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SUMMARY

The present_paper is a continuation of researches begun by the author in previous publications [3, 4, 5] on three
classes of generalized Bernoulli, Euler, Stirling numbers. And here, of course, will be proved some additional inter-
esting results.

1. GENERALIZED BERNOULLI, EULER NUMBERS AND POLYNOMIALS

The generalized Bernoulli, Euler numbers in question, and the related polynomials, are defined by the series
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where / and w are real parameters.
These series, for a correct treatment, will be considered in the neighborhood of the origin.
The explicit expressions of B,, 4, ,, (x) forn =0, 1, ---, 5 are

BO,h,w(X) = 71
Binwix) = %(2x —h +w),

Bamuwlx) = xtx—h)+ Lh? —w?),
B3 wix) = Jex(x —h)(2x —h — 3w) — %wlh? —w?),
By wlx) = xlx = h)(x = 2w)(x — h — 2w) - 310 h? —w?)(h? - 19w?)

Bspuwlx) = xtx—hl> = 3 h+5wix? + L(h? + 450w+ 110w%)x + T 17 = 52 hw?

75w3] + w(hZ 2)(,,2 —9w2).

And these can be deduced by the recurrent relation [4]
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where (a)g =1, (a),=ala +1) --(a+r—1)
The explicit expressions of £,, 7, ., (x) forn=0, 1, -, 5 are

EO;h,w(X) =h,
Eqwlx) = Bh(2x—h),
Ezpwlx) = hx? —hih +w)lx + %h%w,

Espwlx) = hx’ - 521 hih +2w)x? + hw(3h + 2w)x + 477 h2(h? - aw?),

Egpwlx) = hx* = 2n(h + 3w)x> + hw(9h + 11w)x? + h(h? = 11hw? - 6w’ )x
- % h2wih? - 2w?),

Espuwlx) = hx® - g hih +4wix* + 5hw(dh + Twix> + % hih? - 21hw? - 20w )x?

— 2hw(5h> - 25hw? — 1207 )x — % h2n* - ‘325 h2w? + 24m*).
And these can be deduced by the recurrent relation [4]

n-1

2Epiwix) + 3y ( :‘) (~w)" " (=x W)y vy (X) = 2h(—w)" (—x /W)y, ,
r=0

n > 0. For relations with generalized Bernoulli, Euler, polynomials, it is easy to see that generalized Bernoulli, Euler,
numbers can be derived by the formulas

Buihw = Bn;h,wm}/ Evhw = ann;h,w/Z(Z’}-
The first six values of £,,,4, ,, are given by
Eow = h, Einw= h(1—nh),
Eow = h(1=2h) T hth—T)w,
E3pw = hih—1)(2h% +2n — 1)+ 30(2h — 1)w + 2h(1 = hw? |
Eq;nw = h(2h — 1)(4h2 + 20 — 1) + 6h(1 = h)(2h2 +2h — 1)w + 1Th(1 - 2h)w? + 6h(h — T)w?
Espaw = 40(1—h)(4h* +4n3 —nZ —h — 1)~ 10(8n* — 4% + 1)w + 35h(h — 1)(2h2 + 2h — 1)w?
+50(2h — 1)w? +24h(1 — hjw?* .
Moreover, it will be useful to estimate also the expression
Funw = 2"Enhwi2(h/2) .
And here, of course, we introduce the particular expressions forn =0, 1, ---, 5:
FO;h,w =h, F1;h,w =0, FZ;h,w = —h3;
Fagw = 307w, Fap = h2(502 —11w2),  Fsp, = —500°wih? —w?).
The theory of generalized Bernoulli, Euler, numbers and polynomials was first investigated by R. Lagrange [1],
L. Tanzi Cattabianchi [2], and later extensively in the author’s paper [4].

