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Many well known identities involving the first » terms of the Fibonacci sequence {F }] —¢ and the Lucas sequence
{LJ}J 20 have extensions to the sequences {F 7 )70, {L]+,] 0. {Fjk}i=0, and {L]k}]—of where  and £ are fixed
integers. Any such result may be consmered as a special case of an |dent|ty related to sequences {F kﬁ},_o and

L]k+r} i=0, and hence it is with these latter sequences that we are principally concerned. Since the suhscnpts are
linear functions of /, these identities are called linear Fibonacci and Lucas summations.

A variety of techniques are used in-deriving many of these summations. We begin by considering several basic re-
sults which are quickly deduced from the Binet definition of the terms of the given sequences. This approach is in-
troduced in [1] and [2], with extensions via a difference equation route given in [3]. We have

jktr  ojktr
(0) Fittr = g'a‘:—T@B”* and Lik+r = a4 gkt
where

a=7+25 and B=——\£7—2 2y

Note that a and (3 are the roots of the equatioan —x—1=0, and hence a+ = 1and af = —1. Using the summa-
tion formula for the first n terms of a geometric progression, the following results are obtained:
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Similarly, one may find
@ Zn: Li+r = L(”‘”)k*r+('—”k+1Lnk+r+(—7)rLk—r" Ly
k+1
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These identities are used to simplify any summation expression that may be represented as a linear combination of
Fibonacci and/or Lucas numbers. One direction to take is to observe by (0) that

FitetrFjuty = % [Ljtktupririv) = (=1 Ligk ) #(r-0)]
FitetrLjuto = Figktupr(ren) + (=1 Fils)t(r-s)

LikteLjury = Ligktupr(rio) # (=117 Loy #(r-) -
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Identities (1) to (4) yield an expression for the sum of the firstn + 7 terms (0 < < n) of each product given above.
Let us explicitly consider only the second such product.

n n n
(5) % FittrLjuto = % Fitktuyt(ro) + (~1) % (1" Fioms)#(r-v)
. = =
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Lk+u— 7+(_1)k+u+1 Lk+u"' 7+(_”k+u+1
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if u is even,
9
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Ly +1+ (—1)k‘“
L if  is odd.

Specifying &, u, r, and v as particular integers leads the reader to a countable number of interesting special cases.

The known (see [3] and [4]) generating functions for sequences {ij+,}1-°20 and {Ljg+r} =0 are now used to find
several additional classes of general linear Fibonacci and Lucas summation identities. We now list these generating
functions for reference—with the first be derived from (0) to show a general approach to such calculations.
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The derivative of these generating functions leads to identities which are of interest in themselves, and these in turn
yield additional summation results. We begin by differentiating both sides of (6) with respect to x.
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S0
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by convolution of the series and by (8),
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By equating the corresponding coefficients of the above series, the identity

j
. 7
0 G+ 1F st s = F {(— D™ Fler Fea i + Zb Frstt e lFelse1)l * (_7)rFk-rL(j—s)k]}
5=
is found, which in turn yields
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Performing the same operations as above on identities (7), (8), and (9) yields results similar to (10) and {11). These

results related to (8) are as follows:

J
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and
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Taking higher order derivatives of (6), (7}, (8), and (9) leads the reader to additional summation identities that are
similar in form to those listed above. Further, numerous special cases of each identity given may be quickly deduced.

