ ^ - Fr^2^>«r-^X - i^f-FrH-V^lx) ± t2+Lh>>(1-X>V 

= £ \FT E u+Lkp py-i^+[-Fr+(-DrFk_r] ^ ^ ^ ( / ; j r -^-v^}, 
j=0 <- <r=0 i= i f 

Now let m =s +j. Then we have 
[m/2] [(m+l)/2] 

= E Fr E (2+Lkr-s{m-s)(-i)s+[-Fr+(-DrFk.ri £ <2+Lkr-s{^zs
1)(-^s 

m=0 s=0 s=l 
Hence, equating like coefficients of x in the above two series yields, for /r ei/e/7, 

« (n/27 l(n+l)l2] 
M)Z{f)Fjk+r=Fr j:(2+Lkrs{n~;)(-i)sH-Fr+(-i)rFk_r] ^ (2+Lhr{n

s:i)(-ir1. 
j=0 s=0 s=l 

(ii) /r odd. Then 

j=0 (1-x)l+l 1-U2 + Lk)-Lkx]x j=0 

= {FrH-Fr + H)rFk„rJx}ZT,{{)(2 + t-k)j-s(Lkx)s(-VsxJ= E K E ^ ( ™ ~s
 S)<2 + Lkr2s Ls

k 
j=0 s=0 ' m=0 I J?=0 

+ hFr+h1)rFkr] ^ (-ir'^ifiu+Lu^'+hi-1 \x™ 
s=l J 

and thus, for k odd, 

(19) £ ( 7 ) ^ = /> z (-vs(n-s)(2+Lkr2sLs
k 

j=0 s=0 

l(n+l)l2] 
+ [-Fr + (-1)rFk_r] £ (~1)S'1ins-Sl)(2+ Lk)n~2s+1Lt1 • 

s=l 

Using the column generators in the left-justified Pascal Triangle with generating functions (7), (8), and (9) leads to 
three pairs of summation identities which are similar in form to (18) and (19). 

Several special cases of (18) and (19) are given which show the inherent simplicity of these identities. 
Letting r = 0 and k = 2\n (18) gives 

n l(n+l)l2] 

E(;)^= E M ' - V ^ I J ) . 
j=0 s=0 
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!fA- = /-=7in(19),then 

s(n — s\an-2s+l 

s=0 s=l 
Taking r = 0 and k = 3 in (19) yields 

n [(n+l)l2] 
T.{"Yi3=2 £ hl,s-l{n-^6n-2s+l4s 
j=0 x=l 

More generally, we deduce from (18) and (19) that 
l(n+l)l2] 

j=0 

Fk Z l-U*-H2 + Lkl 
s=l 

n~s,n
sZSi) >f o r k even> 

I(n+l)l2] 

Fk z MrHi+Lhr2s+\n
sz\)Ls^Mk 

s=l 

odd 

I 
One of the nicest results linking binoimial coefficients and Fibonacci numbers is given in [6]. Here, using the fact 

that 

QW = ( i I f ={FFT F^X for any integer/7, and 

Qnk^ = tij)Qi+rFiFti > 
the identity 

(20) 

j=0 

Fnk+r = £ qy^Hl 
j=0 / 

is deduced by equating upper right elements in the previous matrix equation. This identity is actually a special case 
of the next result. 

Since for any integer t, 
Qn = Qn-tQt = (Fn_ta + Fn,t^l)Q\ 

where I = [i
Q J ) , it follows that 

Qnk+r = Q'lF^Q + F^DQ*^ = Qtk+rZ(j)QJFLtF*~{ v for ttn, 

k 

E (k\Qtk+r+JFJ Fk-j 
\j I rn-t n-t-1 ' 

j=0 
By equating the upper right elements in this matrix equation we obtain, for any integer t^n, 

1=0 
The companion results for Lucas numbers are deduced by either using the identity Lm = Fm+i + Fm_i or the matrix 
result 

They are 
(22) 

Km~l 

(15) ( J D - U 
Lm+i 

, I, for any integer m. 
Lm-1 

j=0 
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and k 
Lnk+r = E ( f H t f W ^ tFn~Jt V f ° P f * "' 

The final approach we take to find additional linear Fibonacci and Lucas identities is via exponential generating 
functions. This productive technique stems from the Maclaurin series expansion fo re* ; 

, * = / + ^ + i % * ,
+ . . . a n d h e n c e e « = / + ̂ + ^ + ̂  + . . . a n d ^ - / + ̂  + ̂  + « + . . . . 

It follows that the basic Fibonacci and Lucas generating functions are 
y F xn _eax-e?x _nd f L x^ ooc + jx 
~ h" n! a-0 and ^ Ln nf e e ' 

n=0 n=0 
The exponential generating functions of the sequences of interest in this paper are found to be 

(24) T F u *" - *reax-8re& x 

(25) f i^^-aV^+p'/* 
n=0 

(26) Z h^n^'^ aZle 

n=0 ' P 

n=0 

Convolutingseries (24) and (25) and equating like coefficients yields an interesting identity. We proceed as follows: 

(27) E (-irLnk+r
x-=are'ax

+^e-

H Fnh+r JJ £ Lnk+r JJ ~ £ £ ( :)Fjk+rL(n-j)k+r Jj 
n=0 ' n=0 ' n=0 j=0 

and 
k Rk h h 9 9k 7r 9Rk a2r £ (2ak)n K~-$2r I (2pk)nx-^ 

( a r e a x - ^ x )(ar^K + or/xj = a2re2a x - P2re2P x _ n=0 nl n=p n! 

n=0 n=0 
Hence, 

n 
(28) E {^Fjk+rLfn-jJk+r = 2nFnk+2r-

j=0 
Many additional identities may be deduced using the generating functions (24), (25), (26), and (27). By convoluting 
each of (24) and (25) with itself, the following results are deduced: 

n 
(29) 52 {ni)Fik+rF(n~j)k+r = J &"lLnk+2r +2(-1)r+ L^l 

j=0 
n 

(30) E {")Ljk+rL(n-j)k+r = 2nLnk+2r+2(-VrL^ . 
j=0 

We invite the reader to explore the special cases of the results given and also to use the procedures introduced to 
discover additional identities. 
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AN INEQUALITY FOR A CLASS OF POLYNOMIALS 

DAVID ZEITLIN 
Minneapolis, Minnesota 55411 

1. INTRODUCTION 

Recently, Klamkin and Newman [1], using double induction, proved that 

n-D E *{ <(£ *fcY t" = it-..), 
k=l \k=l I 

where Ay, is a non-decreasing sequence with AQ = 0 and Ay, -A^-i < /. for Ak = k, (1.1) gives the well known 
elementary identity 

(1.2) £ k3 = (' Z kV (n = 1,2,...). 

Our inequality (2.1) for polynomials in a single variable* gives (1.1) for* = /. 

2. A POLYNOMIAL INEQUALITY 
Our first general result is given by 

Theorem 1. Let C^ be a non-decreasing sequence with Co = O and £% - BC^1 < 1,k= 1,2, —, where B 
is a constant, O <B < 1. Then, forx > 1, we have the inequality 

(2.1) Z C'lxh <(JT Ckxk) (n = 1,2,...). 
k=t \k=i I 

Proof. We will use double induction. For/7 = 1, (2.1) requires that C3x < C^x2, or C2x(Ci - x) < O, which 
is true, since Ci < f and x > 1. Assuming (2.1) is true for k= 1,2, ••-,/?, we must now show that 