If h =1, w=0, the numbers B, , ,,,, £, ,, and the polynomials 8,4, ., (x), Ey; 1, 1 (x), reduce to the ordinary
Bernoulli, Euler, numbers and polynomials, generally defined by the generating expansions
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t > n
(1.6 2 -y el <,
e t+7 =0 n!
tetx > t"
(1.7) L~ 3 B0, e < 2m,
P =0 n!
tx o n
(1.8) el DAL T )
et+1 =0 n!

2. GENERALIZED STIRLING NUMBERS
The ordinary Stirling numbers of the first and second kind s,, ,, S, ,, are defined by the initial values
Smq = (1" n=1)1,  sp. =1,
St = Sun = 1,

]

and the recurrences
Snyr = Sn-1,r-1— (n—1)su_1,r, 1T <r<n,

Snr = Sn-1,r-1 *rSn-1,r, T <r<mn,
with

Sn,0 = 0, Su0 =0,

Sur =0, Su,+ = 0, providedr > n.

In our paper [3], they have been generalized with the coefficients agur)"satisfying the recurrence

31%) = ar(z%,rq —[n+rlu—-1)- I]B,Qf)“, 1<r<n,
with
a,gf% = (=1 )y, ar(l% =1,
35,45 =0, a,(ff,) = 0 providedr > n.

And the particular expressions of ar(:‘r) forn=1,2,..,5 r=1,2,-,5 are
aff =1, aff=-u =1,
af) = (wy, a4 =-3u, =1,
af) = ~(u)s,  af4 = ul7u+4),  af§=-6u, a4 =1,

ag”‘; = (u)y, ag”‘; = —bufu + 1)(3u+2), a ?3) = Sufbu +2),

ag‘g = —10u, a_g,‘_g = 1.

Our paper [3] presents an extensive treatment of the coefficients ag",), and it is interesting to note here that

- r
(2.1) a,(l”r) - (=1 A x(x), provided x =0,
R (TR ) M7 A

where A x is the descending difference defined by the relation Zu\xf(x} =f(x +v) — f(x),
v

(2.2) S0 - 1" 5 (-1)% (" tku — &),
T = 1) kz=:1 (k)
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n
(2.3) (~1)"tx)y = 3 8l ~ 7)'(7{7/) E
r=1 :
n
(2.0 DM = S 2l gl= 1 (52E)
= n+1,r+1 1—u ,
(2.5) a") = 3 s kS l1—u)*,
’ k=r
from which
(2.6) all) =5,
(2.7) Jim (1 —u) M) =S,
0) _)0r <n,
(2.8) ag’r) _{“ e
2) _ n-r nl —1
(2.9) o) = - i ()
—1) _ 17 n! r
(210) ar(w) = ;‘FI(VL——Y) s r = n/Z,
2.11) (1/’) = (—7}""r'(2n——r——7}! n—1 .
( an)r 221’[—27’ (n _ 7}/ ( r— 1)

For references and applications of the coefficients a,g’,‘,) to the operators satisfying the condition of permutableness
of the second order, see the more recent our paper [5].

3. PARTICULAR EXPANSIONS. n®* DERIVATIVE OF
hiw | .

ylt) = ——————————(”Wﬁh *i
(1+wt)hw _

From (1.5), placing to the left member the term 1, —¢/2 under the summation sign of the right member, we find,
as it is well known, the expansion

, where i?=-1.

2 2n+1

(3.1) tant = Y (~1)"27"*2(22*2 _1)py ., L , \t| < n/2.

n=0 (2n +2)!

Now, an expansion analogous to (3.1) will be derived from (1.1), proceeding similarly. First of all we have
————”;— — 1+ %(h-w)t = ——;— (2t + [(h — w)t = 2] [(1 +wt)"* — 1])
(1+wt)w _ 20(1+wt)h — q]

hai r
= Z Br;h,w :'.‘, .
r=2

At once, changing at first t with 4, w with w/4, and after t with 2t, w with w/2, we obtain the expansions
7
2(1 +we)*lw _ g

(8ht + [4ht — wt — 2] [(1 +wt)*1w — 1])