The relationships between binomial coefficients and terms of sequences {ij+r}]f'io and {ij+,}}§0 take the form
of rather simple but elegant summation identities, To begin we return to definition (0),

_adkgr _pikgr _ (a2 - 1)ikar — (82— 1)ikgT _
“4) F]k+r - a__ﬁ - Cl,—ﬁ -
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jk ik
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t—zo(]t )(a) =1 t~20 (Jt )(ﬁ) -1/ jk - ” 2t+r o 2t+r
- = = = 3 () (~ppik-ti a8
a-f =0 ' Loa-f
i ik j i ik ik
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If j = 2j°, then an even more elementary summation results.
) - ., . ik
2]'72—7’w 2,jkpr Jkr_ jkpr J e
(15) Fojhwr = (@2 G =BV (0t VI7a ~ (B+ IR 57 (%),
a—-f a-f t
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For the Lucas numbers, the corresponding results are
jk y ) jk . . t.
(16) Littr = 3 (]tk)("”]k_tl-zm = Z(]tk)(—”]k-t L(st VLgsr
t=0 t=0 s=0
and
ik “
(17 Lojk+r = E(]t )t
t=0

Taking the view-that a summation identity is “improved” by reducing the number of addends (even if the addends
become more complicated), we now consider several methods of approach in an attempt to find additional “im-
proved” results linking binomial coefficients and Fibonacci and Lucas numbers.

The column generators of the columns in the left-justified Pascal Triangle shown below are most useful in this en-
deavor, as was first shown by V. E. Hoggatt, Jr., in [5]

[ G ey
N
—_

1 X X X " Column Generators
T—x (1-x)? (1-x)® (1-x*

That is, defining the binomial coefficient (]”) =0 forn </ we observe

n=0 n=0 (1- X)Z n=0 n=0 (1 X}]+1 n=0
Hence, oo i oo oo ., o .1
2 F]k+r 1 Z F]k-f-r 2: (]>X = E Z(J)F]k+rxn
=0 (1—x)7 =0 n=0 n=0 j=0

By identity (6),
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- - Fot(—1)"Fppx
Z ij-f—rX] = L ——F kkr 2
17— Lpx+(—1)%
and thus, we also have

Z o X1 Fot (=1) Frplx/T=x) Frt [=Fy + (1) Fp_rx
(1—x T T L/l —x) + DM /1 -3 1~ (24 Lpdx {1+ L+ (~ 1)
There are two cases of the above identity to consider:
(i) k even. Then
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Now let m =s +/. Then we have
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Hence, equating like coefficients of x in the above two series yields, for k even,
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Using the column generators in the left-justified Pascal Triangle with generating functions (7), (8), and (9) leads to
three pairs of summation identities which are similar in form to (18) and (19).
Several special cases of (18) and (19) are given which show the inherent simplicity of these identities.
Letting r = 0 and k = 2 in (18) gives
n [(n+1)/2]
(-5 (),

j=0 s=0
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Ifk=r=1in(19), then

= n [n2] s 2s [(mt1)i2] sin n-2s+1
n —s\ qn- —s -
I SR G E B R ey
j=0 s=0 =1
Taking r =0 and k = 3 in (19) yields
n [(n+1)/2]
Z( ) i3 = 2 Z (_7)5—1(?_—;)6n—25+14$—1
=0
More generally, we deduce from (18) and (19) that
[(n+1)/2]
Fo 3 (=124 L) 25 for K even,
n s=1
" -
L (7= e
=0 Fo. Y - )5°1(7+Lk)"'25+1("_5)L5 1 for k odd
s=1

One of the nicest results linking binomial coefficients and Fibonacci numbers is given in [6]. Here, using the fact
that

n [F F
a* = (; (1)) = <FZ+1 F,,j)’ for any integer n, and

ank'*'r - i ( )a]+rF]Fk—]
J

n-1 "’
=0
the identity
k
(20 Foktr = Z ( )F]+rF Fk—]
j=0 /

is deduced by equating upper right elements in the previous matrix equation. This identity is actually a special case
of the next result.
Since for any integer ¢,
"= 0"t = (F,_,Q+F,_ )0,

where/ = ( f) 0 ) , it follows that

k
Q" = QTIF 0+ Foog g 0] = @ (ROIF] FY L for t#a,
j=0

k k-j
% (10 el

By equating the upper nght elements in this matrix equation we obtain, for any integer ¢ # n,

k

(21) Faktr = % ( VFtitrsiFI_FET .