N L2 t”
= Z 2 rBr;h,w/4 PEE
r=2 )
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! 2hw ~ "
(4ht + [2ht —wt = 2] [(1 +wt) Y — 1]) = 2Bt w2 =,
2[(1 +Wt}2h/w -1 r:z; rh,w/ P
from which it follows that
): (2% By w4 — 2" By w/z) jh (8ht + [4ht — wt — 2] [(1 +wt)*h1¥ _ 1]
= r! 2[(7 +we) v _ q)

— antl(1 +wt) " 4 1] — [2ht — we = 2] [(1+w0) /¥ — 1))
_htl(1+wt)?PY 112 pel(1 +we)PRv _ q)
(1 +wt) ™1 g (1+wt)?h 4 1

hl(1+wt)?v _ q) - I ) "1
3.2) )Zh/w P né\:; 242 Bni2;nwi4 — 3n+2;h,w/2) n+2)1 "

(1+wt
Moreover by (1.4), replacing x by /2, w by w/2, t by 2t, we obtain the other expansion

oo

2h(1 +wt) n "
(3.3) B 2"E i wia(h/2) —,
. (7+Wt}2h/w+] 72} nh,w/ nl

and since
ho, (1+wt)?h 1 2h(1 +wt* hf(1+wt)" T 4]
oremt)? 1 (1ew)?M Y 2 g il +wt)? )
Sh (1w 4
T 1wt

we deduce thus the interesting expansion

oo

h o (1+wt) 1 +i <~ 272 iz "
(34)1 (7+Wt)h/w - Z;; i (2 Bn+2hw/4 Bn+2hw/2) (n+2}/ ; nh,w/Z(h/2} E

After this expansion and for the following, it will be to estimate the n t derivative of
(1wt 4
ylt) = ———h——

(1 +wt)hw

Now we consider two continuous and derivable functions y = f(u), u = o(t), and the formula for derivatives of a com-
posite function

. dﬂ k
d"y _ Z (=1)" _:KZ (_7)k(r rkﬁ, n>40.
dt" r! du” p=1 t

With the assumption
u=gft) = (1+wt),

y = flu) = Di—’l +1,

we arrive at

d_”zz n [(‘7}' 2/(—7} r! Z ( 7}]6() r—k(_wln(:/(_/?) uk-nu)/h]
w n

/
r! (U I)r+1 b1

i

- 2w 5 { (11wt s~ ‘i ) () n],

(1+wt)" =7 | [(1+we)"® —ij™1 (2
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Whence, by (2.2), we deduce, forn >0,

dan (1 +wt)"® 4

(3.5)
de™ (1 +wt)w _ g
o 2w " (U ki) | (1w
(1+wt)" =1 W' T {1 +wet)Pw —
Successively, putting t = 0, we have
(1w ) z": (~1)"rh" | k) 1
dt" (1+we)" |, = W wr (1-ir*
Moreover it is
N Ry L.J . (cos /4 +isin7/4),
7“/ 2 2
- [cos (r+ 1)n/4 +isin (r+ 1)n/4]

(7_,'}1’4‘1 2(7'+1)/2

" +1)/2 [cos(r—1)n/4+isin(r—1)n/4],
2

and, however, it follows that (n > 0)

n hlw -
(3.8) [_l_j__.(7+Wt) +I:'
de" (1 +we)hY 0

_ (=1)"rip’ rlh” g(1-h1w) _ _
w Z T a, - [cos(r—1)u/4 +isin(r— 1)n/4] .

4. FORMULAS FOR THE GENERALIZED BERNOULLI, EULER, STIRLING NUMBERS

We now, by (3.6), deduce the expansion of the function y(t/ into a series of powers of ¢,

- 5[0
=0 dt” 0 n!

=+ Z (wt)n Z ;_(r—)jr)—/z,/hrr £1rh/w)[cos (r— 1)a/d+isin(r— 1Jn/d] .

r=1

Hence, comparing with (3.4), we obtain the expansion
- n+1on+l t"
2 2" Butihwi4 — Bntihwi2) RN
n=1 ’

oo

j : n t" .
+iEonwi2(h/2) #i - 3 2"Eniuw2(h/2) 5 = ih

n=1

n r- 1
z (wt}” Z (—(r} 1)/;/h:+ Llrh/w}[ws (r—1)n/4+isin(r—1/n/4],
2074w
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from which, separating real and imaginary parts, and equating the coefficients of t” on both sides, we establish the
interesting formulas

(4.1) 2n+1 (2n+13n+1 showl4 — Bn+1;h,w/2)
n
_ (=1) " 1ip™ W™ (1hw)
= (p+ = rn W _
(n+1) E Sir-1)72 a, cos(r—1)n/4,
(4.2) 2"Ep gy w2 (h/2)

" r—1 r+1, n-r
-y (=17rIh 7w (1R W) G e — 1y sr
= 2{r~1)/2 n,r

both for n > 0. They realize the principal objective of the present paper.

5. PARTICULAR FORMULAS

In this section we shall indicate some special cases of (4.1), (4.2).
(a) Ifh =1, w=0, the generalized numbers B,, 3, ), Ey;1, 1, reduce to the ordinary Bernoulli, Euler, numbers,
while (1-1/w)
H n-r ~-1/w =
Wl—l—l;noo [W an,r ] - Sn»r

Moreover, it is B2,+7 = 0 forn >0, E,+7 = 0. Consequently, by (4.1), (4.2), we deduce the formulas
2n+1

(5.1) 22—"1%"—}2———’ Bonses = }: "’[1')/; Sonta,r 008 (r = 1)/4,
(5.2) ngj (;(Q;/g Son+1,rsin (r—1)u/4 =

(5.3) ; (2_('{;_)/; Son,rcos (r—1)n/4 = n >0,

(5.4) ‘r};“z (;/’r’_rl )1/; L Sppsin(e—1Jn/d, >0,

Equations (5.1) and (5.4) are two additional formulas concerning ordinary Bernoulli, Euler, Stirling numbers.
(b) If w=h, we have (2.8)

(1-hiw) _ {O,r < m,
a = _

n,r 1,r = n,
therefore, (4.1) reduces to

ntl
(5.5) 2”+1(2n+18n+1 hh)d—Butihn2) = (n+ )H=H)"T cos(n—1)un/4.
»wEy / ey / (n_1)/2
Moreover, by the recurrent relation for B,, 4, 1,/2, it follows that
h
Bunhiz = — %Bn-nh,h/z,

from which



110 SOME RESULTS FOR GENERALIZED [APR.

n
(5.6) Bugihiz = ni(=h)"
2214

Consequently, by (5.5) we deduce
n
(5.7) Bunnia = —”-’(_?Z}— (1420212 Gin (nm/a)] .
2

This formula can be derived by the recurrent relation

n2
Byt %’;7/1 By 1 na * ”("7—5—7”7 Bu_2:h /4

1 — 203
+ ’i‘/ﬂz—@g’—zﬂ’— Bu-snpia =0, 0 >0,

easily transformable in other forms to constant coefficients.
(c} f w=—h, we have (2.9)

(1-hjw) _ ;_qp-r 1 {n —1
ar (=1) r! (r—i) ’

and (4.1) reduces to

(5.8) """ L t,=hf4 = Butih,-hy2)
; n {_ Hr—l n—1
= (n+ )P r—1 ~1n/4 0.
fn+1) Z_; i)z cos(r— 1)n/4, n >

Moreover, it is [4]
Bn;h,—w = (“7)n5n;h,w,
and comparing (5.5) with (5.8) we have the identity, forn > 0,

(5.9) > /—7}7'1(’:’:11)2(”")/2 cos(r—1)n/4 = cosfn— 1)w/4.
r=1 )

Putting into (4.2) at first w = h and after w = —h, and remembering that [4]