j=
The companion results for Lucas numbers are deduced by either using the identity L,;, = Fp 41 + Fpy_1 Or the matrix
result - | ;

G - (i ), ey
10 1 2 Lm L1 ]’ or any integer m.
They are '
k-

22 Lnktr = Z (J ) leFn ]1 ’

j=0
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and k

Lnk+r = Z(;( )Ltk+1'+] Nt n]ti’ for tié”'
i=
The final approach we take to find additional linear Fibonacci and Lucas identities is via exponential generating
functions. This productive technique stems fram the Maclaurin series expansion for e*;

X X2 X7 4 and hence %% = 74 (@), (ax)  (ax), andeﬁ"-7+-§—) M ﬁ—+

RS TRS TS T T T

It follows that the basic Fibonacci and Lucas generating functions are

=

haidg n ax Bx n

X' _e " —g X" - ax Bx
20 Fn—n!— and Y. L, %= e+,
n

— /
a-f v’ nl
The exponential generating functions of the sequences of interest in this paper are found to be
o k k
X" _ae®x_pef ¥
(24) Z Fnk-f—r l;l_ = a—ﬁ
n k k
(25) Y Lnker 55 = a6 F 477>
Z"“: 1n X" are—ozkx _ Bre-ﬁkx
(26) = (_ Fnk+r n—l = a_B
k k
(27) E (—1)"Lpitr X—, =ae® X +peP
n=0

Convolutingseries (24) and (25) and equating like coefficients yields an interesting identity. We proceed as follows:

ha n
2 Fuktr % E Lik+r {7 = Z (7 )FierrLin-gesr 5
n=0

n=0 n=0 j=0

nl

2r w k7 X 2r k "X
k k a‘’ 2 (2a%) -8 2 (28%)
(area x greﬁ )(ar Oékx+6reﬂkx) _ aZr Za x BZr 26 x _ =0

a-p a—B a—B
> k+2r nk+2r = n
_ a’*mer _ g X x”
ngo 2”( a—B )-n—l ; Fnk+2r nl
Hence,
n
(28) 2 (7>ij+rL(n-j)k+r = 2"Fuk+2r .
j=0

Many additional identities may be deduced using the generating functions (24), (25), (26), and (27). By convoluting
each of (24) and (25) with itself, the following results are deduced:

(28) E ()it = § (2" Lnerzr # 20=1)" L2
) n
(30) 2 (7)ij+rL(n-j)k+r = 2"Lperzr +2(-1)LY;
j=0

We invite the reader to explore the special cases of the results given and also to use the procedures introduced to
discover additional identities.
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AN INEQUALITY FOR A CLASS OF POLYNOMIALS

DAVID ZEITLIN
Minneapolis, Minnesota 55411
1. INTRODUCTION

Recently, Klamkin and Newman [1], using double induction, proved that
(1.1 > oaie(X Ak> n=12-)
k=1 k=1

where Aj is a non-decreasing sequence with Ag = 0 and Ay, — Ap_; < 1. For A, = &, (1.1) gives the well known
elementary identity

n g M 2
(1.2) K- ( ) k) =12
k=1

k=1
Our inequality (2.1) for polynomials in a single variable x gives (1.1) for x = 7.

2. APOLYNOMIAL INEQUALITY
Our first general result is given by

Theorem 1. Let C; be anon-decreasing sequence with Cg=0and £, —BCy_y <1, k=1,2, -, where B
isa constant, 0 < B < 1. Then, for x > 7, we have the inequality

n p n 2
(2.1) > c,jxk < (Z Ckxk> n=12-).
k=1 k=1

Proof. We will use double induction. For 7 = 7, (2.1) requires that 6'13)( < 6'12)(2, or CIZX(C1 —x) < 0, which
is true, since C7 < 7 and x > 7. Assuming (2.1) is true for k = 7, 2, -, n, we must now show that