Epinw(h/2) = (=1)"Ep 1, w(h/2),
we prove the identity
"

(5.10) -1 (:‘: 11) 207012 Gin (r = 1)u/d = sinfn - 1)n /4,
r=2
forn > 1.
(d) W w=~h/2 we have (2.10)
(1-hjw) _ _1_ nl{ +
an,r on-r rl <n —r) ’ r=n/z,

and (4.1) becomes
(5.11) 2n+1(2n+13n+1;h,h/8 - Bn+1;h,h/4)

n+i n :
=£&i;/2—’:-— ¥ () 2P costr - ajna.
r=n/2

Consequently, returning to (5.7), it follows
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n+1
(5.12) 22"+23n+1;h,h/8 = %-— ( (=1)"H 11+ 203)12 Go (n + 1)m /4]
2

* Zyi (-1 (n_rr) 20312 cos (r - 7)17/4) .

r=n/2

{(e) 1fw=2h, we have (2.11)

g(1-hlw) (=17 (2n—r—1) .<n - 1)
n,r 22n=2r (n— 1)1 r—1/"

Then {4.1), by (5.6) and the relation
Buynwn =0 for n >0,
reduces to the identity, forn > 0,
n

(5.13) 3 rtten—r— 117 = )20 aos (1= 1) /4 = 2%n - 1.
r=1 :

6. A DERIVATIVE FORMULA

Putting
PO;h,w =i,
21’l+1 %Y
Pn;h,w = m . (2n+13n+1;h,w/4 - Bn+1;h,w/2} * If]— En;h,w/Z(h/Z)/ n >0,
the expansion (3.4) can be written in the form
hiw | . hnd n
(6.1) Flt) = (_ItWt)—-H = Z Pn;h,w t—/ -
(1+wt)"™ ;i 420 n
Moreover, it is not difficult to show that the function F(z) satisfies the functional equation
21+wt) dFft) _ ,_ p2
(6.2) B 1—Ff1),
from which the recurrent relation follows,
n
(6.3) 2Pyt hw + 2nWPy gy g + Z (?)Pr;h,wpn—r;h,w =0, n>40.
r=0 d
If A =1, w =0, we have the interesting connections with the ordinary Bernoulli, Euler numbers
2n+1 19 2n+2
_ 7 - -
(6.4) P2n;1,0 = iE 2, Pon+1;1,0 = 2-*—_2”(57 U Bonez,
and from (6.3) we obtain, in conclusion, the special formulas
n-1 2n,,2r+2 2n-2 "
2n \ 2" 2474 _ )27 4T — 1) 2n
(6.5) Z(; (Zr +1) r+1)in—71) B2r+282n-2v — Z{; (ZT)EZTEZVL—ZT
r= r=

2n+2152n+2 _
+2o —=llg, -0 >0

m
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n 2r+1 2r+2
1\2 -2
(6.6) Epn+z = zo (5?11 ) _—r(il_—) Bon+2E2n-2r, n>0.
=
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EXPANSION

PAMILLA GRAVES SMITH
1609 Main Street, Evanston, Wyoming 82930

As every science, save one, is modified and cast aside,
While mathematics only is built upon and grows,

So, too, my life’s whole whims and whimsies pied
See their demise, while my regard for you goes

0n. Like the Sieve of Eratosthenes, you sift

My drifting days and sort the prime.

As determinants reflect a change, | mirror-image you

And, palindromic, backward-forward go, from autumn into spring.
Approaching the limit of joy, you bring a rate of change

Which grows in my heart proportionate to you. Your range

Is my domain. By you, my worthiness a proof shows,

As solid as geometry, as crystalline as snows,

As coming-now as spring.

| am subset of you.

Happily, with you no negative numbers can deride
My existence, that foolish enterprise of sensibility;
Instead, a proper fraction of civility

Is mine. By power of example, exponent of grace,
You multiply and lace my life with life. The race
Is mine! Cantor-like you lift

Me to infinity sublime

And grant me a number prime.



